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Sammanfattning
När en atom absorberar fotoner, i växelverkan med tillräckligt högenergetiskt
ljus, så kan en (eller flera) av atomens elektroner ”sparkas ut”. Det resulterar
i en positivt laddad jon och en (eller flera) så kallade fotoelektroner. Den
här processen är känd som den fotoelektriska effekten, men kallas också för
fotojonisering. Fotojonisering ansågs länge vara en process som skedde under
så kort tid att den praktiskt taget var omedelbar. I och med utvecklingen av
allt mer högenergetiska ljuskällor så kunde fotojonisering studeras i allt fler
element. För att korrekt beskriva fotojonisering i system med flera elektroner
visade det sig att hänsyn behöver tas till hur atomens elektroner tillsammans
växelverkar som svar på ljusabsorption. Ytterligare framsteg inom laserfysik
och laserteknologi har gjort det möjligt att skapa extremt korta ljuspulser,
vilket har öppnat upp för studier av elektrondynamiken på dess ”naturliga
tidsskala”: attosekunder (10−18 sekunder).

Under de senaste drygt tio åren så har attosekundspulser använts för att
undersöka tidsaspekten av fotojonisering. Ett resultat av detta är kvanti-
fieringen av en tidsförskjutning, på mellan tio- och hundratals attosekunder,
för en fotoelektron som propagerat ut från atomen, jämfört med en fri elek-
tron. Men elektroner beskrivs av dess kvantmekaniska vågfunktion, och tid
är ingen direkt mätbar storhet i kvantmekaniken. Istället är tidsförskjutnin-
gen kopplad till fasen på den vågfunktion som utgör fotoelektronen.

Den här avhandlingen är skriven i ett sammanhang av beräkningar av
fotoelektronens vågfunktion. Ett syfte med dessa beräkningar är att jämföra
och tolka resultaten från det attosekundsexperiment som ofta benämns med
förkortningen ”RABBIT”. Texten ger en övergripande bild av principerna
bakom detta interferometriska experiment. Vidare ges en beskrivning av
den teori som ligger till grund för våra beräkningar av vågfunktionen, och
hur en tidsförskjutning kan kopplas till dess fas. Speciellt så presenteras de
mångpartikeleffekter som ingår i den så kallade ”random phase approxima-
tion with exhange” (RPAE), och hur de inkluderas i fotoelektronens vågfunk-
tion. Vi introducerar en numerisk metod för att beräkna vågfunktionen inom
RPAE, baserat på lösningen av ett linjärt ekvationssystem. Den här metoden
har fördelen gentemot tidigare, iterativa metoder, att den inte begränsas av
konvergensproblem, samt att den utnyttjar optimerade rutiner för lösning av
linjära ekvationssystem. Som exempel på att metoden verkar fungera visas
beräkningar av tvärsnittet för fotojonisering (med en foton) i neon och xenon.
Beräkningarna är utförda med en relativistisk implementering och visar på
korrekt inkludering av RPAE, samt möjligheten att upplösa autojoniserande
resonanser.
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1. Introduction

The interaction between light and matter has played a key role in the devel-
opment of the quantum mechanical description of nature. The photoeffect,
or the photoelectric effect, is the process in which an electron is ejected from
matter due to the influence of electromagnetic radiation, is an example of
light-matter interaction. Study of the photoeffect in atoms and molecules
through, for example, photoelectron spectroscopy, has provided key insights
into the electronic structure of matter and its response to light [1]. From tra-
ditional photoelectron spectroscopy one can extract information about the
probabilities, i.e. the cross-sections, of light-matter interaction. In quantum
mechanics, these probabilities are connected to the amplitude of the wave
function.

Access to ultra-short laser pulses has made it possible to study the in-
teraction between light and matter on a time-scale of attoseconds (10−18

seconds). Interferometric techniques, such as the RABBIT experiment, has
enabled study of both the amplitude and the phase of the photoelectron
wave function. Historically, the photoeffect was for all practical purposes
considered to be instantaneous. With experimental access to the phase of
the photoelectron, we can now assign a ”delay” to the photoeffect that is on
the order of attoseconds [2, 3].

This text aims to give an overview of the physics of attosecond delays in
the atomic photoeffect (or “photoionisation”), and to account for the meth-
ods we use to compute this delay. In particular in the context of comparison
with, and interpretation of, delays obtained from the RABBIT1 experiment.
We account for many-electron effects in photoionisation within the ”ran-
dom phase approximation with exchange” (RPAE). My own contribution
is mainly the implementation of a different way of including the RPAE ef-
fects in our codes. This new way has several advantages, primarily that it
does not suffer from the convergence issues of the other implementation, and
allows for a very fine scan over photon energies. In section 3.4 a first de-

1RABBIT is an acronym for ”Reconstruction of Attosecond Beating By Interference of
Two-photon transitions”.
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scription of this method is given in a general, implementation-independent
manner. Before arriving at this point, in Chapter 3, the interaction with
the electromagnetic field, the RPAE and how we calculate above-threshold
ionisation, is explained. Chapter 5 presents some benchmark results on the
one-photon ionisation cross section in neon and xenon. They were calculated
using a relativistic implementation of the new method. Chapter 2 describes,
very briefly, how the many-electron atomic systems are treated, without any
field, within the Hartree-Fock approximation. In Chapter 4 some backround
on photoionisation delays is given, together with our method for extracting
the delays from the phase of the computed two-photon transition matrix el-
ements. A summary of the present work is given in Chapter 6, along with
an outline of the two main investigations for this work, going forward.

1.1 The photoeffect
The photoeffect was first observed by Hertz in 1887 and later explained by
Einstein in 1905. To explain the photoeffect, Einstein considered the elec-
tromagnetic radiation as a flux of discrete quanta of light, photons, and said
that electrons could ”absorb” these photons. The energy added by the ab-
sorbed photon manifests as an increase in the electron’s kinetic energy, and
if it is high enough it can result in the electron being ejected from the matter
system. The effect was originally described in the context of a solid metal,
but since it is fundamentally an interaction between electrons and radiation
it is abundant in any matter system. In atomic physics the effect is called
“photoionisation”, since it is the removal of one or several electrons from the
atom by photon absorption, resulting in the previously neutral atom becom-
ing a positively charged ion. An electron removed from the atom in this way
is called an photoelectron.

The energy of a photon is related to the angular frequency ω of its elec-
tromagnetic field through the reduced Planck’s constant h̄, i.e. Ephoton = h̄ω.
The basic equation for the photoeffect relates the photon energy h̄ω to the
kinetic energy ε of the outgoing electron by

h̄ω = ε+ I. (1.1)

The process is illustrated in Figure 1.1. Here I is the ionisation energy for
that particular electron in the atom. It is the minimum energy required to
eject the electron from the atomic potential and result in an ion in some
particular state. The ionisation energy I has its lowest absolute value when
the resulting ion is in the ground state. It is common to talk about the
ionisation energy (or equivalently, the ionisation potential) as the minimal
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energy required to ionise the atom and, consequently, the ejected electron is
the “least” bound. That is the electron with lowest binding energy I. We
will consider ionisation from not only the “outer” least bound electrons, but
also from inner shells. The ionisation energy I is then specific to whatever
electron that is ejected.

Figure 1.1: Schematic of absorption of a photon with energy h̄ω leading to
ejection of an electron from a discrete bound state (with binding energy I)
to a continuum state with energy ε.

1.2 Two-photon transitions
The basic process of photoionisation can be understood as in the previous
section, with the absorption of a photon leading to ejection of an electron
from the atom. However, our main concern will be a phenomenon that is
slightly more involved, called two-photon transitions. We will consider the
situation where we have two light sources. One light source emits in the ex-
treme ultraviolet (XUV) region of the electromagnetic spectrum, around 120
nm to 10 nm, which strongly interacts with matter through light absorption.
The other source is a laser in the infrared (IR), and it will practically only
interact with the photoelectron in the continuum. We describe this interac-
tion using two fields as follows.

The atom or molecule A first absorbs a photon with energy h̄ΩXUV in
the XUV range2. Then an additional number of n IR photons, with a total
energy of nh̄ωIR, can either be absorbed or emitted. The result is an ion A+

and a photoelectron e− in the continuum,
2That is photon energies starting from around 10 eV, going up to around 120 eV.
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A+ h̄ΩXUV ± nh̄ωIR → A+ + e−.

Note that the photoelectron has, in this process, transitioned through an
intermediate state due to the IR interaction. In the transition from interme-
diate to final state, it has either gained or lost energy depending on whether
absorption or emission occurred.

We will restrict ourselves to interactions with only one XUV and one
IR photon, and each interaction are considered as an electric dipole tran-
sition. If we label the angular momentum quantum numbers of the final,
intermediary and initial (ground) states as L, λ and l respectively, we have
dipole selection rules governing the possible values of these quantum num-
bers. With a ground state l ≥ 0 we the selection rules are λ = l ± 1 and
L = λ± 1, with L, λ ≥ 0. When the fields are linearly polarised we can only
transition between states of equal magnetic quantum number m. Examples
of these two-photon transitions (showing only absorption of an IR photon)
are illustrated in Figure 1.2.

Figure 1.2: Schematic example of ”above threshold ionisation” obeying the
selection rules. The photoelectron goes from a bound state to an intermediate
continuum state (purple arrows). A second interaction in the continuum
promotes the photoelectron to the final continuum state (red arrows).

We can see how it is possible to reach the same final energy state through
different paths, or via different ionisation channels. In Section 3.3 we go
through the theoretical aspects of two-photon transitions in more detail.

It should be emphasised that we are concerned with above-threshold ioni-
sation. The XUV energy is always high enough to promote the electron into
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the continuum, and it is in the continuum the second interaction happens.
We are not considering the situation where the photoelectron is first put into
an excited discrete state (i.e. Rydberg state) in the atom, before escaping
the atom.

The reason for our focus on two-photon transitions is because it is the
physical process underlying the experiment that we are trying to interpret
with our theoretical methods. This experiment, called RABBIT, is intro-
duced in the following section.

1.3 The RABBIT experiment - attosecond elec-
tron interferometry

RABBIT is an acronym for ”Reconstruction of Attosecond Beating By Inter-
ference of Two-photon transitions”. It is a pump-probe experiment in which
attosecond XUV pulses serves as a pump light source, kicking out photo-
electrons that are probed by an IR laser, very much the situation described
in the previous section. We are collaborating with experimental groups at
Lund University that are using this technique. Initially it was mainly used
to characterise the attosecond pulse trains (APTs) that make up the XUV
source, but recently the focus has shifted towards the dynamics of attosecond
photoionisation [4].

The attosecond XUV pulses are generated through what is called high-
harmonic generation (HHG) [5, 6]. The IR laser probe is actually also in-
volved in HHG, and the resulting XUV attosecond pulse train consists of
harmonics of the underlying IR field. If we would only look at the photo-
electrons ejected by the APT we would see a ”comb” in the photoelectron
spectrum (PES), each peak corresponding to an XUV harmonic. When we
add the interaction with IR we also get sidebands in the spectrum.

In Figure 1.3 (a) we see an example of the PES from a RABBIT ex-
periment. The XUV pulses are odd harmonics of the IR, due to how they
are generated by the IR field, and the numbering on the y-axis indicate the
harmonic order. On the even numbers we see the sidebands, i.e. detection of
photoelectrons that have interacted with the IR. The x-axis represent how
the XUV pulse is shifted compared to the IR, and we can see a distinct
interference pattern in the sidebands as a function of this shift. We can un-
derstand this interference pattern by looking at Figure 1.3 (b). For example,
the photoelectron due to the XUV harmonic Ω2q−1 = (2q − 1)ω can absorb
an IR photon, gain energy and end up in sideband 2q. The photoelectron
due to XUV harmonic Ω2q+1 = (2q+1)ω can emit a photon, lose energy and
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Figure 1.3: Taken from [7]. In (a) we see the RABBIT photoelectron spec-
trum, where odd numbers on the y-axis are the XUV comb, and the even
numbers are the sidebands. On the x-axis we see how the shift between the
IR and XUV fields result in sideband interference. A red color signifies higher
intensity, or higher photoelectron count, while blue is zero (or background)
intensity. The yellow-green sideband oscillations are thus of lower intensity
than the comb of harmonics. In (b) we see a schematic of the two-photon
interaction leading to the sidebands. Quantum paths leading to the same
final state, either through emission or absorption of an IR photon, causes the
sideband interference.

end up in the same sideband 2q. Thus we have two possible paths leading
to the same final state. The intensity ISB of the sideband is proportional to
the probability of detection, i.e. the amplitude squared of the photoelectron
wavefunction,

ISB ∝ |Ψ|2 = |ψe + ψa|2 = |ψe|2 + |ψa|2 + 2|ψe||ψa| cos (2ωτ −∆ϕ) . (1.2)

The cosine term is responsible for the interference, and we see how it is
modulated by the delay τ between the XUV and IR. The phase shift ∆ϕ can
be split into two contributions,

∆ϕ = ∆ϕXUV +∆ϕA. (1.3)
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The first part is a phase shift connected to the XUV pulse, it is a property
of the experimental setup. The second part ∆ϕA are the phase shifts due
to the two-photon transition. It is possible to obtain the delay due to the
photoionisation process, or the ”Wigner delay” [8], from this quantity.
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2. The field-free atom and de-
terminantal wave functions

Before we start to consider photoionisation we want to describe the atom
without any external electromagnetic field. For many-electron systems we
cannot directly solve the Schrödinger equation for the atom. Instead we
employ various common approximation methods. In this chapter we very
briefly account for how we describe the field-free atom. We also introduce
the notation for the many-electron wave function and its constituent orbitals,
which is used for the rest of the text.

We use the independent particle model, in which each electron moves in
an average field due to all the other electrons and the nucleus. This leads to
determinantal wave functions, where the total electronic state is described by
a Slater determinant of one-electron wave functions, to account for the Pauli
exclusion principle. Additionally we assume that the potentials involved are
spherically symmetric, ie that the electrons move in a central field. This
allows for the separation of the one-electron wave functions, or orbitals φ,
into radial and spherical parts,

φnlm = Rnl(r)Ylm(θ, ϕ). (2.1)

We then use the Hartree-Fock method (HF)1 to obtain a self-consistent de-
scription of the many-electron atom in its ground state configuration. The
numerical effort is focused on the radial parts of the orbitals, since it is pos-
sible to add the angular contributions analytically.

For heavier elements, where it is necessary to include magnetic- and spin-
interactions, we use the relativistic Dirac-Fock formalism. We avoid to treat
the relativistic case completely in this text, however. A detailed treatment
of the relativistic approach is given in reference [10].

1There are ”restricted” and ”unrestricted” variants of the HF method. For closed-shell
systems, which we are concerned with here, these two variants are identical [9].
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2.1 The N-electron Hamiltonian
We write the N -electron Hamiltonian as

H =
N∑
i=1

(
− h̄2

2m
∇2

i −
Ze2

4πε0ri

)
+

1

2

N∑
ij

e2

4πε0

1

r12
, (2.2)

where we use the shorthand
1

r12
=

1

|ri − rj|
. (2.3)

Here ri is the coordinate vector of electron i, and Z is the charge of the
nucleus. We will use atomic units in the rest of the text. In this system the
electron mass m, the reduced Planck constant h̄, the elementary charge e and
the Bohr radius a0 all equal unity. Since the Bohr radius is defined as a0 =
4πε0h̄

2/me2, we get that (4πε0)
−1 = 1, in atomic units. The Hamiltonian is

then written as

H =
N∑
i=1

(
−1

2
∇2

i −
Z

ri

)
+

1

2

N∑
ij

1

r12
. (2.4)

2.2 Slater determinants and orbital energies
In the independent-particle approximation, we say that the total atomic wave
function Φ is an anti-symmetrised product of single-particle wave functions
φa(i). Here we label these single-particle wave functions by letters a, b, c, . . . ,
where each letter correspond to a set of quantum numbers (n, l,ml,ms) that
defines a unique single-electron state. They are also labeled by a number
i = 1, 2, . . . , N , which corresponds to the spatial- and spin-coordinates of an
electron (among the N total electrons). The determinantal wave function,
or the “Slater determinant”, then reads

Φ =
1√
N !

∣∣∣∣∣∣∣∣∣
φa(1)φa(2) . . . φa(N)
φb(1)φb(2) . . . φb(N)

...
φn(1)φn(2) . . . φn(N)

∣∣∣∣∣∣∣∣∣ . (2.5)

Writing the N -electron wave function like this we get a properly normalised
wave function that is anti-symmetric when any two electron changes places,
as required by the Pauli exclusion principle. If a single-electron wave function
φa(i) satisfies an eigenvalue equation

hiφa(i) = εaφa(i), (2.6)
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then the anti-symmetrised N -electron wave function satisfies

HΦ = EΦ, (2.7)

with H =
∑
hi and E =

∑
a εa. When hi is the Hartree-Fock operator

hHF = −∇2
i

2
− Z

ri
+ uHF, (2.8)

with the Hartree-Fock potential uHF defined below, we can interpret the
eigenvalue εa in Eq. (2.6) as the negative of the binding energy for orbital a.
This is known as Koopmans’ theorem, and is valid as long as we can ignore
any relaxation effects in the removal of an electron from the system. Even
when it is not exactly true, the HF description gives a good approximation
(for our purposes) to the binding energies of the orbitals [9].

2.2.1 Notation for determinants, orbitals and matrix
elements

Here we introduce a notation in accordance with Lindgren & Morrisson [9]. A
single ket |a⟩ is the spin-orbital state for the wave function φa with quantum
numbers a = (na, la,mla ,msa). For the determinantal states we also use a
bra-ket notation as follows,

Φ = |α⟩ = |{ab . . . n}⟩ , (2.9)

where the curly braces indicate antisymmetrisation. The letters included
here signifies what orbitals are occupied. This also gives us a way to write
a determinantal state for when an electron is put in an excited (also called
virtual) state r that was previously unoccupied, leaving a hole in state a.
We would write this singly excited state as |αr

a⟩ = |{rb . . . n}⟩. For a double
excitation we would write |αrs

ab⟩, and so on. We will often use precisely this
labeling of r, s as virtual/excited states and a, b as hole states.

With this notation we can obtain some useful expressions2 for matrix
elements for one- and two-particle operators between determinantal states.
An example that we will frequently use is the two-particle operator G =∑

i<j g(i, j) for a many electron system, where g(i, j) is a two-particle oper-
ator acting on electrons i and j. The matrix element between determinantal
states differing by a single orbital (single excitation) can be shown to be [9]

⟨αr
a|G|α⟩ =

occ.∑
b

[⟨rb|g|ab⟩ − ⟨br|g|ab⟩] . (2.10)

2In computational chemistry these are often presented as the Slater-Condon rules [11, 9]
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The sum is over all occupied states b. The first term is called the direct
term, while the second is the exchange term. We can define the Hartree-Fock
potential in terms of such matrix elements, with the Coulomb operator r−1

12

being our two-particle operator g.

2.3 The Hartree-Fock potential and equations
The Hartree-Fock equation for a given orbital |a⟩ is(

−∇2
i

2
− Z

ri
+ uHF

)
|a⟩ = εa |a⟩ , (2.11)

and the Hartree-Fock potential uHF is defined as

⟨m|uHF|n⟩ =
occ.∑
b

⟨mb| 1
r12

|nb⟩ − ⟨bm| 1
r12

|nb⟩ . (2.12)

The radial function that we solve for is P (r) = rR(r), where R(r) is the
radial part in equation (2.1). So the HF equations at that level reads(

−1

2

d2

dr2
+
l(l + 1)

2r2
− Z

r
+ uHF

)
Pa(r) = εaPa(r). (2.13)

Using some initial guess for the orbitals we can construct the HF potential
and then proceed to solve for a new set of orbitals. Then we use this new
set of orbitals to construct an updated version of the HF potential, and the
equations are solved again. We proceed in this manner until we have self-
consistent set of orbitals, meaning that the configurations have converged to
energies within some given accuracy.
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3. Photoionisation within the ran-
dom phase approximation with
exchange

This chapter first presents the interaction between the atom and the elec-
tromagnetic field in a semi-classical way, i.e. the field is treated classically.
Then the random phase approximation with exchange (RPAE) is introduced,
which is how we treat many-electron effects in one-photon ionisation. Our
basic approach is to compute the outgoing electron as the perturbed part of
the wave function, including the many-electron correlation effects. A brief
overview of how we treat the interaction with the second photon is given,
subsequently. The chapter ends with a general description of a new way of
implementing the RPAE approximation when computing the perturbed wave
function, which can be seen as my ”new contribution” to the field.

3.1 Interaction with the electromagnetic field
The electric field is described by a vector potential A(r, t) and a scalar po-
tential ϕ(r, t),

E(r, t) = −1

c

∂

∂t
A−∇ϕ. (3.1)

We work in the Coulomb gauge where ∇·A = 0, and we also take the scalar
potential to be zero, ϕ = 0. The field interacting with the atom for our
purpose is weak, meaning that we only consider interactions that are linear
in A. The interaction with the field is then treated as a perturbation, and
we write the time-dependent Schrödinger equation as

i
∂

∂t
Ψ(x, t) = [H0 +HI(t)] Ψ(x, t), (3.2)

where we take x = {(r1, σ1), (r2, σ2), . . . , (rN , σN)} to be the collection
of spatial and spin coordinates for each of the N atomic electrons. The
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unperturbed part H0 of the Hamiltonian are the kinetic energy terms and
the nuclear and electronic interaction terms (cf. eq. (2.2)),

H0 =
N∑
i=1

(
−1

2
∇2

i −
Z

ri

)
+

1

2

N∑
i,j

1

r12
. (3.3)

The perturbative field interaction term HI is

HI = −i
N∑
i=1

A(ri, t) · ∇i. (3.4)

The vector potential A satisfies the wave equation ∇2A = 1
c2
∂2tA, and a

general solution can be written as a superposition of monochromatic plane
waves

A(r, t) = ε̂

∫
A(ω)

[
ei(k·r−ωt) + e−i(k·r−ωt)

]
dω. (3.5)

With the Coulomb gauge ∇ · A = 0 we have k · ε̂ = 0, and the waves
are transverse. The weak field approximation means that only one photon is
absorbed or emitted, and so for any electronic transition due to the field it
is sufficient to consider a single frequency ω. Then we can drop the integral
and write the vector potential as

A(r, t) = ε̂A(ω)
(
ei(k·r−ωt) + e−i(k·r−ωt)

)
. (3.6)

The first term corresponds to absorption of a photon, while the second term
corresponds to emission.

3.1.1 Transition matrix element, the dipole approxi-
mation and length- and velocity gauge

The matrix element for a transition from atomic state |a⟩ to atomic state |b⟩
due to absorption of a photon is

Mba = ⟨b|eik·rε̂ · ∇|a⟩ . (3.7)

The exponential can be expanded as eik·r = 1+(ik · r)+ 1
2!
(ik · r)2+ . . . , and

so if we can say that k · r ≪ 1 the exponential can be approximated to unity.
This is the situation when the wavelength λ of the field is long compared
to the spatial characteristics of the atomic wave functions, since the wave
number is k = 2π/λ. Another way to say this is that we are neglecting the
spatial variation of the field, i.e. the vector potential depends only on time,
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A(r, t) ≈ A(t). This is called the dipole approximation, and the matrix
element becomes

Mba = ε̂ · ⟨b|∇|a⟩ . (3.8)
The reason for why it is called the dipole approximation is because that when
the field only depends on time, one can perform a gauge transformation such
that the field interaction part of the Hamiltonian is written

HI = E(t) · r = −E(t) ·D, (3.9)
where we have introduced the ”electric dipole moment operator” D = −r.

Expressing the interaction with the field in this way is called the length gauge.
We can perform a different gauge transformation to obtain the interaction in
the velocity gauge,

HI = A(t) · v. (3.10)
The choice of gauge is not relevant from a physical point of view, but

it has computational implications [12]. The Hartree-Fock approximation of
the atom is not invariant under choice of gauge, since the exchange potential
is not local. However, when adding the many-electron correlation effects (in
the next section), we will retrieve the gauge invariance [13].

The results presented in this text are all calculated using the length gauge.
With linearly polarised light in the z-direction, we have E0 · r = Eωz sin(ωt),
with z being the position operator. The transition matrix element due to
photoabsorption is then, in the dipole approximation and length gauge,

M
(1)
ba (ω) = Eω ⟨b|z|a⟩ . (3.11)

We add a superscript (1) here to signify that this is the matrix element due
to absorption of one photon.

3.2 Random phase approximation with exchange
The interaction between the atom and the electromagnetic field is described
by the dipole interaction. Using perturbation theory we will see how this
interaction changes the Hartree-Fock orbitals |a⟩. But this change in the
orbitals will also change the Hartree-Fock potential. When accounting for
this change in the HF potential we will arrive at a self-consistent method
for obtaining the perturbed part of the wavefunction, and this method is
the random phase approximation with exchange (RPAE) [14, 1, 15]. By
interpreting the RPAE equations in terms of Goldstone diagrams [16, 9] we
will see how this takes several many-electron effects into consideration.
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3.2.1 The one-photon perturbed wave function
Within perturbation theory we say that the total Hamiltonian is H = H0 +
HI . H0 is the Hartree-Fock description, and the perturbation HI is the
interaction with the field:

HI = dω
(
eiωt + e−iωt

)
. (3.12)

In the numerical implementations we have to choose gauge and specify an
explicit form of the dipole operator dω, but here we allow ourselves to stay
more general1. Before the perturbation the time-dependent single electron
wave function corresponding to Hartree-Fock orbital |a⟩ is

ψa(t) = |a⟩ e−iεat. (3.13)

We can write down how the interaction with the field changes this one-
electron wave function:

ψa(t) → |a⟩ e−iεat + |ρ(1)a,±⟩ e−i(±ω+εa)t

+ terms concerning absorption/emission of two or more photons.
(3.14)

The states |ρ(1)a,±⟩ are the time-independent perturbed parts of the wave func-
tion to first order, with a plus sign (+) labeling the perturbation due to
absorption of one photon, and the minus sign (−) labeling emission of one
photon. Often we will talk about emission and absorption at the same time,
and simply refer to this first order correction as “the perturbed wave func-
tion”. Note that we haven’t yet done anything more than written down
correction terms for one-, two-, and more-photon interactions. To find ac-
tual expressions for the one-photon perturbed wave functions we look to the
time-dependent one-electron Schrödinger equation,(

i∂t − hl0
)
|ψa⟩ = HI |ψa⟩ . (3.15)

Letting the time-derivative on the LHS work on the expression (3.14) we find
that the |ρ(1)a,±⟩ terms are

(±ω + εa) |ρ(1)a,±⟩ e−i(±ω+εa)t. (3.16)

On the RHS we find that it’s only the first terms of (3.14), when acted
upon by HI = dω (e

iωt + e−iωt), that are linear in the field and oscillate
as e−i(±ω+εa)t, i.e. the same as the one-photon terms (3.16). Dropping the

1In the length gauge dω = zEω.
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phases we then find the equations for the one-photon (absorption or emission)
time-independent perturbed wave function,(

±ω + εa − hl0
)
|ρ(1)a,±⟩ = dω |a⟩ . (3.17)

Consequently the expression for the one-photon perturbed wave function for
orbital a is

|ρ(1)a,±⟩ =
exc.∑∫
s

|s⟩ ⟨s|dω|a⟩
±ω + εa − εs

. (3.18)

The sum and integral includes all possible excited states s, i.e. all unoccu-
pied states (discrete and continuous respectively). Recall that we consider a
multi-electron system with a total wavefunction that is a Slater determinant
Ψ = |α⟩ . All one-electron orbitals in the ground state configuration are oc-
cupied and the Pauli exclusion principle is accounted for, so the only possible
transitions are to excited states.

When the photon energy is such that ±Ω + εa = εs the denominator in
Equation (3.18) is zero. To account for this pole we can write the expression
as

|ρ(1)a,±⟩ = lim
ϵ→0+

exc.∑∫
s

|s⟩ ⟨s|dω|a⟩
±ω + εa − εs + iϵ

, (3.19)

and compute a principal value integral and a residual (cf. [17]). In our
implementation we use ”exterior complex scaling” (ECS) to simplify this
computation [10, 18]. After some chosen point RC on the radial axis we
rotate the radial coordinate r into the complex plane, by an angle ϕ, as

r →

{
r when r < RC ,

RC + (r −RC)e
−iϕ when r ≥ RC .

(3.20)

With r transformed in this way, the eigenenergies of the total Hamiltonian
become complex-valued. Instead of integrating over the poles in equation
(3.19), we can sum over the discrete approximation of the set of excited
states |s⟩ [18, 19]. In the unscaled region, i.e. for r < RC , the perturbed
wave function ρ stays the same, and in the scaled region it will tend to zero.
To enable analysis of the asymptotic features of ρ we want to place RC at a
sufficient distance from the origin. The size of the radial grid and the rotation
angle ϕ should be chosen to allow for this point of RC , as well as letting the
function dampen completely in the scaled region. The ECS method thus also
provides a way to stop the outgoing wave from reflecting off the edge of the
radial grid.
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3.2.2 Iterative one-photon RPAE
The perturbed wave function in equation (3.18) describes how a single one-
electron orbital changes due to the field, but it does not consider any many-
electron effects. The purpose of the RPAE method is to take some of the
many-body correlation effects into account. The RPAE method is also
known as “time-dependent Hartree-Fock”, since it is also an iterative and
self-consistent procedure. From the perspective of correlation effects we can
say that the perturbed wave function for orbital |a⟩ in (3.18) is of order zero2

(in RPAE), and we label it with a subscript: |ρ0,a,±⟩. Note that we also drop
the (1)-superscript that indicated that we only considered the correction due
to a single photon, and move up the ±. This will reduce the clutter in the
equations, but we should remember that this one-photon restriction is im-
plicit.

The starting point is the The Hartree-Fock approximation where each
orbital is effected by an average potential uHF from all other orbitals. When
the orbitals receive a correction according to (3.18), the Hartree-Fock poten-
tial will change, uHF → uHF + δu±. The uHF matrix element between any
two orbitals m,n is

⟨m|uHF|n⟩ =
core∑
b

⟨{mb}|V12|{nb}⟩ , (3.21)

where
V12 =

1

r12
. (3.22)

If we apply the correction to the core orbitals b → b + ρ±0,b and develop
the right-hand side we can find the matrix elements for the change in the
Hartree-Fock potential. We again find the terms in (3.21), which defines
uHF, and by properly identifying the other terms we can find δu±. To make
the identification we take the matrix element between the core states a and
excited states p. We keep only the terms that are linear in the electric field3

and that oscillates with e−i(±ω+εa)t. This results in the matrix element for
the change δu±,

⟨s|δu±|a⟩ =
core∑
b

[
⟨{sb}|V12|{aρ±0,b}⟩+

⟨{sρ∓0,b}|V12|{ab}⟩
]
.

(3.23)

2Often we call ρ0,a,± the “first-order perturbed wave function”.
3The terms that are linear in the field correspond to absorption/emission of one photon,

and we are not concerned with multi-photon processes here.
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We now have a description of how the Hartree-Fock potential is modified
as the orbitals receive the one-photon correction. Note in particular how
the perturbed wave function in the second term has opposite designations of
emission/absorption compared to the first term (and the modified potential).
This means that for photon absorption (+), the second term has a perturbed
wave function that represents virtual emission (−), and vice versa for photon
emission.

To get the effects of the modified potential on the perturbed wave function
we add δu as a source term to (3.17):(

±ω + εa − hl0
)
|ρ±a ⟩ = (dω + δu±) |a⟩ . (3.24)

Inserting a complete set of states again (with the sums over the core orbitals
being zero due to the exclusion principle, as before) we get

(
±ω + εa − hl0

)
|ρ±a ⟩ =

exc.∑
s

|s⟩ ⟨s| (dω + δu±) |a⟩ . (3.25)

We can solve for the perturbed wave function, and using the first order
equation (3.17) and expanding the expression (3.23) for the matrix element
⟨s|δu±|a⟩, we get

|ρ±1,a⟩ = |ρ±0,a⟩ −
exc.∑
s

|s⟩
±ω + εa − εs

×

(core∑
b

[
⟨bs|V12|aρ±0,b⟩ − ⟨bs|V12|ρ±0,ba⟩+ ⟨ρ∓0,bs|V12|ab⟩ − ⟨sρ∓0,b|V12|ab⟩

])
.

(3.26)
Now we see how the change in the average potential gives us a way to up-
date the perturbed wave function. Writing the same equation with general
iteration indices we have

|ρ±i+1,a⟩ = |ρ±0,a⟩ −
exc.∑
s

|s⟩
±ω + εa − εs

×

(core∑
b

[
⟨bs|V12|aρ±i,b⟩ − ⟨bs|V12|ρ±i,ba⟩+ ⟨ρ∓i,bs|V12|ab⟩ − ⟨sρ∓i,b|V12|ab⟩

])
.

(3.27)
These are the RPAE equations, and they are solved self-consistently in the
same manner as the Hartree-Fock method, ie when the difference between
the iterations has converged to a satisfactory level. Note that the first term
always is the first-order (index zero) perturbed wave function. In each iter-
ation we compute how the potential changes due to the perturbation, and
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then we get a new perturbation (from Eq. (3.27)) that takes this change into
account.

3.2.3 The RPAE equations in terms of Goldstone dia-
grams

We can write down Goldstone diagrams that represent the RPAE equations
(3.27). These are helpful in giving a physical interpretation of what correla-
tion effects are included in the RPAE. The diagrams can be seen in Figure
3.1.

Figure 3.1: Graphical representation of the (forward) RPAE equations. Wave
lines with a solid dot indicate an order in the RPAE. Dashed lines indicate
the Coulomb interaction. Time flows from the bottom up in these diagrams.
Downward pointing arrows with labels a, b are hole states, and upward arrows
labeled s, r are virtual/excited states.

The first diagram is the uncorrelated interaction with the field, ie the
zeroth order perturbed wavefunction for absorption of a photon, creating a
hole in |a⟩ and the electron ending up in excited state |s⟩. The second and
third diagrams are connected with the first and second terms on the lower
line of equation (3.27), respectively. They represent how the electron-hole
pair created by the absorption of a photon correlates with other orbitals (and
itself) through the Coulomb interaction. Notably the last two diagrams does
not “start” with the photon interaction (time flows from the bottom and up-
wards in the diagrams). They represent so-called ”ground-state correlation”
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effects, and are connected to the final two terms in equation (3.27), in which
we correspondingly have the opposite absorption/emission signs.

The diagrams in Figure 3.1 are the forward diagrams, thus only represent-
ing the |ρ+i+1,a⟩ version in equation (3.27). There are also backward diagrams
which are identical but with reverse time-ordering, representing the |ρ−i+1,a⟩
part in equation (3.27).

3.3 Two-photon transition matrix elements
So far we have discussed one dipole interaction with one field, but in the
two-photon transition we have a second interaction. In particular we have
the RABBIT experiment in mind, where we first absorb an XUV photon,
resulting in a photoelectron ejected into the continuum. If a second interac-
tion with the IR field does not occur we get the big one-photon part of the
photoelectron spectrum, but if it does happen the photoelectron ends up in
a sideband (see Figure 1.3). When the IR intensities are moderate, around
1011 W/cm2, there is only one XUV- and one IR-photon involved [4].

For XUV- and IR-fields where both have linear polarisation in the same
direction, we can write the two-photon transition matrix element for an elec-
tron from some ground state |g⟩ to a final state |f⟩ as4

M
(2),±
fg = −iEΩEω lim

ϵ→0

∑∫
s

⟨f |z|s⟩ ⟨s|z|g⟩
εg + Ω− εs + iϵ

. (3.28)

The sum is over all possible (both discrete and continuous) intermediary
states |s⟩. The major contributions however are those terms corresponding
to states |s⟩ that gives a small denominator, in particular the state for which
εg+Ω−εs = 0. These will always be continuum states by our assumption that
the XUV photon energy is larger than the ionisation energy, Ω > EI . The
± superscript indicates that we can either consider absorption or emission of
the IR photon.

If we only had a single channel, that is if there was only one possible final
continuum state |f⟩ with energy εf = εg + Ω± ω, equation (3.28) would be
enough. But in reality this is not the case. The final states are scattering
states, and with a partial wave decomposition we get the matrix element as

M
(2),±
kg =

∑
λ,L

M
(2),±
λLm YLm(θ, ϕ). (3.29)

4This is the result from second order perturbation theory [20, 4].

23



Here the indices λ and L refer to the angular momenta of the |f⟩ state
and the ground state |g⟩ respectively. Since we have linear polarisation the
final m must be the same as for the ground state. So instead of a sin-
gle channel final state |f⟩ we have a final scattering state |k⟩ with energy
εk = k2/2 = εg + Ω± ω.

From the perspective of computing the matrix elements we do consider
each channel separately, but we can construct the final matrix element ac-
cording to equation (3.29). The two-photon matrix element can also be
written as a single dipole transition due to the following. We can write the
perturbed wave function for creating a hole in |g⟩ and ending up in a con-
tinuum state with angular momentum L, including the RPAE correlation
effects, as

|ρg→Lm⟩ =
∑
s

|s⟩ ⟨s|dΩ + δu|g⟩
εg + Ω− εs

. (3.30)

The single channel two-photon matrix element can then be expressed using
the perturbed wave function as

M
(2),±
λLm = ⟨fλm|dω|ρg→Lm⟩ . (3.31)

This expression is a good illustration of our computational approach. For a
given channel we calculate the intermediate perturbed wave function ρg→Lm.
The radial part of the final state |fλm⟩ is obtained as an eigenfunction to the
initial atom [10, 13]. Then it is possible to compute the matrix element in
equation (3.31).

3.4 Non-iterative RPAE
In section 3.2.2 we introduced how the correlation effects included in the
RPAE can be added to the perturbed wave function through an iterative
scheme, similar to the Hartree-Fock procedure. Usually we are interested in
computing the perturbed wave function for some range of photon energies.
When the photon energy is close to the ionisation threshold, the iterative
method encounters some problems with convergence. In these regions there
are resonances that strongly dominates the RPAE expansion. These reso-
nances requires the inclusion of the many body effects to be properly de-
scribed (this is discussed further in Section 5.1). This means there might be
no clear paths for the iterative method to go from some starting guess and
converge to the correct solution. In principle it is possible to solve this by
tweaking the parameters for the method on a case-by-case basis, but it is not
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ideal.
In this section we present another approach to obtaining the perturbed

wave function within the RPAE. With this method we include the RPAE
effects to all orders ”at once”. Instead of iteratively solving the RPAE equa-
tions we formulate a linear system of equations. This system of equations
is set up for each photon energy, and solved directly. There are no issues
of convergence, and it is possible to resolve the resonance regions. For a
complicated atomic system and a large basis set this method does come with
an up-front memory cost, but the computational load is constant for each
photon energy.

While the presentation here is non-relativistic, the method has also been
extended to the relativistic situation. The following description of the method
and its relativistic implementation in our codes, can be considered as my
”new contribution” to the field.

3.4.1 Overview
The general idea of the method is to solve a system of linear equations

Hρ = b, (3.32)
where H is a matrix and the source term b and the solution ρ are vectors.
We use the result from the Hartree-Fock method as a basis, so the size of the
problem depends on the size of this basis. It also depends on the number of
ionisation channels we allow.

The goal is to obtain the ”final order” perturbed wave function in Equa-
tion (3.27). We can also write the RPAE equations in terms of the matrix
elements instead of the perturbed wave function. The final perturbed wave
function for a channel a→ s can be written as

ρ±a→s =
exc.∑
s

|s⟩M±,final
a→s , (3.33)

where if we say that we stop at iteration i, the matrix element is recur-
sively defined as

M±,i
a→s =

⟨s|D|a⟩+ ⟨s|δu|a⟩
±Ω + εa − εs

=M±,0
a→s +

1

±Ω + εa − εs

∑
b,r

[
(−⟨bs|V12|ar⟩+ ⟨sb|V12|ar⟩)M±,i−1

b→r

+ (⟨sr|V12|ab⟩ − ⟨rs|V12|ab⟩)M∓,i−1
b→r

]
.

(3.34)
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Writing the RPAE equations in this way makes the connection with the
diagrams in Figure 3.1 more clear. What we are actually solving for, i.e.
when obtaining ρ, are the matrix elements M±,final

a→s . As seen in equation
(3.33), these are the coefficients for writing the perturbed wave function in
the basis |s⟩ (which we obtained from the Hartree-Fock procedure).

We can write the H-matrix as

H = H0 + δH, (3.35)

and since we work in the basis |s⟩ where H0 is diagonal, we have H0 =
(Ω+ εa − εs)I, with I being the identity matrix (cf. Eqs. (3.17) and (3.18)).
The part δH contains the correlation effects, i.e the RPAE contributions.
Note that, when written like this, we restrict ourselves to only the first two
diagrams in RPAE. Why this is the case, and how we extend to include all
diagrams, will become clear in the following.

3.4.2 The source term
The source term b consists of all the one-photon dipole transition matrix
elements, that is the elements of b are

ba→r = ⟨r|dΩ|a⟩ . (3.36)
As usual a denotes the hole state, and r a final state in the continuum5

with a particular angular momentum quantum number. If we take ionisation
from 3p in argon as an example, the selection rules tells us that we can end
up in either an s- (l = 0) or d- (l = 2) state. The elements of the source
vector would then be

b3p→ϵs = ⟨ϵs|dΩ|3p⟩ , (3.37)
and

b3p→ϵ′d = ⟨ϵ′d|dΩ|3p⟩ . (3.38)
The ϵ and ϵ′ serves as indices for our approximation of the continuum

energy states obtained from the Hartree-Fock method. When we want to
consider photoionisation from an inner shell, for example 4d in xenon, we
also often want to include the ionisation channels that have lower energy. In
this particular case that would be the ionisation channels from holes created
in the xenon 5s and 5p shells. Now we can see how both the choice of
”active” ionisation channels, and the size of the basis set approximating the
continuum, affect the size of the system of equations we want to solve.

5We now use r instead of s to avoid confusion with spectroscopic meaning of s (l = 0).
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3.4.3 The H-matrix
First we restrict ourselves to a situation where we don’t include all the RPAE
effects, but only the first two RPAE diagrams 6. These correspond to the
matrix elements −⟨bs|V12|ar⟩ and ⟨sb|V12|ar⟩ respectively. Let us now con-
struct a matrix H(1) that will result in the forward perturbed wave function
in Eq. (3.33), but only including these two first diagrams, when used in an
equation

H(1)ρ = b. (3.39)
This is a good place to once again remind ourselves of what s, r, a, b means
in the RPAE equations. The letters s, r denotes virtual (or particle) states,
while a, b denotes hole states. For a single ionisation channel, i.e. 3p → ϵd,
the label a is fixed. The sum over b in equation (3.34) should, in principle,
run over all possible orbitals occupied in the ground states. In the numerical
implementation this sum is often restricted to outer shells, since, depending
on system, the inner shells does not give a significant contribution.

With only a single active ionisation channel we have a = b. So what does
the elements of H(1) look like in this simple case? We can use the virtual
state labels s, r as indices. On the diagonal we have s = r, so the diagonal
elements are

H(1)
ss = −⟨as|V12|as⟩+ ⟨sa|V12|as⟩+ Ω+ εa − εe. (3.40)

The off-diagonal elements are then

H(1)
sr = −⟨as|V12|ar⟩+ ⟨sa|V12|ar⟩ , (3.41)

and the matrix is symmetric, H(1)
sr = H

(1)
rs . We should remember that r is

just a label for any virtual state, as is s. So the set of |s⟩ that forms the basis
is the same as the set |r⟩.

Usually we have more than one active ionisation channel, so a ̸= b, and
we cannot simply use s, r as indices. If we say that i and j are indices for the
matrix H(1)

ij in this case, then i and j maps to specific hole-particle pairs. It
is easier to understand how this works by looking at the source term again.
The first i = 1 to i = n1 elements of b are

bi = ⟨s|dΩ|a⟩i , (3.42)

where n1 are how many continuum states s that are part the first channel
(whichever that might be). Then we have elements from i = n1+1 to i = n2

6This means the second and third diagram in Figure 3.1. Recall that the first diagram
after the equal sign is an uncorrelated dipole transition.
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for the second channel, and so on. The matrix the diagonal H(1)
ii then consist

of sub-diagonals corresponding to (3.40) for these channels, and similarly for
the off-diagonal elements H(1)

ij = H
(1)
ji

7.
With the matrix H(1) and source term b constructed in this way, we

obtain the coefficients for the perturbed wave function including the first
two RPAE diagrams, when solving the system of equations

H(1)ρ = b. (3.43)

But we want to include the whole of the RPAE, including the last two di-
agrams (the so-called ”ground state correlation” diagrams). The way to do
this is to extend the equation space. If we have a matrix H(1) of size N ×N
elements, we double the space to 2N . The system of equations is then

H2N×2Nρ2N = b2N . (3.44)

The H-matrix is

H2N×2N =

 H
(1)
+Ω H(2)

H(2) H
(1)
−Ω

 . (3.45)

The lower right part H(1)
−Ω is the same as the upper left, but with the reversed

sign in front of the photon energy on the diagonal (this is the ”backward”
part).

The off-diagonal submatrices are the same, H(2), and these contain the
ground state correlation diagrams. These are the terms ⟨sr|V12|ab⟩ and
−⟨rs|V12|ab⟩ in equation (3.34).

The first N elements in the source vector on the right-hand side are still
the dipole transition elements. The last N elements are the same, but mul-
tiplied by −1.

The result of solving the system of equations (3.44) is a 1d-array con-
sisting of the coefficients for the perturbed wave function, where the first N
coefficients are for the forward part (+) and the last N coefficients are for
the backward part (−).

7For those familiar with the CI-singles method (CIS) we should note that the matrix
H(1) is the matrix that is diagonalised in CIS.
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For clarity we write the whole of equation (3.44) as

 H
(1)
+Ω H(2)

H(2) H
(1)
−Ω




M+
(a→s)1...

M+
(a→s)N

M−
(a→s)1...

M−
(a→s)N


=



⟨s|dΩ|a⟩1...
⟨s|dΩ|a⟩N
−⟨s|dΩ|a⟩1...
−⟨s|dΩ|a⟩N


. (3.46)

3.4.4 Concluding remarks on the implementation
We should note that the matrix H = H2N×2N and the source term only needs
to be set up once in the code. It is constructed without the photon energies
on the diagonal. For each photon energy we want to solve for, we add that to
the diagonal and solve the system of equations. Available routines for solving
these kinds of systems of equations are fast and optimised for multiple pro-
cessing units. This means that we can scan over a range of photon energies
with a very small step without much time cost.

We should keep in mind that not all of the RPAE elements need to be
calculated, since some evaluate to zero. The matrix H is symmetric, so we
should make sure not to re-calculate an element that already exists. We do,
however, store the zero elements in memory, since this makes it straight-
forward to utilise the optimised solvers. This means we have some memory
redundancy, but this is a good trade-off as long as memory is not a limiting
factor. It also possible to construct the matrix H in an optimised way, so
that even this single step is very efficient.
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4. Delays in photoionisation

4.1 Delays in scattering
Consider the scattering of an electron passing through a short range potential.
The electronic wave packet (EWP) will acquire an asymptotic phase shift due
to the short range potential, compared to a freely propagating electron [7, 20].
We call this phase shift ϕ = 2η, where the reason for the factor two soon will
become apparent. In the context of scattering theory, Eisenbud, Wigner and
Smith introduced the delay for the EWP [8],

τ =
dϕ

dE
= 2

dη

dE
. (4.1)

This is often called the Eisenbud-Wigner-Smith delay, or just the Wigner
delay. It is analogous to the concept of group delay in optics [7]. Here
we will use the term Wigner delay, but we will in most cases then refer to
half of τ . In scattering, the EWP first acquires a phase η as it enters the
potential, and another phase η as it leaves the potential. We are considering
photoionisation, and then the phase is acquired as the electron escapes the
ion. In this sense one could refer to photoionisation as half-scattering.

4.2 Considering the Coulomb potential
The photoelectron ejected from a neutral atom will be influenced by the
Coulomb potential of the remaining ion, VCoulomb = −Zeff.

r
. For single ioni-

sation, when the photoelectron is far enough from the remaining ion, it will
feel an effective charge of Zeff. = 1. The Coulomb interaction has infinite
range, and it can be shown [7, 20] that we cannot get an absolute phase
shift compared to a free electron. There is no asymptotic region in which the
Coulomb phase has converged to a stationary value [7].

What we can do is write the asymptotic continuum radial wave function
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for each angular momentum l [20],

lim
r→∞

ul(k, r) =

√
2

πk

1

r
sin

[
kr +

Z ln(2kr)

k
+ ηl(k)− l

π

2

]
, (4.2)

where Z = Zeff.. The last three terms in the sine function are all phase
shifts compared to a free electron. The second term is the r-dependent
phase Z ln(2kr)/k due to the Coulomb potential, and the cause of asymptotic
divergence. The third term is the scattering phase ηl(k), and we can write
this as a sum of two contributions ηl(k) = σl(k)+δl(k). The first contribution
σk(k) is the Coulomb phase-shift due to a purely hydrogen-like potential. The
second contribution δl(k) corrects for the fact that, in a non-hydrogen-like
system, the short-range potential is modified by correlation effects. If we
would ionise hydrogen we would have δl(k) = 0. The Coulomb phase σl(k)
is known analytically as the argument of a gamma function [20],

σl(k) = arg [Γ (l + 1− iZ/k)] . (4.3)

The phase shift δl(k) due to the short range potential we have to obtain
numerically.

4.3 Wigner delay in photoionisation
If we now consider the energy derivative of the phase of the asymptotic EWP
in (4.2), we get a delay [4]

τEWP =
d

dE

(
Z ln(2kr)

k
+ ηl(k)− l

π

2

)
=

d

dE

(
Z ln(2kr)

k

)
+

dηl(k)

dE

≡ τCoulomb(k, r) + τW(k, l).

(4.4)

The last term of the last line is what we call the Wigner delay for pho-
toionisation. The preceding term is the universal Coulomb delay which de-
scribes how the photoelectron slows down due to the infinite range attractive
Coulomb potential. As we have mentioned it doesn’t make sense to com-
pare this time delay to a free electron wave packet, because of this Coulomb
delay. Experimentally we look instead to compare two different photoioni-
sation processes by subtracting their respective delays, thus eliminating the
r-dependent Coulomb term and allowing for study of the Wigner delay. In
the numerical calculations we are modeling the asymptotic wave function.
Thus we have direct access to the scattering phase ηl(k).
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4.4 Continuum-continuum delay
The IR-induced transition from the intermediary continuum state to a final
continuum state also result in a shift of the photoelectron phase. We call
this phase the ”continuum-continuum” (CC) phase, ϕCC. Thus the atomic
phase shift ∆ϕA in Eq. (1.3) have two components,

∆ϕA = ∆ϕW +∆ϕCC, (4.5)

where ∆ϕW is the ”Wigner” phase shift. The Wigner phase shift is character-
istic of the short-range potential of the system of study (i.e. it is affected by
the correlation effects in the photoionisation process). But the continuum-
continuum phase shift is due to interaction in the asymptotic region, be-
tween an electron in a Coulomb potential and the IR field. In this region the
short-range potential, that is specific to the system, has negligible influence,
implying that the CC-delay is independent of the system. It has been demon-
strated that the CC-phase (and consequently the CC-delay τCC = dϕCC/dE)
really is of ”universal” character [21, 13]. We can obtain τCC either through
an analytic formula [20] or directly from our calculations. With experimental
access to ∆ϕA it is then possible to extract the Wigner-like phase shift ∆ϕW
by removing the continuum-continuum contribution.

4.5 Computing delays
The photoelectron phase shift for photoelectrons taking two different quan-
tum paths to the same final state can be written, for absorption (a) and
emission (e) of an IR photon, as [13]

ϕa = arg
[∑

l

M
(2),+
l ei(ηl(k)−lπ/2)Yl,0(0, ϕ)

]
,

ϕe = arg
[∑

l

M
(2),−
l ei(ηl(k)−lπ/2)Yl,0(0, ϕ)

]
.

(4.6)

Here we are assuming linear polarisation of the fields along the z-axis (m =

0), and detection in the forward angle (θ = 0). The matrix elements M (2),±
l

are complex numbers, so they have a phase component due to the transitions.
The phase shift ηl(k) = σl(k) + δl(k) is the sum of the Coulomb phase shift
σl(k) and the short-range shift δl(k), that is due to the short-range potential.

Recall that in a RABBIT experiment we consider transitions to the same
final state from either emission of an IR from an XUV-induced state with
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energy (2q + 1)h̄ω or absorption of an IR from an XUV-state with energy
(2q− 1)h̄ω. Letting subscripts > and < signify transitions from the (2q+1)-
and (2q− 1)-states respectively, we can write the one-photon phase shifts as

ϕ> = arg
[∑

l

M
(1)
l,>e

i(ηl(k>)−lπ/2)Yl,0(0, ϕ)

]
,

ϕ< = arg
[∑

l

M
(1)
l,<e

i(ηl(k<)−lπ/2)Yl,0(0, ϕ)

]
.

(4.7)

The delays are calculated using a finite difference approximation of the
energy derivative of the phase shifts. For the atomic delay we have

τA ≈ ϕe − ϕa

2ω
, (4.8)

and for the Wigner delay
τW ≈ ϕ> − ϕ<

2ω
, (4.9)

with ω being the angular frequency of the IR field. The continuum-continuum
delay can then be obtained as the difference τCC = τA − τW.
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5. Relativistic RPAE calculations
using the non-iterative method

In Section 3.4 we introduced a non-iterative method for calculating the per-
turbed wave function, within the RPAE. Here we present calculations of
photoionisation cross sections, for single photon transitions, in neon and
xenon. The calculations are done using a relativistic implementation of the
non-iterative method, i.e ”relativistic random phase approximation with ex-
change” (RRPAE).

As discussed in Section 3.4, we obtain the coefficients for the perturbed
wave function, as expressed in the basis of the Hartree-Fock states. These
states are in turn expressed in a set of BSpline radial basis functions. Thus
we can obtain the radial part of the perturbed wave function, and from that
it is possible to compute the cross section. For detailed treatments of the
computational methods see references [19, 21, 10].

The photoionisation cross sections of the heavier noble gas atoms, i.e
neon, argon, krypton and xenon, are very well known [1, 22]. But it is an im-
portant validation step for our many-electron methods to be able to reproduce
the expected features of these cross sections. Furthermore, the non-iterative
RPAE method has been used as validation tool in itself. Our collaborators
in Lund has developed a relativistic version of the TDCIS method1. The
non-iterative RRPAE method has provided us with a way to make compar-
isons between these two relativistic methods, in particular across threshold
regions, which was difficult to achieve with the iterative RRPAE. This is
part of a study for which the manuscript is still (as of writing this text) in
progress.

The thresholds marked in the figures are based on the computed ioni-
sation energy of the bound states, i.e. those computed by the Dirac-Fock
method (c.f. Section 2.2).

1TDCIS is an abbreviation of ”Time-Dependent Configuration Interaction Singles”.
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5.1 Neon

Figure 5.1: Comparison between non-iterative RRPAE and iterative RRPAE
for the neon photoionisation cross section. The non-iterative method is able
to resolve the resonance region of autoionising Rydberg states, leading up to
the 2s1/2 threshold (dashed vertical line).

In Figure 5.1 we see a comparison between the photoionisation cross sec-
tions for neon, obtained from the two different RRPAE methods. The cross
section calculated using the new method (red curve) consists of 1000 points,
evenly distributed over the shown energy range 30-70 eV. The two methods
align across most of the photon range, but close to the 2s threshold (dashed
vertical line in Figure 5.1) the non-iterative method can resolve the reso-
nances where the other method can not, or is very slow to, converge. The
calculations were performed with active holes in the 2s and 2p shells.

The resonances exhibit the characteristic asymmetric profile of ”Fano res-
onances”, introduced by Ugo Fano in 1961 [23]. These resonances are also
known as ”autoionising” resonances. The Rydberg series leading up to the
2s threshold is embedded in the 2p continuum. Even though these excited
2s states are energetically below the 2s ionisation threshold, it is possible
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for them to decay into the continuum. This decay process is due to elec-
tron correlation effects, and is known as ”autoionisation” [24, 4]. In order
to describe autoionisation, the electronic configurations of bound and con-
tinuum states need to mix, which requires a many-body approach. In the
autoionising region we can produce a photoelectron in some continuum state
ε in two ways. Either by first promoting a 2s hole-electron pair to a bound
Rydberg state, 2s22p6 → 2s12p6np, which then decays into the ionised state
2s22p5 + ε (autoionisation). We can also directly ionise from the outer sub-
shell 2s22p6 → 2s22p5 + ε. These two ionisation paths interfere and give rise
to the asymmetric Fano profile [25, 24, 4]

σ(ϵ) = σ0
(q + ϵ)2

ϵ2 + 1
. (5.1)

Here σ0 is the non-resonant cross section (background) and ϵ = 2E/Γ with
E being the resonant energy and Γ the width of the resonance [25]. The
real parameter q determines the shape of the resonance in the cross section,
it is the ratio between the two ways of transitioning to the final continuum
state. When |q| is very large the transition via the bound state overtakes
the direct ionisation, and the profile becomes Lorentzian, which is typical of
bound state transitions. For q = 0 the direct ionisation path is completely
dominating and the profile is a window resonance [4].

5.2 Xenon
The cross section for xenon, computed using both the full RRPAE and also
without the ground state correlation diagrams, can be seen in Figure 5.2,
and experimental data from Samson & Stolte [26]. These calculations were
performed with the 4d, 5s and 5p subshells active.

Beyond the 4d threshold we can clearly see the big smooth resonance
known as the ”giant dipole” resonance in xenon 4d, peaking around 90-100
eV. The giant resonance was first measured by Ederer and (independently)
Lukirskii in 1964 [27]. It is caused by a ”shape resonance” in the xenon
4d→ ϵf ionisation channel [28, 4]. Shape resonances occur when the photo-
electron is trapped in the potential of the remaining ion. The shape of the
ionic potential is such that it creates a barrier that the photoelectron has to
tunnel through. While Fano resonances require electron correlation effects
that involve mixing of the states, this is not required for a shape resonance.
It is possible to produce a 4d resonance in an independent particle model
[24]. But the ionic potential that leads to the barrier depends on electron
correlation effects, so we still need to include these effects to obtain a cross
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Figure 5.2: Photoionisation cross sections for xenon, including and excluding
the two ”ground state correlation” diagrams, and experimental data from
[26]. Calculations were done with the 4d,5s and 5p subshells active. After
the 4d3/2 threshold (dashed vertical line) we see the ”giant 4d resonance”.
The inclusion of ground state correlation results in a shift and lowering of
the giant 4d resonance.

section that is close to experiments. The degree to which the inclusion of the
full RPAE (i.e. including the ground state correlation diagrams) affect the
giant resonance is an example of this. In the full RRPAE calculation (dashed
blue line), the peak of the giant resonance is shifted towards lower photon
energies, and the overall magnitude of the region is lower. The full RRPAE
calculation matches the experimental data outside of the 4d resonance region
well, and is closer to the experimental results in this region compared to the
calculation without ground state correlation (red line). To further increase
the accuracy in reproducing the experimental giant resonance, it has been
shown that it is necessary to also include relaxation effects along with the
RRPAE [29].
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6. Conclusion and outlook

This text has given an overview of our method for computing attosecond
delays in photoionisation, in the context of interpreting, and compare to, the
RABBIT experiment. We construct the one-photon photoelectron wave func-
tion using a many-body perturbative approach, within the ”random phase ap-
proximation with exchange” (RPAE). Then we can compute the two-photon
transition matrix element, from which we can extract the two-photon photo-
electron phase shifts. These phase shifts provides us with a finite difference
approximation of the Wigner delay due to the ionisation process.

We have introduced a non-iterative method of obtaining the RPAE ef-
fects, where we solve a system of linear equations. With this method we
obtain all orders in the RPAE ”at once”. Calculations of the one-photon
ionisation cross section in neon and xenon, using this non-iterative method,
were presented. These calculations show that the method can produce the
expected features of these cross sections, including sharp resonances close to
threshold.

We have two main areas of interest going forward.
Firstly we want to be able to add effects beyond the RPAE. In partic-

ular we want to describe ”two hole” effects, for example shakeup/shakeoff
processes and Auger decay. The change in the atomic potential due to the
removal of the photoelectron can result in the excitation (shakeup) or removal
(shakeoff) of a second electron, thus creating a second hole. A photoelectron
hole in an inner orbital can be filled by an electron from an outer orbital,
which might result in the ejection of another electron and the creation of a
second hole (Auger process). Currently we have no practical way of including
these effects for systems with many electrons.

Secondly, we are working on computing the continuum-continuum delay
in photoionisation from a C60 (fullerene) molecule. Apart from the RABBIT
experiment, there is another common experimental technique for measur-
ing attosecond photoionisation delays. This technique is called ”attosecond
streaking”. Attosecond streaking will not be described in detail, but we will

38



say that it is also a pump-probe experiment, with an XUV pump pulse (but
not a pulse train), and an IR probe. The interaction with the IR probe gives
rise to a continuum-continuum delay, just as in the RABBIT experiment.
In a September 2020 meeting for the Attochem network, S. Biswas and F.
Calegari presented results from the same streaking experiment on attosec-
ond delays in C60 (in two separate talks) [30]. As of writing this text these
results have not yet been published (to the best of my knowledge). In order
to extract the delay for C60 they also made reference measurements on neon.
They make the assumption that the continuum-continuum delay for neon is
the same as the continuum-continuum delay for C60. Then they take the
difference between the Ne and C60 measurements and use known (or com-
puted) values for the Wigner delay in neon. This enables extraction of the
corresponding Wigner delay for C60. There are some discrepancies between
their experimental results and their calculations for the C60 Wigner delay,
and our ambition is to test the validity of the assumption that the CC-delays
for neon and C60 actually align. To achieve this we will first try to make the
calculation on a C60-like system, but with perfect spherical symmetry. This
approximation has previously been used by reference [31]. The extension of
our codes to this kind of system should be straight-forward.
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