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Abstract

Advances in experimental physics, specifically light sources emitting at an at-
tosecond time scale, has enabled the time resolution of atomic processes like
photoionization. Recent developments have allowed these sources to produce
light with non-linear polarization. There exists various theoretical methods that
can simulate experimental set-ups that make use of these attosecond sources.
The aim of this thesis project was to extend two of these methods to be able to
simulate circularly polarized light in order to both better model experimental
results and come up with new potentially interesting experiments. This has
resulted in an extended version of the Random Phase Approximation with Ex-
change method capable of simulating an ionization process by light of arbitrary
polarization, as well as well as an extended version of the NewStock package
that is capable of time-resolved simulation of matter interactions with arbitrary
light pulses.
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Sammanfattning

Framsteg inom experimentell fysik, specifikt ljuskällor som pulserar p̊a en at-
tosekundsniv̊a, har möjliggjort tidsupplösning av atomära processer, t.ex. foto-
jonisering. P̊a senare tid har det blivit möjligt att tillverka källor som str̊alar
ljus med andra typer av polarisation än linjärt. Det finns flera teoretiska
metoder som kan simulera experimentella uppställningar som använder dessa
attosekundskällor.

En egenskap hos fotojoniseringsprocessen som dessa experiment försöker
mäta, och teorin försöker modellera, är hur den utg̊aende elektronv̊agens fas
förändras under joniseringsprocessen d̊a detta inneh̊aller information om elek-
tronens färd ut genom atomen. Detta är den kvantmekaniska motsvarigheten
till det klassiska fenomenet där en kula som rullar över en platt yta kommer
fram vid en n̊agot skiftat tidpunkt ifall den passerar genom en grop. I gropen
omvandlas kulans lägesenergi till kinetisk energi och den rör sig snabbare, men
sträckan genom gropen är längre än över den plana ytan. Samspelet mellan en-
ergiomvandlingen och gropens form avgör hur mycket kulans position efter att
den passerat igenom gropen skiljer sig gentemot en kula som inte rullat igenom
n̊agon grop.

Målet med detta arbete var att utveckla tv̊a av de teoretiska metoderna till
att kunna simulera cirkulärpolariserat ljus för att b̊ade förbättra modelleringen
av experimentella resultat och möjligen komma p̊a nya intressanta experiment.

Den första av dessa tv̊a metoder var den s̊a kallade Random Phase Ap-
proximation with Exchange (RPAE) metoden, som utg̊ar fr̊an en Hartree-Fock-
beskrivning av en atom och sedan beräknar den utg̊aende elektronv̊agen vid
fotojonisering genom att iterativt förbättra en approximation av jonen + elek-
tronv̊agen tills resultatet konvergerar. Detta ger inte en tidsupplöst beskrivning
av processen, men ger en god approximation av den slutgiltiga elektronv̊agen
och dess fas.

Den sista metoden implementeras i programpaketet NewStock och best̊ar
av att generera mycket noggranna approximationer av atom- och jontillst̊and
genom att optimera energin hos en begränsad uppställning tillst̊and med en
metod som kallas Multi-Configuration Hartree-Fock (MCHF). Sedan tar New-
Stock den resulterande uppsättningen tillst̊and och tidspropagerar dem under
effekten av en linjärpolariserad ljuspuls.

Detta arbete har resulterat i en utökad version av RPAE-metoden som kan
simulera fotojonisering med ljus med godtycklig polarisation, samt en utökad
version av NewStock som kan utföra tidsupplösta simulationer av atomer som
interagerar med godtyckliga ljuspulser.
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1 Introduction

Processes that involve the dynamics of electrons could for all practical purposes
be considered instantaneous until recently since they take place on the time
scale of attoseconds. However, advances in experimental methods have enabled
the investigation of shorter time scales. As an example it is now possible to
use High Harmonic Generation (HHG) in experiments. HHG is a process by
which a strong IR laser field can generate very high harmonics of itself through
non-linear processes in a material. This allows for the creation of trains of
coherent attosecond-time-scale Extreme Ultraviolet (XUV) pulses [23], and the
use of these pulses enables extraction of temporal information about processes
like photoionization on the attosecond time scale [32, 21]. The experimental
methods used to investigate these time scales have traditionally utilized linearly
polarized light since HHG have previously not been able to generate non-linearly
polarized light. Recently this has changed [20, 31] and experimenters can now
make use of this in their setups. The investigation of what can be done with
this has just begun, both experimentally [3] and theoretically [13, 26]. One hope
is that the ability to make use of circularly polarized light in photoionization
experiments would allow for an improved ability to extract information from
the outgoing electron wave. Possibly enabling the various types of delays that
the photoelectron can exhibit to be disentangled [13].

This thesis is intended to give an overview of the physics of these delays and
account for two different methods that can be used to compute them as well
as how they have been extended to non-linear light polarizations. The first of
these methods is the Random Phase Approximation with Exchange (RPAE).
The principle of it is summarized in section 2.2 and the mathematics discussed
in more details in appendix A.3. The extension of this method is described in
section 3. The second is to time evolve the atomic system under the effects of the
light pulse using the Time-Dependent Schrödninger Equation (TDSE) to obtain
the outgoing photoelectron wave function. The implementation of this method
as well as how it has been extended is discussed in section 4. Before that, some
basics of atomic physics and angular momentum theory are reviewed in section 2.
Finally, a way of parametrizing the angular distribution of a photoelectron is
discussed in section 5 before the results of the work and the outlook are given
in sections 6 and 7.

1.1 Observables

An electron with angular momentum quantum number ` moving out from an
atom after a photoionization process is asymptotically described by a Coulomb
wave as

u`p,ω,b(r) ≈

A︷ ︸︸ ︷

−πM(p, ω, b)

√
2m

πk~2
e
i

(
kr+ Z

ka0
ln(2kr)

φ︷ ︸︸ ︷
−`π

2
+ σZ,k,` + δk,`

)

(1)

Here M is the matrix element of the transition from the initial state b to the final
continuum state p, by in this case the absorption of a photon with frequency
ω. Key properties of such a wave are its amplitude (A) and phase (φ). The
amplitude is related to the cross-section, a traditional observable that is well
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understood. The energy dependent part of the phase contains information about
the potential along the path the electron has traveled. Specifically it contains
information about how much the electron is delayed or advanced during the
ionization. This is usually called the Wigner delay and can be computed as [35]

τ =
dφ

dE
(2)

This is the quantum analog of a classical phenomena: a ball rolling along a
flat surface with an indent will speed up since gravitational potential energy is
converted into kinetic energy while in the indent, resulting in the ball arriving
sooner than it would otherwise.

Quantum mechanically a wave that passes through an attractive potential
will have a shorter wavelength within the potential well and the phase will there-
fore advance faster resulting in a phase shift on the other side of the potential.
A simple sketch of this phenomenon can be seen in figure 1.

Figure 1: A wave that moves through an attractive potential has its phase
advance at a higher rate than a free wave. This causes a shift in the phase of
the wave that persists after it has moved through the potential, shown as δ in
the figure. The thick blue line is the free wave and the thin orange line is the
wave that passes through the potential, depicted by the black line.

One way to experimentally obtain the delay is called the Reconstruction of
Attosecond Beatings By the Interference of Two-photon transitions (RABBIT)
method. In RABBIT one uses two laser fields, one XUV generated through
HHG together with the generating IR field, with intensities low enough that
one can approximate the complete process as involving only two photons. The
electrons are ionized through the absorption of an XUV photon, and can then
either absorb or emit an IR photon. The XUV field consists of a train of pulses
that consist, as a consequence of its generation, of odd harmonics of the IR field.

Ω = (2N + 1)ω (3)

Here Ω is the frequency of the 2N + 1th harmonic of the IR frequency, ω. This
means that there are two ways to end up at the energy corresponding to an
even harmonic of the IR field: either through absorption of an XUV photon
with the frequency (2N − 1)ω and then an additional IR photon, or through

8



absorption of the next harmonic with frequency (2N + 1)ω and emission an IR
photon. These two paths then interfere and the interference is captured by a
spectrogram of the emitted photoelectrons as a function of their kinetic energy
and the delay between the XUV and IR pulses.

Figure 2: This is a sketch of the RABBIT scheme. In the graph on the right
side is a representation of the different paths that lead to the same final energy
2Nω. On the left is a spectrogram over the energy of the photoelectrons and the
delay between the XUV and IR pulses. The strong signals in the main bands
at odd harmonic orders correspond to the absorption of a single XUV photon.
In between them in the side bands at even harmonic orders the two photon
signal can be seen. It oscillates at a frequency that depends on the details of
the photoionization process.

The intensity of the signal is related to the probability that a photoelectron
will reach a specific energy state. This can be expressed is terms of the prob-
ability amplitudes for an electron absorbing (Mabs) or emitting (Memi) an IR
photon.

I ∝ P = |Mabs +Memi|2 = |Mabs|2+|Memi|2+2 |Mabs| |Memi| cos (arg (M∗absMemi))
(4)

The cosine term in this equation is the source of the interference and can be seen
as the oscillation in the two-photon signal, visible as the side bands in figure 2.
The argument can be expanded as

arg (M∗absMemi) = ωτ + ∆Ω + ∆ΦA (5)

where the first two quantities are determined by the experimental setup: ωτ
is the phase due to the delay between the XUV and IR pulses (τ), ∆Ω is an
unknown phase connected to the XUV field. ∆ΦA is a quantity intrinsic to the
atom, associated with the flight of the photoelectron out through the potential
of the atom. If differences in signal between e.g. two different initial orbitals
are considered the delay can be approximated as

τA ≈
∆ΦA
2ω

(6)
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This quantity can, to a good approximation [12, 10, 28], be split into two parts,
τA ≈ τW + τcc, a Wigner-like delay [35] (τW ) associated with the one-photon
XUV ionization process, and a contribution from the interaction of the electron
in the continuum with an IR photon in the presence of the atomic potential
called the continuum-continuum delay (τcc).

1.2 Motivation

In photoionization experiments that use linearly polarized light the magnetic
quantum number (m) of the photoelectron does not change. Measurements
have traditionally been done in the forward direction, i.e. the detector has been
placed in the direction of the polarization of the light (the emission direction for
most photoelectrons), or by the collection of all electrons regardless of emission
angle. This has enabled simplifications in theoretical calculations.

With recent advances [20, 31] in attosecond sources allowing for light pulses
with non-linear polarization and more angular resolved data, it has become
important to understand these aspects of the process.

This work is about extending programs that utilize existing methods to be
able to handle more general light pulses and compute photoionization delays for
arbitrary emission directions.
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2 Simulating light-matter interactions

This section contains an overview of the two methods used for the simulation
of light-matter interactions that are relevant for this thesis. The first is the
Random Phase Approximation with Exchange (RPAE). RPAE is used in the
program developed by E. Lindroth and J. M. Dahlström [9, 11]. The second
is the method used by the NewStock package that builds on development of
the program developed by T. Carette, J. M. Dahlström, L. Argenti and E.
Lindroth [4], which in turn uses the suite of programs called ATSP2K devel-
oped by C. F. Fischer and co-workers [17]. ATSP2K is a suite of programs for
that approximates atomic states through the Multi-Configuration Hartree-Fock
(MCHF) method. In reference [4] it is described how MCHF can be combined
with exterior complex scaling or complex absorbing potentials to compute pho-
toionization cross sections. NewStock builds on this to propagate arbitrary light
pulses in the time-dependent domain to simulate the interaction of atoms with
said pulses [2, 5].

Both methods make use of the dipole approximation in the computation
of this interaction. The standard expression for light-matter interaction can
be obtained from minimal coupling, replacing p → p + eA in the Hamilto-
nian. The kinetic term can then be expanded into three separate parts, and the
Hamiltonian becomes

H =
1

2m
p2 +

e

2m
p ·A +

e2

2m
A2 + V. (7)

The diamagnetic term, ∼A2, can be removed through a unitary transformation
of the wave function, and an associated transformation of the Schrödinger equa-
tion, as long as the spacial dependence of A can be ignored. There are different
choices for this transformation, the two most common ones result in the two
forms used in this work: the velocity gauge form and the length gauge form:

Hvelocity
I =

e

m
p ·A, (8)

H length
I = er ·E. (9)

In order to be able to couple an atomic state to the electromagnetic field
with this operator one must first have a description of said atomic state.

2.1 Approximating the atomic state

To simulate the interaction of an atom with a light pulse first the atomic states
themselves must be computed. In a hydrogenic atom this involves solving the
Schrödinger equation with the Hamiltonian

HHydrogenic =
1

2m
p2 − Ze

r
(10)

This system is easy enough to solve that it can be done by hand, and the solution
has a closed form. Once the number of electrons is two or larger the complexity
of the problem explodes, as the Hamiltonian becomes

H =

N∑

i=1


 1

2m
p2
i −

Ze

ri
+

i−1∑

j=1

e2

|ri − rj |


 . (11)
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The extra term in this equation couples every electron with every other elec-
tron. If there are two electrons (and a nucleus) it is a three-body problem, and
the difficulty increases exponentially from there. There are several numerical
methods for the approximation of atomic states. A very accurate method is
to diagonalize the entire Hamiltonian in a complete basis. The basis is usually
a set of linear combinations of Slater determinants called Configuration State
Functions (CSFs). A Slater determinant is in turn an anti symmetric combina-
tion of one-electron orbitals, and these orbitals are often obtained through the
Hartree-Fock (HF) method. This is called the Configuration Interaction (CI)
method; it is accurate but computationally expensive and becomes untenable
for large systems. In this thesis the CI method will not be used. However, both
of the relevant approaches make use of the Hartree-Fock method.

2.1.1 Hartree-Fock

This is one of the earlier methods of approximating atomic states, also called
Self-Consistent Fields. It is used to compute a starting point for the state in
the RPAE program.

By assuming the atomic state can be described by a single Slater deter-
minant and using the variational principle one can set up equations for the
orbitals. The resulting Hartree-Fock equations depend on these orbitals, and
so in order to compute a solution one starts with a guess (usually the hydro-
genic orbitals) and refines them iteratively with said equations. The assumption
that one Slater determinant is sufficient also implies the mean field approxima-
tion. This means that electrons are assumed to feel only the average potential
of the other electrons. Effects beyond this are usually referred to as “electron
correlations” [16].

The HF method results in the states with the lowest energy achievable with
a single Slater determinant, and this energy can be quite accurate. In atomic
processes it is however often the small differences in energy between different
states that is important, and this difference can be comparable to the error
from leaving out electron correlations. The NewStock package depends on the
accurate modeling of atomic states for its calculations, and so uses another
method called Multi-Configuration Hartree-Fock (MCHF).

2.1.2 Multi-Configuration Hartree-Fock

This method can be viewed as a combination of CI and HF. The state of the
atom is described in terms of a linear combination of the CSFs used in CI, but
the expansion coefficients and the one-electron orbitals themselves are allowed to
vary. In order to reduce the computational demands they are varied to minimize
the energy of a selection of states. It is this method that is used by the ATSP2K
package, and its results are in turn used in NewStock.

2.2 Photoionization

The next step is to take the atomic states and simulate their interaction with
the electromagnetic field. This process is not too complicated if one looks at
hydrogen. All the energy of the photon goes into lifting the electron out of
the potential well and any that remains becomes kinetic energy. For larger
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atoms the complexity increases quickly, and many different possible processes
all contribute to the end result. For example:

� The photon could ionize an electron, but on the way out it exchanges
energy with the remaining ion and causes another electron to move into
the hole it left behind

� The photon could excite a tightly bound electron that then falls back down
and its energy is absorbed by another electron which in turn gets ejected

� The photon excites a tightly bound electron. This electron interacts with
a second one and excites it. While the first electron falls down into the
hole left by the second electron, a third electron falls into the hole left
behind by the first one and a fourth electron. . .

� . . .

It is easy to see that this can explode into a mountain of complexity, and that it
would take a long time to sort through it in order to find the important effects.
To get an overview of the possibilities one can employ Goldstone diagrams [18]
that depict the process in a diagrammatic fashion, as shown in figure 3. One

Figure 3: A diagrammatic representation of some of the processes that con-
tribute to photoionization in many-electron atoms. Time moves upwards in the
figure, and arrows pointing upwards represent electrons while arrows pointing
downwards represent holes. The purple wavy line represents an interaction with
a photon, and the black dashed line represents the coulomb interaction between
different electrons/holes.

way of including these effects is to use the RPAE method. In this method one
calculates how an occupied orbital is perturbed by the electromagnetic field
and then uses the resulting perturbed state to recalculate the potential felt by
the electrons. This can then be iterated until convergence (a more detailed
description of the mathematics can be found in appendix A.3).

Another method is to work out the ground state and all the different possible
final states that consist of an ion in some state φLM and an outgoing electron in
some state ε` to a high degree of accurace and then couple such ionized states
to the ground state through the dipole operator. This idea is implemented in
the NewStock package and described in more detail in section 4. A large com-
plication is how to obtain accurate descriptions of the ionic states. In NewStock
this is accomplished through the use of the ATSP2K package that implements
the MCHF method mentioned in section 2.1.2.

HHG which is used to generate attosecond pulses has traditionally been un-
able to generate circularly polarized pulses, hence the programs that implement
the mentioned methods were coded under the assumption that they would only
need to simulate linearly polarized light.
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If light is linearly polarized the ionization process will have a cylindrical
symmetry around the polarization direction of the light. This simplifies compu-
tations since initial states with different φ-dependence do not couple together.
For circularly polarized light this symmetry is broken, and the complexity of
the calculations increase. In order to understand how the methods have been
extended and what has been changed in the programs and why, it is useful to
first recall some angular momentum theory.

Section 2.3 contains the angular momentum theory that is used in the ex-
tension of the methods to more polarizations. Section 3 contains a discussion of
the extension of the implementation of the RPAE method and the calculation
that underlies those changes using the results of section 2.3. The modifications
to the MCHF program are discussed in section 4.

2.3 Angular momentum theory

In atomic physics angular momentum has a very important role due to the
atom having a well defined center of force and a roughly spherical potential. In
classical physics the angular momentum of an object is defined as

L = r × p (12)

In quantum mechanics r and p are promoted to operators, r → r and p →
−i~∇. With these transformations the components of L no longer commute,
but obtain the commutation relations

[Lx, Ly] = i~Lz (cyclic) (13)

The operator L is only appropriate for orbital angular momentum, but if one
takes the commutation relations in equation (13) as the fundamental property
of an angular momentum operator one can define a general such operator (j)
and derive its other properties (see for example [24]). An example is that j2

commutes with its components, and that it is possible to define a set of states
that are simultaneous eigenstates of j2 and one component, like so:

j2 |jm〉 = j(j + 1)~2 |jm〉 (14)

jz |jm〉 = m~ |jm〉 (15)

where

j εN (16)

mε [−j, j] (17)

These operators are sufficient for the description of the properties of a single
object with spin, or a single orbiting object, but if one wishes to look at more
complicated systems one must know how to couple several angular momenta
together. In classical mechanics one simply adds the angular momenta together
and gets a single answer, but in quantum mechanics the fact that the angular
momentum vector cannot be specified completely results in two different angular
momenta being able to couple to several final states.

The Clebsch-Gordan (CG) coefficients characterize this property. They are
defined as the overlap between a state defined by the component angular mo-
menta (|j1,m1; j2,m2〉) and a state defined by the total angular momenta (J)
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they couple to (|(j1, j2)JM〉). The coefficients describe how these states can be
written in terms of each other.

|(j1, j2)JM〉 =
∑

m1,m2

|j1,m1; j2,m2〉 〈j1,m1; j2,m2|(j1, j2)J,M〉 (18)

This thesis will use the so called 3j-symbols instead. They are related to the
CG coefficients in the following manner:

(
j1 j2 j3
m1 m2 m3

)
=

(−1)j1−j2−m3

√
2j3 + 1

〈j1,m1; j2,m2|(j1, j2)j3,−m3〉 (19)

Where the CG coefficients express the addition of two angular momenta in terms
of a third, the 3j-symbols have the property that they are the coefficients with
which three angular momenta must be added in order to result in zero.

There is a technique described in e.g. [24] that allows one to work with 3j-
symbols (and higher) in a graphical way. The 3j-symbol from equation (19)
can be represented with the diagram in figure 4a. In diagrams like these it is
the cyclic order around the vertex that determines what quantum numbers to
write where in the 3j-symbol. When doing this one can derive various rules
for manipulating the diagram from the underlying properties of the 3j-symbols.
One can then easily depict the coupling of different angular momenta by con-

+ j3,m3

j1,m1 j2,m2

+ j3,m3

j1,m1 j2,m2

(a) A graphical representation of a 3j-
symbol as described in reference [24].
The sign denotes the order in which
to enter the angular momenta into the
columns of the 3j-symbol. A + de-
notes counter clockwise order, and a -
denotes clockwise order. This diagram
therefore represents the 3j-symbol in
equation (19).

(b) Arrows can be used to denote phase
factors. This diagram represents the
same 3j-symbol as the one in figure 4a,
but with a sign change on m3 and mul-
tiplied by the phase factor (−1)j3−m3 .
For the factor (−1)j3+m3 the arrow
would be reversed.

Figure 4: An illustration of how to describe 3j-symbols through the use of
diagrams, and how to denote extra phases within this system.

necting the legs of several diagrams together. Phase factors can be included in
the diagrams by the use of arrows. Figure 4b is the graphical representation of

the 3j-symbol (−1)j3−m3

(
j1 j2 j3
m1 m2 −m3

)
. For the phase factor (−1)j3+m3

one would draw the arrow in the opposite direction. Often in calculations that
involve angular momenta several 3j-symbols are multiplied together. This can
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be represented as in equation (20).

(
j1 j2 j3
m1 m2 m3

)(
j3 j4 j5
m3 m4 m5

)
=

j1,m1 j3,m3 j5,m5

j2,m2 j4,m4

+ +

(20)

In general, if there are two diagrams that each have a free external line with the
same angular momenta they can be joined together. These ideas are expanded
on in the next section to derive a formula that is useful for the implementation
of the RPAE method for light with different types of polarization.
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3 Extension of the RPAE method to more po-
larizations

The equations used in the RPAE iterations to compute the radial part of the
ionization amplitude are derived in appendix A.3, but it is worth mentioning
here that while the RABBIT process that is simulated in this work uses two
photons, the multi-electron effects included through RPAE are only included
here in the ionization process due to the first photon. This is possible if the
calculation is done in length gauge and the first photon is sufficient to ionize
the atom [34]. Physical intuition for this is that during the interaction with the
first photon the photoelectron is close to the ion and can interact strongly with
the ion’s electron cloud. However during the interaction with the second photon
the photoelectron is far enough away that the interaction between it and the
remaining electron cloud is weak.

The coming sections are about how the angular part of the result (which
depends on the polarization of the photons) can be recast to enable it to be
computed separately after the radial part. This simplifies the computation of
results for different sets of polarizations and detection angles.

3.1 Coupling of two one-photon operators

Within the dipole approximation the interaction with the electromagnetic field
is described by a rank one tensor operator with odd parity. The components of
this operator gives the polarization of the light, q = 0 corresponds to linearly
polarized and q = ±1 corresponds to right/left circularly polarized. The inter-
action with two photons is described by two such operators. It is possible to
describe this through the use of three effective two-photon operators with rank
zero, one, and two respectively, all with even parity.

It is possible to illustrate the two-photon ionization process with the Gold-
stone diagram in figure 5a. In this diagram time runs from the bottom to the
top. Arrows pointing in the direction of time represent electrons, and arrows
pointing in the opposite direction represent holes. In the bottom of the diagram
we see an electron interacting with a photon with the frequency Ω and jumping
into the state r while leaving behind a hole in orbital a. If the initial state is
labeled i and the angular momentum quantum numbers of the states are written
out explicitly, the amplitude of this process can be evaluated with the following
equation

As:`′,m′ =
∑

r:`′′,m′′=m+q1

〈s : `′m′ |Dω| r : `′′m′′〉 〈r : `′′m′′ |DΩ| i : `m〉
εi + Ω− εr

Y`′,m′(θ, φ).

(21)
The Wigner-Eckart theorem tells us that the matrix element of the qth compo-
nent of a tensor operator, t, of rank k can be computed as

〈
`m
∣∣tkq
∣∣ `′m′

〉
= (−1)`−m

(
`′ k `
−m q m

)〈
`
∥∥tk
∥∥ `′
〉
, (22)

where
〈
`
∥∥tk
∥∥ `′
〉

is the reduced matrix element : the parts of the original matrix
element that do not depend on m. The angular dependence can thus be isolated
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to give

A`′m′ =
∑

`′′

[
(−1)`

′+`′′−m′−m′′ 〈`′ ‖D‖ `′′〉 〈`′′ ‖D‖ `〉
εi + Ω− εr

×
∑

m′′=m+q1,m′=m′′+q2

(
`′ 1 `′′

−m′ q2 m′′

)(
`′′ 1 `
−m′′ q1 m

)
Y`′,m′(θ, φ)

]

(23)

r

Ω

ω

a s

`′′,m′′

`,m `′,m′

+ 1, q1

1, q2

+

(a) The Goldstone diagram represent-
ing the two-photon ionization of a state
into the hole a and the continuum elec-
tron s. r is the intermediate state, Ω is
the XUV photon and ω the IR photon.
Time runs from bottom to top.

(b) This diagram represents the same
process as figure 5a to the left, but
in the form of an angular momentum
diagram as described in reference [24]
and section 2.3. Each vertex is a cou-
pling of two angular momenta into a
third and are the 3j-symbols in equa-
tion (23).

Figure 5: Diagrams representing different aspects of the process of two-photon
ionization.

Equation (23) can be used to evaluate the amplitude numerically, but it has
the issue that the information about the photon polarization and the initial
m-value is bound to the information about the intermediate state. The inter-
mediate state is needed in the computationally complex RPAE iterations (see
appendix A.3 for more details) to compute the radial part. This means that if
the m-value and polarization information can be separated, then the computa-
tion can be restructured into two steps. The first step of the computation would
consist of working out the radial part with the RPAE method and the second
step would be to take an already computed radial part and add the angular part
in.

This split can be performed by first converting the 3j-symbols into the di-
agram in figure 5b through the use of equation (20) and then applying equa-
tion (24) to get equation (25).

j1,m1

j2,m2

=
∑

j3

(2j3 + 1)
j3

j2,m2

j1,m1

j2,m2

j1,m1

- + (24)
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`′′,m′′

`,m `′,m′

+ 1, q1

1, q2

+
=

2∑

K=0

(2K + 1)

`′′1
1

K,Q

`,m `′,m′

+ 1, q1

1, q2+

-
+

(25)

If one splits up the resulting diagram in two along the K,Q line one of the
theorems in reference [19] can be used. This theorem is referred to as equation
4.8 in reference [24], rewritten here as equation (26). The box in equation (26)
is a placeholder for any closed diagram.

j1,m1

j2,m2

j3,m3

= -

j3

j2

j1

+

j1,m1

j2,m2

j3,m3

(26)
This gets us the result in equation (27).

2∑

K=0

(2K + 1)

1

1

`,m

`′,m′

+

+

-
`′′

1, q1

1, q2

K,Q +

=

2∑

K=0

(2K+1)
K

1

1

+

+

-`′′

`′

`

- +

`′,m′

`,m

1, q1

1, q2

K,Q +

(27)

The second line of equation (27) contains one 3j-symbol, one 3j-symbol
with a few extra phases, and one structure witch is a combination of four 3j-
symbols. This triangle-like structure is almost a 6j-symbol, as can be seen
by the diagrammatic definition of one in equation (28). There are some extra
phases present here as well, but if compensated for one obtains equation (29).
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This way of expressing the problem is convenient because it allows one to split
the calculation into two separate parts as described earlier. The RPAE method
can then be used almost as before, ignoring the polarization of the light and
instead using the effective two-photon operators to compute the results of the
first line of equation (29). The second line can then be multiplied in afterwards,
and any polarization and detection angle can be specified.

{
j1 j2 j3
`1 `2 `3

}
=

j1

j3

j2

+

+

+`2

`1

`3

+ (28)

A =
∑

K,`′′,Q=q1+q2

〈`′ ‖D‖ `′′〉 〈`′′ ‖D‖ `〉
εi + Ω− εr

{
k k K
` `′ `′′

}

× (−1)`−m
′+K−Q(2K + 1)

(
`′ K `
−m′ Q m

)(
k k K
q2 q1 −Q

)
Y`′m′(θ, φ) (29)

3.2 Validation of results

The first part of the split calculation is time-consuming and can be completed
with a fast compiled language like Fortran, yielding the results of the first line
in equation (29). By combining these results with the correct 3j-symbols and
spherical harmonics using e.g. python the amplitude for a given combination
of linear and circular polarizations can be computed. In reality light is rarely
perfectly circularly polarized however. Circularly polarized light in actual exper-
iments is usually slightly elliptical, and such light can be described by combining
the results of equation (29) for different polarizations.

Linear and circular polarizations turn out to be linear combinations of each
other. Two linearly polarized fields, one along x with a field strength of Ex and
one along y with a field strength of Ey can be combined to obtain both circular
polarizations in this way:

E+ =
Ex + iEy√

2
(30)

E− =
Ex − iEy√

2
(31)

In a quantum mechanical calculation these relations between polarizations are
instead between components of a so called spherical tensor operator. When
an angular momentum operator acts on a state there are certain relations that
describe this action, i.e. equations (13)-(15). Spherical tensor operators are
operators (instead of states) that obey analogous relations. The dipole operator
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in length gauge can be expressed as a rank one spherical tensor operator with
components

t10 = rC1
0 (32)

t1±1 = rC1
±1, (33)

where Ck is the tensor operator form of the spherical harmonics as introduced
by Racah [29], and Ckq are the components. The ±1 components correspond to
right and left circularly polarized light, and the 0th component correspond to
light that is linearly polarized along the z-axis. From these expressions and the
definition of spherical coordinates it is possible to derive the relations between
the spherical components and the ordinary Cartesian ones as

t10 = z (34)

t1±1 = ∓x± iy√
2

(35)

This means that the spherical components of the amplitude can be used to com-
pute any polarization. This enables the computation of results for elliptically
polarized light as well as a powerful check on the results: the amplitude for
photoionization by light of any possible linear polarization where the photoelec-
trons are detected in the direction of said polarization should be the same for
every choice of direction. The implementation passes this check.
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4 The NewStock package

The method of solving the photoionization problem employed by this package
is to work out a basis for the space of possible final (and intermediate) states as
accurately as possible and then couple them and the ground state together with
the dipole operator. Given a description of a light pulse the dipole operator
can be computed at any given time, and the full system can be stepped forward
through time in order to obtain a future state of the system. The next section
contains a description of how the atomic state is modeled, and the section after
that describes how the interaction with the light and the time propagation is
modeled.

4.1 The atomic state

When exposed to ionizing radiation an atom splits into a charged ion, possibly in
an excited state, and an outgoing photoelectron. This motivates the use of the
close-coupling ansatz: the time-dependent wavefunction that represents such a
state can asymptotically be described as an anti-symmetric linear combination of
products of wavefunctions that describe the parent-ion and the corresponding
photoelectron wave packet. In order to accurately reproduce the results of
real experiments, such as the angular distribution of the photoelectrons, all
the states from the neutral atom to the asymptotic region, where the ion and
photoelectron are well separated, must be represented accurately. In addition
the time evolution of the wave function under the effects of the electromagnetic
field must be accurately described.

In NewStock the initial atomic state, as well as relevant states of the (possibly
excited) parent ion are determined through the MCHF method by the use of
the ATSP2K package. This means they are described by a linear combination
of CSFs (ΦΓ

j ) as mentioned in section 2.1.2 as

φΓ
a =

∑

j

ΦΓ
j c

Γ
ja (36)

The angular and spin part of the outgoing photoelectron and the ion are coupled
together into a state (ΦΓ

α) with well defined parity, Π, orbital and spin angular
momentum, L and S, and the projections thereof, M and Σ. A given collection
of these is labeled by Γ = (Π, S, L,Σ,M).

ΦΓ
α(x1, . . . , xN−1; r̂N , σN ) =

∑

Mam

∑

Σaσ

√
2L+ 1

√
2S + 1(−1)La−`α+M+Sa− 1

2 +Σ

×
(
La `a L
Ma ma −M

)(
Sa

1
2 S

Σa σ −Σ

)
φΓ
a(x1, . . . , xN−1)Y`αm(r̂N )χσN , (37)

where φa is the wave function of the ion in state a with angular momentum
quantum numbers La and Sa and projections Ma and Σa. The label α iden-
tifies within Γ the angular momentum of the photoelectron, `α and the ion it
is coupled to. The spinor χσN is the spin part of the photoelectron wave func-
tion, and the spherical harmonic is the angular part. By anti-symmetrizing the
product of one such ΦΓ

α and a photoelectron radial wavefunction ϕΓ
α(rN , t) one

obtains a so-called a Partial Wave Channel (PWC). When the photoelectron is
close to the ion there are features which are not modeled well by states described
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by an ion plus an outgoing electron wave packet. To complete the description
additional localized configurations (χi(x1, . . . , xN )) are therefore added. This
means that the total wavefunction is then a sum over its symmetries, Γ, and
within each symmetry over both the PWCs and localized channels:

Ψ(x1, . . . , xN , t) = Â
∑

Γα

ΦΓ
α(x1, . . . , xN−1, r̂N , σN )ϕΓ

α(rN , t)

+
∑

Γi

χΓ
i (x1, . . . , xN )cΓi (t). (38)

4.2 Propagating the wavefunction in the presence of light

The wavefunction evolves according to the Time-Dependent Schrödninger Equa-
tion (TDSE). In order to determine the solution of the TDSE at a given time t
for an atom that starts in its ground state at time t0 one applies the time evolu-
tion operator. This can be done with the finite difference method: splitting the
time evolution into a series of discrete steps. It is this method which is used by
NewStock. This transforms the time evolution operator from an exponential of
the integral from t0 to t of the Hamiltonian into an exponential of a sum of the
Hamiltonian at each step.

U(t, t0) = e
− i

~
∫ t
t0
H(t′)dt′ ≈ e− i

~
∑N
k=0 H(t0+k∆t)∆t +O(∆t2) (39)

This introduces an error that scales with the square of the time step. If there
is an external electromagnetic field said Hamiltonian will contain one part that
describes the interaction of the electrons with the nucleus and each other, H0,
and one part that describes the interaction with the field, HI . By splitting
each time step up into three parts: a free propagation for half the time step
(as described by H0) followed by the interaction with the field (as described by
HI), followed by another free propagation, the size of the error can be reduced
and made to scale with the cube of the time step instead [15, 14].

If the wavefunction of the photoelectron is described in terms of the eigen-
states of H0 in the box it becomes simple to time evolve the system during free
propagation through the multiplication of every eigenstate by the appropriate
phase factor.

Ψ(t) =
∑

Γi

∣∣ψΓ
box,i

〉
cΓi (t) (40)

Ψ(t+ dt) = e−iH0dt/~
∑

Γi

∣∣ψΓ
box,i

〉
cΓi (t) =

∑

Γi

∣∣ψΓ
box,i

〉
cΓi (t)e−iE

Γ
i dt/~ (41)

The interaction with the field is described with the dipole operator (in its ve-
locity gauge form).

HI(t+ dt/2) =
e

m
p ·A(t+ dt/2) (42)

Equations (40) and (42) can be inserted into the TDSE to get

i~∂t
∑

Γi

cΓi (t)
∣∣ψΓ

box,i

〉
=
(
H0 +

e

m
p ·A(t)

)∑

Γi

cΓi (t)
∣∣ψΓ

box,i

〉
(43)
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which can be expressed as

i~∂tcΓ
′

j (t) =
∑

Γi

〈
ψΓ′

box,j

∣∣∣H0 +
e

m
p ·A(t)

∣∣ψΓ
box,i

〉
cΓi (t) (44)

The dipole acts between two different terms, the initial one with angular momen-
tum numbers L,M and the final one with L′,M ′. The Wigner-Eckart theorem
allows the dependence on the different M -values to be separated from the ex-
pectation value. Since A(t) does not depend on r it can be moved outside of
the expectation value.

〈
ψΓ′

box,j

∣∣∣ e
m
p ·A(t)

∣∣ψΓ
box,i

〉
=
∑

µ

Aµ(t)
〈
ψΓ′

box,j

∣∣∣ p1
µ

∣∣ψΓ
box,i

〉
(45)

Since different µ-values of the interaction couple different M and M ′s together
both the 3j-symbol from the Wigner-Eckart theorem and Aµ must be multiplied
together and summed over µ. Thus the dipole part of equation (44) can be
written as

i~∂tcΓ
′

j (t) =
e

m

∑

Γi

〈
ψΓ′

box,j

∥∥p1
∥∥ψΓ

box,i

〉∑

µ

Aµ(−1)L
′−1+M

(
L′ 1 L

M − µ µ −M

)
cΓi (t)

(46)
It is this equation that is used in NewStock to compute the expansion coefficients
after the interaction step. If the light were assumed to be linearly polarized this
last step could be simplified, since the magnetic quantum numbers could not
be changed by the interaction. This is one of the extensions that was made in
order to be able to simulate light of arbitrary polarization, and together with
the ability to model said light as the ±1 components (see section 3.2) of the
vector potential allows for the simulation of atom-light interactions with light
of any polarization.

This capability can be used to make simulations of e.g. an proposed pro-
tocol called CHIP. This setup uses the interference of two ionization paths to
extract information about the delay, but unlike RABBIT one of these paths
is a one-photon path and the XUV pulse train consists of consecutive pairs of
counter-rotating harmonics, see figure 6 for an overview. An example of a CHIP
pulse is shown in figure 7. This results in the atomic delay getting mapped on
the photoemission angle, and if the phase induced by the two-photon transition
is constant it should be capable of extracting information about the-one pho-
ton phase at e.g. resonances where it changes rapidly [13]. A way to analyze
the results of simulations that result in photoelectron distributions with com-
plex angular behavior is the method of asymmetry parameters, which will be
discussed in the next section.

24



Figure 6: This is a sketch of the CHIP scheme, showing which paths lead to the
same final energy. The scheme consists of a train of pairs of counter-rotating
XUV harmonics, i.e. every third harmonic is absent from the pulse train. In
this figure the IR pulse is co-rotating with the lower XUV harmonic, but the
inverse is also possible.
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Figure 7: This figure depicts the x and y components of the vector potential
for a CHIP pulse traveling along the z-axis. The pulse is the combination of a
circularly polarized IR field and an attosecond pulse train of isolated pairs of
counter-rotating XUV harmonics. In this example the lower energy harmonic
is co-rotating with the IR field, and the IR-field itself has a wavelength of 844
nm. The XUV pulse train is modulated by a Gaussian envelope centered on the
32nd harmonic.
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5 Asymmetry parameters

When one considers the angular dependence of the differential cross section
for photoionization with circularly polarized light it can appear very complex.
If the light was linearly polarized it could be expanded in terms of Legendre
polynomials as [8]

σ(θ, φ) =
σ0

4π

(
1 +

∞∑

n=1

β2nP2n(cos θ)

)
, (47)

where σ0 is the total integrated cross section and the β2n are asymmetry pa-
rameters, also called beta parameters. If the expansion is of a cross section for
a photoionization process that involves N photons, then the highest asymmetry
parameter that will be non-zero is β2N .

Since the cross section can not be negative, the sum in equation (47) can not
be smaller than -1. This places additional limits on the asymmetry parameters.
In the case of a transition by one linearly polarized photon this limit is

− 1 ≤ β2 ≤ 2. (48)

The angular behavior of the cross section at the two extremes of this range
can be seen in figure 8. The reason only even parameters are included in the

(a) β2 = −1 (b) β2 = 2.

Figure 8: A plot of 1+β2P2(θ). The further from the origin a given point on the
yellow surface is, the larger the value of the function in the direction of the line
from the origin to that point. Different values of β2 then interpolate between
these shapes, for example for β2 = 0 the distribution is angle independent and
the plot would be a sphere.

sum is due to the reflection symmetry in the xy-plane, which is true for dipole
radiation. If the light is circularly polarized this symmetry is still there, but
the rotational symmetry around the z-axis can be lost. This means that the
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cross section can end up with a dependence on φ as well as θ. To guard against
this the expansion in equation (47) can be changed to be in terms of spherical
harmonics:

σ(θ, φ) =
σ0

4π

(
1 +

∞∑

`=1

∑̀

m=−`

√
4π

2`+ 1
β`,mY`,m(θ, φ)

)
. (49)

This expansion is exactly the same as the previous one in cases where m = 0,
but is more general.

The asymmetry parameters can be expressed in terms of the ionization ma-
trix elements. To find the parameters one can take the equation for the mag-
nitude of the transition from state |`0,m0〉 by light with polarization q and
compute the overlap between it and the relevant spherical harmonic like so:

β`,m =

√
(2`+ 1)4π

σ0

∫ `0∑

m0=−`0

|A`0,m0,q|2Y ∗`,m(cos θ) dΩ (50)

σ0 =

∫ `0∑

m0=−`0

|A`0,m0,q|2 dΩ (51)

The origin of this equation is expanded on in appendix A.1. The simplest
example is a one-photon transition from an s-orbital by linearly polarized light.
The amplitude squared of the general one-photon process is

|A`0,q|2 =

`0∑

m0=−`0

∣∣∣∣∣∣
∑

`f=`0−1,`0+1

(−1)`f+1

(
`f 1 `0

−m0 − q q m0

)
M`fY`f ,m0+q(θ, φ)

∣∣∣∣∣∣

2

(52)
which for `0 = 0 (s-orbital) and q = 0 (linearly polarized light) gives

|A0,0|2 =
1

4π
cos2 θ|M |2. (53)

Application of equation (50) and (51) results in σ0 = |M1|2 and β2 = 2. This
results in the following expression for the differential cross section

dσ

dΩ
=
|M1|2

4π
(1 + 2Pn(cos θ)) . (54)

This is the angular dependence that is expected from an electron in a p-state
with m = 0, and looks like the plot in figure 8b.

Insertion of equation (52) into equation (50) results in an expression that
can be simplified to [1, ch. 3]:

β2(`) = (−2)−|q|
(`+ 2)|M`+1|2 + (`− 1)|M`−1|2 − 3

√
`(`+ 1)(M`+1M

∗
`−1 +M∗`+1M`−1)

(2`+ 1)(|M`−1|2 + |M`+1|2)
(55)

This formula has been known for a long time, and it is also known how to
compute the parameters in principle. It is however difficult to work out these
formulas for many photons due to the many products and sums of 3j-symbols
that need to be evaluated. It is possible to describe the full calculation without
the evaluation of the 3j-symbols, and this is done in appendix A.1. Some
results from the implementation of this formula in Mathematica can be seen in
section 6.3.
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6 Results and discussion

This section contains a description and discussion of some of the results obtained
from the simulation of photoionization with circularly and linearly polarized
light. The results from the RPAE method are discussed in section 6.1, and the
results from the NewStock package are discussed in section 6.2. There is also
a discussion of the results of applying the method of asymmetry parameters to
the results of the RPAE method in section 6.3.

6.1 Circular polarization in the RPAE method

The delay for many different systems were calculated, and one of the most
interesting results reached is that certain set ups of laser beams and polarizations
introduce an extra angular dependence into the delay. The mathematics of
spherical tensor operators makes it simple to describe light that is circularly
polarized in the xy-plane. This means that in order for the simulated light
beams to be parallel, as they are in real RABBIT experiments, any linearly
polarized light beam has to be polarized in a direction that also lie in the xy-
plane. An example of a geometry like this is shown in figure 9. Figure 10 shows

Figure 9: A possible geometry for a RABBIT-like experiment.

the delay when the electron starts in the 3p-orbital in argon and is ionized by
light from three different side bands for all possible combinations of right- and
left-handed circular polarization in the xy-plane and linear polarization along
the y-axis. The detection of the photoelectrons is done in the xy-plane, i.e.
for θ = π/2. The middle panel shows the classical case when both beams are
linearly polarized, and the delay in the case of the geometry in figure 9 can be
seen in the edge plots on the middle row. In this image it can be seen that
when the IR photon is circularly polarized the signal obtains an extra phase of
2φ and when the XUV photon is linearly polarized there is in addition to this
an extra phase of 4φ.

The fact that the phase varies with φ in a simple and known way results
in the possibility of extracting the atomic delay of the process without varying
the pulse delay between the XUV and IR pulses as is done in RABBIT exper-
iments [27]. Instead it can be done by comparing the experimental signal at
different values of φ. Other authors have previously found examples of this in
other setups, and suggested experimental protocols that use this phenomenon
to extract information about the photoionization process [13].
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Figure 10: The atomic delay as a function of φ for θ = π/2, for ionization from
the 3p-orbital in argon with different combinations of right- and left-handed
circular polarization in the xy-plane (denoted by + and - respectively) and
linear polarization along the y-axis. The red labels that extend horizontally at
the top of the image refer to the IR light, while the purple labels that extend
vertically along the left edge refer to the XUV light. The solid, dotted-dashed
and dashed lines show three different photoelectron energies corresponding to
the 30th, 36th and 42nd side bands respectively, for a laser with ~ω = 1.55 eV.
When the IR photon is circularly polarized the full signal is shown with green
lines that zig-zag with a period of π, while the blue, red and black lines show
the signal minus 2φ.

6.2 Circular polarization in the NewStock package

An interesting question to study in the time domain is the evolution of a super-
position of two resonances above the ionization threshold as it decays into the
continuum. Adding circularly polarized light to NewStock opens the ability to
simulate experimental set-ups that can probe systems in new ways. One use is
to simulate the results of the CHIP-protocol mentioned in section 4.2. There
exists an excellent candidate state for such a study in the neon atom.

6.2.1 Candidate states in neon

Below every ionization threshold we expect a series of states with energies that
are well described by Rydberg’s formula adjusted by quantum defects [25]. Even
in simple atoms the series from different thresholds can overlap in terms of
energy. In these cases the effect on the dynamics of the system can not be
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cleanly separated into effects from one series or the other.
An example of such a situation is an intruder state, an autoionizing state

(often the lowest in a series of such states) that falls within the near threshold
region of a Rydberg series. In neon this situation occurs in the Rydberg series
that approaches the (2s22p4 3P 3s) 2P ionization threshold, where the state
(2s22p4 1D 3s 2D 3p) 1P intrudes slightly below the threshold (see figure 11 for
an overview).

The first state of this Rydberg series, (2s22p4 3P 3s3p) 1P, is an autoion-
izing state that lies close to, 2s2p63p 1P, the first state of the Rydberg series
approaching the 2s2p6 2S ionization threshold (this is also visible in figure 11).
These two states are fairly well separated from the rest of the two series, and
with a laser with a small enough energy width could be probed on their own.
The states would then decay at different rates, and this should imprint on the
outgoing electron wave. The situation is more complex and interesting than a
single isolated resonance, but still simple enough to possibly be probed with
analytical tools.

6.2.2 Probing with circularly polarized light

Since we can simulate circularly polarized light we can compute the result of
photoionization by a CHIP-pulse. The outgoing electron wave then has a phase
that is determined by the difference in phase between the one- and two-photon
paths. The two isolated states in neon mentioned above have symmetry 1P, and
so can be reached by the one-photon path, whereas the two-photon path accesses
the symmetries 1S or 1D. Around the energy region of interest the phase of the
electron wave in these symmetries changes slowly and there are no resonances.
Thus we have a situation as described in reference [13] where we can extract
the one-photon phase.

Figure 12 shows the Fourier transform of a CHIP pulse designed to overlap
the one-photon path with the two resonances (this is the pulse depicted in
figure 7). In Figure 13 is shown the integrated cross section of the outgoing
electron wave when the neon atom is exposed to this pulse. These results show
that the modified package is working as intended. They are not the intended
end point of the work with NewStock and circularly polarized light, but an
important step. Potential uses of the results of this simulation are discussed in
section 7.
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Figure 11: A level scheme showing the energy levels of the neon atom and ion
around the 2s2p6 ionization threshold. The states in the left column are those of
neon, and the states in the right column belong to the neon ion. In neon the red
states, marked with a solid line, belong to the Rydberg series approaching the
2s2p6 threshold and the blue dash-dotted states belong to the Rydberg series ap-
proaching the (2s22p4 3P 3s) 2P threshold. The state (2s22p4 1D 3s 2D 3p) 1P
intrudes into the blue Rydberg series and is marked with a green dashed line.
The 2s22p5 ionization threshold is below the frame of the image, around 21 eV.
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(a) The Fourier transform of the XUV
pulse train (navy blue, dash-dotted
line) together with the cross section
for a one-photon transition from the
ground state with symmetry 1Se into
the 1Po symmetry (red, solid line).

(b) The same image as in figure 12a,
but zoomed in on harmonic 32. The
first resonance from the left, above
the vertical black line, is most likely
the 2s2p43s3p state. The Rydberg se-
ries closing in on the 2s2p6 threshold
is marked with a solid blue horizon-
tal line and the series closing in on
the 2s22p43s threshold is visible and
marked with a dotted purple horizon-
tal line.

Figure 12: The Fourier transform of a CHIP pulse generated from an IR pulse
with ~ω = 1.47 eV (shown in the time domain in figure 7) overlaid on the
cross section for one-photon photoionization from the ground state to the 1Po

symmetry. The lower x-axis is in electron volts, and the upper x-axis is in
multiples of the energy of the IR-field (1.47 eV). The left y-axis shows the value
of the cross section in units of megabarn and the right shows the value of the
fourier transform of the vector potential in Mxs/cm.
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(a) The angle integrated yield shown in
a linear scale. The near-threshold re-
gion of the Rydberg series marked with
a blue horizontal line in figure 12b can
be seen in the peak around 50 eV (har-
monic 34). The 2s22p43s3p resonance
can be seen as the lower energy spike
in the peak around 47 eV (harmonic
32), while the first state in the Rydberg
series is visible as the second smaller
spike at slightly higher energy in the
same peak.

(b) The blue solid line is the same
data as in figure 13a, but shown in a
log scale. The vertical purple line is
the location of the 2s22p43s3p state,
the vertical green lines are the loca-
tions of the states in the Rydberg se-
ries converging on the 2s2p6 threshold
which is denoted by the vertical green
dash-dotted line. The Rydberg series
marked with a purple horizontal dot-
ted line in figure 12b can be seen in
the trough around 51 eV, between har-
monics 34 and 35.

Figure 13: A plot of the angle integrated yield for photoionization in the channel
where the ion is in the 2Pe symmetry. The yield is the magnitude of the matrix
element for photoionization squared. The pulse used in the process was a CHIP
pulse generated from a right-circularly polarized IR field with ~ω = 1.47 eV.
The lower of the two XUV harmonics in each XUV pair is co-rotating with the
IR field, and the higher is counter-rotating (it is this pulse that is shown in
figure 7). The x-axis in both plots is the energy of the whole system minus the
energy of the ground state in electronvolts. The plots show the same energy
region as in figure 12b. The threshold energy was taken from reference [22] and
the state energies were taken from reference [7]. The energy of the ground state
is 1.57 eV too large in this approximation. The real physical states and threshold
have therefore been shifted up by 1.57 eV to match the signal in the plot. The
2s22p43s3p state is, as can be seen in the plot, not completely accurate in this
approximation.
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6.3 Asymmetry parameters

While the formula derived in section A.1 is difficult to evaluate by hand for
large photon numbers it can be implemented in Mathematica, and this imple-
mentation is shown in appendix A.2. Tables 1-4 contains some examples of the
results from this function (after simplification) for two different two-photon pro-
cesses. Tables 1 and 2 contains formulas for the asymmetry parameters when
both photons are linearly polarized and tables 3 and 4 contain formulas for the
crossed beam geometry discussed in PAPER I.

` β2, q1 = q2 = 0

0
4
7 |M2|2−

√
2(M0M

∗
2 +M∗0M2)

|M0|2+ 2
5 |M2|2
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12 |M1|2− 27
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√
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∗
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∗
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√
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Table 1: β2 for two linearly polarized photons

` β4, q1 = q2 = 0

0
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Table 2: β4 for the same configuration as in table 1

` β2, q1 = 0, q2 = 1
0 5

7

1
4
7 |M3|2− 23

9 |M1|2− 23
7
√

6
(M1M

∗
3 +M∗1M3)
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18 |M1|2+|M3|2

2
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3
√

2
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∗
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3
(M2M

∗
4 +M∗2M4)
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90 |M2|2+|M4|2

3
9
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∗
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√
5(M3M

∗
5 +M∗3M5)

9
5 |M1|2+ 157

140 |M3|2+|M5|2

Table 3: β2 when the first photon is linearly polarized and the second photon is
circularly polarized. This corresponds to the crossed beam geometry examined
in PAPER I.

The results from the RPAE program can be used to calculate the asymmetry
parameters for certain set-ups in order to see if the formulas for the asymmetry
parameters make sense. In figure 14 we can see how the values of the asymmetry
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` β4, q1 = 0, q2 = 1
0 − 12

7
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4
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∗
3 +M∗1M3)
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∗
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49

√
3(M2M

∗
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7
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3 −
2
7 |M5|2+ 289
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√
6(M1M

∗
3M
∗
1M3)+ 2

7

√
30(M1M

∗
5 +M∗1M5)− 17

49

√
5(M3M

∗
5 +M∗3M5)

9
5 |M1|2+ 157

140 |M3|2+|M5|2

Table 4: β4 for the same configuration as in table 3.

parameters change with energy for photoionization with linearly polarized light
where the electron starts in the 3s orbital in argon. In this figure the parameters
have been split into three groups: one for the absorption process, one for the
emission process and one for one half of the cross term. The reason for separating
out the paths and the cross term is that only the asymmetry parameters of the
cross term are needed to reconstruct the full delay. The cross term is made up of
two parts of the form MaM

∗
b +M∗aMb, and the asymmetry parameters labeled

β̃ in the figure are calculated with only one of these parts. These are complex
valued and their phase carries information about the delay. In figure 14 only
the real part is shown.

If the asymmetry parameters obey the relation 4β2 − 3β4 = 8 there is no
emission along the xy-plane [6]. In figure 15 we can see that this is the situation
we approach as the energy of the photoelectron increases. This is because the
change in energy and momentum caused by the second photon becomes a smaller
and smaller part of the total as the energy of the first photon increases.
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Figure 14: The asymmetry parameters for a two-photon photoionization pro-
cess from the 3s-orbital in argon. The first photon releases the electron and
the second is absorbed/emitted in the continuum. Both photons are linearly
polarized. The data was generated by the RPAE program which simulates a
RABBIT experiment, and thus computes two amplitudes, one for absorption
and one for emission of the second photon. The asymmetry parameters for
these paths and the cross term between them are shown separately.

Figure 15: If 4β2 − 3β4 = 8 there is no emission in the xy-plane. Here we
can see that this is the situation we approach as the energy of the photoelectron
increases. This is because the higher the energy of the XUV photon, the more its
contribution to the photoelectron momentum dominates over the contribution
of the IR photon.
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7 Outlook

There are a few avenues for continuing this work.
The formula for the asymmetry parameters is for a very specific physical

situation, where there is only one path to each energy, e.g. because the electron
absorbs all photons. In situations when there can be many paths, e.g. RAB-
BIT, the situation is more complicated. The probability is then proportional to
|A`,path 1 +A`,path 2|2. This amplitude can be expanded into two diagonal terms
and a cross term and as long as the number of photons are the same in both
paths, and they are all linearly polarized, equation (72) will result in the same
formula for all terms. This is what allows the computation of the (complex)
asymmetry parameters of the cross term shown in figure 14. It would be useful
develop a way to acquire the asymmetry parameters of the cross term for other
polarizations and photons numbers, as this would allow for application of the
method to RABBIT with circular polarized light, as well as CHIP, which uses
both circular polarization and different photon numbers in the two paths.

The main idea for continuing the NewStock work is that it should be possible
to create a protocol for determining the one-photon phase in the set-up described
in section 6.2 by using the relation between the asymmetry parameters and the
amplitudes for photoionization as well as the fact that the β2-parameter of the
one-photon process can be measured in a separate experiment.
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A Appendix

A.1 Formula for given asymmetry parameter

The asymmetry parameters are the coefficients obtained when one expands the
magnitude in the basis of the Legendre polynomials and factor out the integrated
magnitude.

dσ

dΩ
= f(θ) =

σ0

4π


1 +

∑

n≥1

βnPn(cos θ)


 (56)

The expansion can be found by working out the coefficients, cn, in

f(θ) =

∞∑

n=0

cnPn(cos θ) (57)

An equation for cn can be found through the integration of both sides after a
multiplication by Pn(cos θ):

∫ π

0

f(θ)Pn(cos θ) sin θdθ =

∞∑

n=0

cn

∫ π

0

(Pn(cos θ))2 sin θdθ =⇒ (58)

cn =
2n+ 1

2

∫ π

0

f(θ)Pn(cos θ) sin θdθ (59)

since the series must agree term by term. An expression for the integrated cross
section as well as an integral expression for the asymmetry parameters can be
obtained by matching cn in equation (59) with the coefficients in equation (56):

σ0 = 4πc0 (60)

βn =
2n+ 1

2

1

c0

∫ π

0

f(θ)Pn(cos θ) sin θdθ (61)

This equation for the asymmetry parameters would work well if the final state
did not have any φ-dependence. However, if circularly polarized light is used
the final state can end up with a dependence on φ since there is no longer
any cylindrical symmetry. This can be captured by projecting on spherical
harmonics instead of Legendre polynomials, by defining the expansion as

dσ

dΩ
=
σ0

4π

(
1 +

∞∑

`=1

∑̀

m=−`

(−1)m
√

4π

2`+ 1
β`,mY`,m(θ, φ)

)
. (62)

This way it matches with the normal definition of the asymmetry parameters
when m = 0. This means that instead of the expansion in equation (57) the
coefficients in

f(θ, φ) =

∞∑

`=0

∑̀

m=−`

c`,mY`,m(θ, φ) (63)

are computed by multiplication by Y ∗`,m(θ, φ) and integration over the unit
sphere. This gives the formula

c`,m =

∫
f(θ, φ)Y ∗`,m(θ, φ) dΩ (64)
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In order to compute the asymmetry parameters from this c0,0 is factored out
from the sum in equation (63) to get

f(θ, φ) = c0,0

(
1 +

∞∑

`=1

∑̀

m=−`

c`,m
c0,0

Y`,m(θ, φ)

)
. (65)

An expression for the asymmetry parameters and integrated cross section can
be obtained as in the case of an expansion in Legendre polynomials by matching
the coefficients in equation (65) with the coefficients in equation (62):

σ0 = 4πc0,0 (66)

β`,m =

√
2`+ 1

4π

1

c0,0

∫
f(θ, φ)Y ∗`,m(θ, φ) dΩ (67)

where

c0,0 =

∫
f(θ, φ) dΩ. (68)

In the main calculation in this thesis the function that is expanded is |A|2, the
magnitude of the ionization process. The amplitude for the process where the
electron starts out in the state |`0,m0〉 and absorbs k photons where the pth
photon has a polarization of qp has the form

A =

`k−1+1∑

`k=`k−1−1

. . .

`0+1∑

`1=`0−1

(−1)`k+...+`0−mk−...−m0

×
(

`k 1 `k−1

−mk qk mk−1

)
. . .

(
`1 1 `0
−m1 q1 m0

)
M`kY`k,mk(θ, φ) (69)

where mk = m0 +
∑k
p qp, and M`k is the k-photon matrix element for the

transition from |`0,m0〉 to |`k,mk〉. To get the probability distribution for
ending up in state |`k,mk〉, |A|2 has to be summed over all initial m values for
reasons explained in PAPER I.

P =

`0∑

m=−`0

|A`0,m0 |2 (70)

Insertion of P into equation (67) will result in an expression containing a large
number of sums, phases, and 3j-symbols, followed by an integral over three
spherical harmonics. Such an integral has a known closed form:

∫ 2π

0

∫ π

0

Y`1,m1
(θ, φ)Y`2,m2

(θ, φ)Y`3,m3
(θ, φ) sin θdθdφ

=

√
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

(
`1 `2 `3
0 0 0

)(
`1 `2 `3
m1 m2 m3

)
. (71)
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This allows a general formula for the asymmetry parameters for such a process
to be written down:

β`,m =
2`+ 1

4π

1

c0,0

`0∑

m0=−`0

`k−1+1∑

`k=`k−1−1

`′k−1+1∑

`′k=`′k−1−1

. . .

`0+1∑

`1=`0−1

`0+1∑

`′1=`0−1

× (−1)m+mk+
∑k
p `p+`′p

√
(2`k + 1)(2`′k + 1)

×
(

`k 1 `k−1

−mk qk mk−1

)(
`′k 1 `′k−1

−mk qk mk−1

)
× . . .

. . .×
(

`1 1 `0
−m1 q1 m0

)(
`′1 1 `0
−m1 q1 m0

)

×
(
`k `′k `
0 0 0

)(
`k `′k `
mk −mk −m

)
M`kM

∗
`′k

(72)

If there are k photons, then there will only be non-zero asymmetry parameters
with ` up to 2k, which is not included in this formula.

The last 3j-symbol in this expression is only non-zero when m is zero. This
is due to how the process this equation models only contains a single ionization
path. Therefore any interference terms have spherical harmonics with opposite
magnetic quantum number (since one will have been conjugated), and so the
spherical harmonic they are projected on must have m = 0 for the integral to
be non-zero. In a more general formula that includes different ionization paths
this would not necessarily remain true.

A.2 Implementation of equation (72) in Mathematica

Due to the variable number of sums in equation (72) it can be tricky to imple-
ment in a programming language, since it would require 2N + 1 for-loops where
N is the number of photons in the process. It could be done with recursion, but
it is fairly straightforward to implement in Mathematica.

Mathematica allows for the computation of an arbitrary number of sums by
mapping the Sum function over a list of unique symbols and the ranges to sum
them over. For example, the following function

sumfunc(n) =

1∑

l1=0

2∑

l2=0

. . .

n∑

ln=0

n∑

k=1

lk (73)

can be implemented like this:

sumfunc[n_Integer] := Block[{variables, ranges},

variables = Table[Subscript[l, k], {k, 1, n}];

ranges = Table[{Subscript[l, k], 0, k}, {k, 1, n}];

Sum[Total@variables, ##]&@@ranges]

This works because f[##]&@@{a,b,c,d} behaves as if a, b, c, and d were given
as individual arguments to f as f[a,b,c,d] and because variables are symbolic in
Mathematica. Because of this equation (72) can be implemented as

TrippleHarmonicIntegral[{l1_, m1_}, {l2_, m2_}, {l3_, m3_}] :=
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Sqrt[((2 l1 + 1) (2 l2 + 1) (2 l3 + 1))/(4 \[Pi])]

ThreeJSymbol[{l1, 0}, {l2, 0}, {l3, 0}] ThreeJSymbol[{l1, m1},

{l2, m2}, {l3, m3}]

AsymmetryParameter::usage = "Returns the formula for the nth

asymmetry parameter of a photoionization process starting from a

state with the given angular momentum quantum number l. The

process is described by a list of integers that describe the

polarization of the photons, +1 for right circularly polarized

light, 0 for linearly polarized light, and -1 for left

circularly polarized light. E.g. the list {0,1} is a two-photon

process where the first photon is linearly polarized and the

second one is right circularly polarized. The inputs are given

on the form AsymmetryParameter[n,l,{q1,q2,...qN}]. All inputs

should be integers, n and l should be non-negative, and all qs

should be either -1, 0 or 1.";

AsymmetryParameter[n_Integer, l0_Integer, iqs_]

(*Validate the input. Checks that n and l0 are non-negative and that

all qs are integers between -1 and 1.*)

/;{n >= 0 && l0 >= 0 && AllTrue[iqs, IntegerQ[#] && Abs[#] <= 1

&]}[[1]] :=

Block[{ls, lranges, lps, lpranges, photons, ranges, qs},

(*Work out the number of photons in the process.*)

photons = Length[iqs];

(*ls and lps are lists of intermediate state l-values.

Subscript[l, 1] is the l-value of the first intermediate

state and so on.*)

ls = Table[Subscript[l, k], {k, 1, photons}];

(*We prepend the l-value of the initial state to this list.*)

ls = Prepend[ls, l0];

(*lps are the same as ls, but can be summed over independently

from ls due to the different names. This is used to sum over

the conjugate of the intermediate states.*)

lps = Table[Subscript[lp, k], {k, 1, photons}];

lps = Prepend[lps, l0];

(*lranges and lpranges are lists of the possible values that

each intermediate state l-value can take, Subscript[l, k]

can be either Subscript[l, k - 1] - 1 or Subscript[l, k - 1]

+ 1.*)

lranges = Table[{Subscript[l, k], {Subscript[l, k - 1] - 1,

Subscript[l, k - 1] + 1}}, {k, 2, photons}];

lranges = Prepend[lranges, {Subscript[l, 1], {l0 - 1, l0 + 1}}];

lpranges = lranges /. Subscript[l, k_] -> Subscript[lp, k];

(*Merge all ranges into one list.*)

ranges = Join[lranges, lpranges];

(*qs is the list of polarizations of the photons. A 0 is

prepended in order to make the indexing in the sums work.*)

qs = Prepend[iqs, 0];

(*The Simplify and Quiet calls are only a convenience. The

products and sums will inevitably include a lot of

non-triangular 3j-symbols. They all evaluate to 0, but print

an error message if Quiet is not present. Simplify is there

to put the result in a more readable form.*)

Simplify[

Quiet[
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(*Divide out the integrated cross section if n>0.*)

If[n > 0, 1/AsymmetryParameter[0, l0, qs[[2 ;;]]], 1] Sqrt[(2

n + 1)/(4 \[Pi])](*The normalization constant comes from

what must be added in front of the legendre polynomial

in the projection integral to transform it into a

spherical harmonic. There is also a phase of (-1)^(m +

Total[qs]) that is added inside the sum.*)

Sum[

Sum[

(-1)^(Total[ls[[2 ;;]]] + Total[lps[[2 ;;]]] + m +

Total[qs])

(*Then follows a long product of 3j-symbols, two for each

photon.*)

Evaluate[

Product[

ThreeJSymbol[{ls[[k + 1]], -m - Total[qs[[;; k +

1]]]}, {1, qs[[k + 1]]}, {ls[[k]], m +

Total[qs[[;; k]]]}]

ThreeJSymbol[{lps[[k + 1]], -m - Total[qs[[;; k +

1]]]}, {1, qs[[k + 1]]}, {lps[[k]], m +

Total[qs[[;; k]]]}], {k, 1, photons}]]

Subscript[M, ls[[photons + 1]]] Conjugate[Subscript[M,

lps[[photons + 1]]]]

(*This is multiplied by the integral of three

spherical harmonics. The index used is photons+1

to offset that the initial state has been added

to the l-arrays.*)

TrippleHarmonicIntegral[{ls[[photons + 1]], m +

Total[qs]}, {lps[[photons + 1]], -m - Total[qs]},

{n, 0}], ##]&

(*And lastly summed over all the intermediate l-values

and the inital m-value.*)

@@ranges, {m, -l0, l0}

]

]

]

];

Some results from using this function are given in section 6.3.

A.3 The RPAE equations

This section describes the RPAE method in more detail by going through the
derivation of the RPAE equations. If the dipole interaction between an electron
and the electromagnetic field is written as

hI =
∑

j

dΩj

∑

σ=±1

e−iσΩjt, (74)

where dΩj is a time-independent operator that describes the coupling between
the atom and the electromagnetic field, and there is an electron in the orbital
|a〉, its state will acquire correction terms upon absorption (σ = 1) or emission
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(σ = −1) a photon:

|ψa(t)〉 = |a〉 e−iεat/~ +
∑

j

∑

σ=±1

∣∣∣ρ(1:σ)
0,Ωj ,a

〉
e−iσΩjt

+
∑

jj′

∑

σ=±1

∑

σ′=±1

∣∣∣ρ(2:σσ′)
0,ΩjΩj′

〉
e−i(σΩj+σ

′Ω′+εa/~)t + . . . (75)

Insertion of this equation into the time-dependent Schrödinger equation (and
it’s dual) gives expressions for the terms (and their bras).

(
i~
∂

∂t
− h`0

)
|ψa(t)〉 = hI |ψa(t)〉 (76)

This will result in an expression where both the left and right hand side consist
of a Fourier series, and for them to be equal the coefficients in front of the

same exponent must be equal. The first coefficient,
∣∣∣ρ(1:σ)

0,Ωj ,a

〉
, can be found by

equating all terms that oscillate with exp (−i (σΩj + εa/~) t). This results in
equation (77). Terms in the dual equation oscillate instead with a plus sign in
front of the i in the exponential’s in their version of equation (75), so the terms
that oscillate as mentioned will have the opposite sign on σ.

(
σΩj + εa − h`0

) ∣∣∣ρ(1:σ)
0,Ωj ,a

〉
= dΩj |a〉 (77)

The one-photon correction term is obtained from this equation through division
by
(
σΩj + εa − h`0

)
and use of the fact that a function of an operator applied

to an eigenstate of said operator is the function of the eigenvalue:

∣∣∣ρ(1:σ)
0,Ωj ,a

〉
=
∑

p

|p〉 〈p| dΩj |a〉
σΩj + εa − εp

(78)

The two-photon correction term can be obtained through the same procedure,
but with collection of terms that oscillate as exp (−i(σΩj + σ′Ωj′ + εa/~)t) in-
stead of exp (−i (σΩj + εa/~) t). This results in

∣∣∣ρ(2:σσ′)
0,ΩjΩj′ ,a

〉
=
∑

p

|p〉 〈p| dΩj′ |a〉
σ~Ωj + σ′~Ωj′ + εa − εp

. (79)

In a system with more than one electron there are more effects to consider:
the electrons in the remaining ion will be affected by the presence of the hole,
as well as by interacting with the field themselves, even if they do not absorb
or emit any real photons. In the Hartree-Fock approximation each electron
is modeled as moving in the average potential of the other electrons, and the
matrix element of this potential between any two orbitals p and a is

〈p |uHF| a〉 =

core∑

b

〈{pb} |V12| {ab}〉 , (80)

where {ab} denotes a Slater determinant and V12 is the Coulomb interaction

V12 =
e2

4πε0

1

r12
. (81)
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The sum goes over all orbitals, b, that are occupied in the atom. Due to these
many-body effects this potential will be changed to uHF → δu. Since it is
known to first order how the orbitals change due to the ionization from equa-

tions (78) and (79) the replacement b → b + ρ
(1:σ)
0,Ωj ,b

can be inserted into equa-

tion (80) to work out δu. The first order change to the potential can be worked
out through the identification of terms that oscillate as exp (−i(σΩj)t). This
results in

〈
p
∣∣∣uHF + δu(1:σ)

∣∣∣ a
〉

=

core∑

b

〈
{p(b+ ρ

(1:−σ)
0,Ωj ,b

)} |V12| {a(b+ ρ
(1:σ)
0,Ωj ,b

)}
〉

=

core∑

b

uHF︷ ︸︸ ︷
〈{pb} |V12| {ab}〉+

〈
{pb} |V12| {aρ(1:σ)

0,Ω,b}
〉

+
〈
{pρ(1:−σ)

0,Ωj ,b
} |V12| {ab}

〉
+

���
���

��
���

��:0〈
{pρ(1:−σ)

0,Ωj ,b
} |V12| {aρ(1:σ)

0,Ωj ,b
}
〉
.

(82)

The last term is ignored since it is quadratic in the perturbation, which is
assumed to be small. The first term is the normal HF potential again, so the
final expression for the matrix element of δu(1:σ) is

〈
p
∣∣∣δu(1:σ)

∣∣∣ a
〉

=
〈
{pb} |V12| {aρ(1:σ)

0,Ω,b}
〉

+
〈
{pρ(1:−σ)

0,Ωj ,b
} |V12| {ab}

〉
. (83)

To find how this change in the potential acts back on the electrons it can be
inserted back into equation (77) as a source term on the right hand side.

(
σ~Ωj + εa − h`0

) ∣∣∣ρ(1:σ)
Ωj ,b

〉
=

exc∑

p

|p〉 〈p|
(
δu(1:σ) + dΩj

)
|a〉 (84)

The expression for one-photon RPAE is obtained through insertion of equa-
tions (83) and (78). After combining identical terms the final expression is

∣∣∣ρ(1:σ)
Ωj ,b

〉
=
∣∣∣ρ(1:σ)

0,Ωj ,b

〉
−

exc∑

p

|p〉
σ~Ωj + εa − εp

×
(

core∑

b

〈
bp |V12| aρ(1:σ)

0,Ωj ,b

〉
−
〈
bp |V12| ρ(1:σ)

0,Ωj ,b
a
〉

−
〈
pρ

(1:σ)
0,Ωj ,b

|V12| ab
〉

+
〈
ρ

(1:σ)
0,Ωj ,b

p |V12| ab
〉)

. (85)

This is the result for one-photon RPAE (the terms are represented as di-
agrams in figure 3) and the same method can be used to acquire the formula
for two photons. The RPAE program can use both, but only the one-photon
variant was utilized in the computations done for this thesis, even though there
are two photons involved in the complete interaction. The physical intuition for
this is that the interaction with the IR photons happens after the electron has
absorbed the XUV photon and already traveled far enough away from the atom
that the interaction with the other electrons is negligible. This intuition works
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well in length gauge. This is supported by the fact that the delay computed
from simulations involving the full two-photon RPAE matches the results from
just the one-photon RPAE to within one attosecond in length gauge [34].
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Abstract

We present calculations on the atomic delay in photoionzation obtained with different

combinations of linearly and circularly polarized light, and show how a tensor operator

approach can be used to readily obtain results for any combination from a single calculation of

the radial integrals. We �nd that for certain choices of polarization and detection geometry a

single time-delay measurement is enough to extract the atomic delay since the relative phase in

a RABBIT type measurement will be imprinted on the photo electron anisotropy. We show

further that the full angular dependence can be qualitatively understood from a plane wave

analysis. The results are illustrated by many-body calculations of two-photon above threshold

ionization on argon.

Keywords: attosecond delay, delay in ionization, RABBIT, circular polarization, angular

momentum theory, many-body perturbation theory, random-phase approximation with

exchange

(Some �gures may appear in colour only in the online journal)

1. Introduction

Attosecond techniques such as the reconstruction of attosec-

ond beatings by interference of two-photon transitions (RAB-

BIT) [1] or the attosecond streak camera [2], have demon-

strated how ultrafast electronic dynamics can be probed

through modulations in photoelectron spectra [3–11]. These

modulations are �ngerprints of the phase of the escaping wave

packet and arise since the interactionwith the ionizing attosec-

ond pulse (or pulse train) takes place in the presence of a laser

�eld that is phase-locked to the attosecond light �eld(s). The

time it takes for an electron to escape an atomic potential,

the delay in photoionization, has been an important target for

3 Author to whom any correspondence should be addressed.
Original content from this work may be used under the terms

of the Creative Commons Attribution 4.0 licence. Any further

distribution of this work must maintain attribution to the author(s) and the title

of the work, journal citation and DOI.

these studies. The absolute photo emission time delays can-

not be extracted, but relative timing information between elec-

trons originating from different states within the same atom

[3, 4], from different atoms [6–8, 12], or from the same state

but at different emission angles [11, 13] has been obtained.

These measured atomic delays, τA, can to a good approxi-

mation [14–16] be separated, τA ≈ τW + τ cc, into a Wigner-

like delay associated with the one-photon extreme ultraviolet

(XUV) ionization process, τW, and a contribution from the

interaction with the infrared (IR) laser-�eld in the presence of

the atomic potential, called the continuum–continuum delay,

τ cc (or Coulomb-laser coupling delay in the context of streak-

ing). While the τ cc is induced by the measurement, τW is an

interesting physical quantity, intrinsic to the studied system

and studied theoretically by several authors, e.g. in [17–20].

For atoms the contribution from the IR-photon is to a large

extent universal [21] in the sense that it depends only on the

kinetic energy of the photoelectron, the photon energy of the

1361-6455/20/134003+9$33.00 1 © 2020 The Author(s). Published by IOP Publishing Ltd Printed in the UK
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laser �eld and the charge of the remaining ion. Here calcula-

tions of the τ cc, tested on simple systems, can thus be used

to extract the Wigner delay. The situation is, however, rather

more complicated for molecules as has been discussed by

Baykusheva and Wörner [22].

Conventional RABBIT studies use parallel linearly polar-

ized light �elds. The investigation of the possibilities with

other kinds of polarization has only just begun, experimen-

tally [23] as well as theoretically [24–26]. One question that

has then been highlighted is the hope that it should be possible

to use the polarization for a better selectivity, for example to

disentangle the Wigner delay and the continuum–continuum

delay [24].

We have previously discussed [21, 27, 28] how the atomic

delay, due to the full two-photon process, can be calculated

from the two-photon matrix elements describing the many-

body response to the ionizing XUV �eld within the random-

phase approximation with exchange (RPAE) [29], and the

subsequent absorption or emission of an IR photon by the

already released electron. This method shows good quantita-

tive agreement with experiment [6, 10, 11, 13] in the general

case, i.e. when resonances and shake-processes do not have

to be taken into account. Here we extend this treatment to

light �elds of arbitrary polarization and investigate the new

possibilities which then open.

2. Theory

We brie�y discuss the calculation of the two-photon matrix

elements needed for a quantitative description of the delays in

laser-assisted photoionization. More detailed descriptions can

be found in [27, 28].

We consider measurements that employ the RABBIT tech-

nique [1], where an XUV comb of odd-order harmonics, Ω =
(2n+ 1)ω, of a fundamental laser �eld with angular frequency

ω, is combined with a synchronized, weak laser �eld with the

same angular frequency. In RABBIT, the one-photon ioniza-

tion process is assisted by an IR photon that is either absorbed

or emitted. This gives rise to sidebands in the photoelectron

spectrum at energies corresponding to the absorption of an

even number of IR photons. Schematically the intensity of

such a sideband can be written as [30]

S = |Aa + Ae|2 = |Aa|2 + |Ae|2 + |Aa| |Ae|
× cos

[
arg(Aa)− arg(Ae)

]
(1)

where Aa/e are the complex quantum amplitudes for the two-

photon processes involving absorption (a) or emission (e) of an

IR photon, and leading to the same �nal energy. The last term

in (1) gives rise to oscillations in the sideband intensity and it

is these that hold information about the phase of the escaping

wave packet. It can be shown that the sideband modulations

are governed by the delay between the IR and XUV pulses

(τ ), the group delay of the attosecond pulses (τXUV) and by a

contribution from the atomic system (ηA):

cos
[
arg(Aa)− arg(Ae)

]
= cos [2ω (τ − τXUV )− ηA] . (2)

The latter is due the phase difference between the emission

and the absorption paths. It can be interpreted as an atomic

delay: τA = ηA/2ω. Since the delay between the two light

�elds is controlled in the experiments and the light �eld group

delay can be canceled through relative measurements, the

atomic contribution can be extracted. A recent review of the

experimental method can be found in [31].

For the purpose of calculating the phase and amplitude

of the two-photon processes that determine the atomic delay

and thereby the oscillations of the sidebands, we consider an

N-electron atom that �rst absorbs an XUV photon, thereby

releasing one electron into the continuum,which subsequently

interacts with the laser �eld by emitting or absorbing a laser

photon. This second photon carries much less energy and

cannot by itself ionize the atom. The contribution from the

reversed time-order, where the laser photon is absorbed or

emitted �rst and the XUV photon later, is insigni�cant as

long as the laser-matter interaction is expressed in length

gauge [28], and only the dominating time-order will be treated

here.

The outgoing radial wave function, after interaction with

both photons, will asymptotically be described by an outgoing

phase-shifted Coulomb wave with the form

u
(2)
p,ω,Ω,b (r) ≈ −πM(2)(p,ω,Ω, b)

√
2m

πk~2

× e
i
(
kr+ Z

ka0
ln 2kr−ℓ π2+σZ,k,ℓ+δk,ℓ

)
, (3)

where M(2)(p,ω,Ω, b) is the complex two-photon matrix ele-

ment connecting the initially occupied orbital b with a �nal

continuum state, p. σZ,k,ℓ is the Coulomb phase for a photo-

electronwith wave number k and angular momentumquantum

number ℓ in the �eld from the charge Ze:

σZ,k,ℓ = arg

[
Γ

(
ℓ+ 1− i

Z

ka0

)]
. (4)

The phase δk,ℓ in (3) denotes the additional shift induced by the
atomic potential at short range.

In a single active particle approximation the two-photon

matrix element can be calculated as:

M(2)(p,ω,Ω, b) =
1

i
EωEΩ lim

ε→0+

∑

s

∫ 〈p|~r |s〉 〈s|~r |b〉
ǫb +Ω− ǫs + iε

(5)

where b is the initial state, p is the �nal continuum state, and

~r is the dipole operator. EΩ and Eω are �eld amplitudes for

the XUV and IR light, respectively. The sum over interme-

diate states s runs over all available states both bound and

in the continuum. The generalization to many-electron sys-

tems is discussed in [27, 28]. This will not be discussed fur-

ther here since the changes needed to account for arbitrary

light polarization is the same for single and multi-electron

systems.

Each sideband in the RABBIT photoelectron spectra is gov-

erned by amplitudes for two processes, one where a harmonic,

Ω<, is combinedwith the absorption of a laser photon and, one

2
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where the next harmonic, Ω>, is combined with emission of a

laser photon, leading to the same �nal energy of the outgoing

electron. In the following we use a simpli�ed notation for the

two-photon matrix elements in (3) and (5):

Mℓ,m
a = M(2)(p,ω,Ω<, b),

Mℓ,m
e = M(2)(p,−ω,Ω>, b) (6)

where a and e stand for absorption and emission and ℓ and m
are the �nal quantum numbers for the photoelectron after the

interaction with two photons: the complex amplitudes of the

photoelectron waves in speci�c polar (θ) and azimuthal (φ)
angles can be written as:

∑

ℓ,m

Mℓ,m
a ei(−ℓ π2+σZ,k,ℓ+δk,ℓ) fℓ,m (θ) e

imφ =
∑

ℓ,m

M̃ℓ,m
a (θ) eimφ

∑

ℓ,m

Mℓ,m
e ei(−ℓ π2+σZ,k,ℓ+δk,ℓ) fℓ,m (θ) e

imφ =
∑

ℓ,m

M̃ℓ,m
e (θ) eimφ

(7)

for the absorbtion and emission process respectively. Here

the spherical harmonics have been separated into the the θ
and the φ-dependent parts, Yℓ,m = fℓ,m (θ) e

imφ, and the �nal

short-hand notation separates the φ-dependence from the

rest.

Since the atomic contribution to the modulation of the side-

band signal is given by the phase difference of the two ampli-

tudes, cf (2), it is convenient to de�ne the phase difference of

the φ-independent part:

η̃A (θ) = arg

(∑

ℓ,m

M̃ℓ,m
e (θ)

)
− arg

(∑

ℓ,m

M̃ℓ,m
a (θ)

)
. (8)

If there is no φ-dependence η̃A is exactly ηA in (2). This is

the situation with linearly polarized light since then cylin-

der symmetry prevails and there is no azimuthal dependence

with respect to the polarization axis. With a general polar-

ization of the light the cylinder symmetry is lifted and the

signal will depend on the azimuthal angle. For a practical

description of this general situation we will use traditional

tensor-operator formalism and angular momentum theory

[32, 33].

2.1. Effective two-photon operators

The interaction of an electromagnetic �eld within the dipole

approximation is described by a tensor operator, tk of rank

one (k = 1) and odd parity. The components give the polar-

ization, with q = 0 corresponding to linearly polarized light,

and q = ±1 to right- and left-handed circularly polarized light,

respectively. The two-photon interaction is due to two such

operators and it is convenient to describe the total interaction in

terms of three effective two-photon operators with rank zero,

one and two respectively, all of even parity. We note �rst that

interaction with components tkq1 and t
k
q2

can bring an electron

from an orbital with angular momentum ℓm to one with angu-

lar momentum ℓ′m′, wherem′ = m+ q1 + q2 via intermediate

states with angular momentum ℓ′′m′′, and use now standard

angular momentum theory, detailed e.g. in [33], to obtain the

effective operators of rank K:

∑

γ′′, ℓ′′, m′′=m+q1

〈γ ′ℓ′m′|tkq2 |γ
′′ℓ′′m′′〉〈γ ′′ℓ′′m′′|tkq1 |γℓm〉

=
∑

γ′′, ℓ′′

[
〈γ ′ℓ′‖tk‖γ ′′ℓ′′〉〈γ ′′ℓ′′‖tk‖γℓ〉

×
∑

m′′=m+q1,m′=m′′+q2

(−1)ℓ
′+ℓ′′−m′−m′′

×
(

ℓ′ k ℓ′′

−m′ q2 m′′

)(
ℓ′′ k ℓ

−m′′ q1 m

)]

=
∑

K,γ′′ , ℓ′′ , Q=q1+q2

(−1)ℓ+ℓ′+K√2K + 1〈γ ′ℓ′‖tk‖γ ′′ℓ′′〉

× 〈γ ′′ℓ′′‖tk‖γℓ〉
{
k k K

ℓ ℓ′ ℓ′′

}

× (−1)ℓ
′−m′

(
ℓ′ Kℓ

−m′ Qm

)
(−1)−Q

√
2K + 1

(
k k K

q2 q1 −Q

)
,

(9)

where γ denotes all other quantum numbers of the orbital. The

�rst equality is easily obtained through the Wigner–Eckart

theorem, and the second relies on the properties of 3j- and

6j-symbols. The sum over K is restricted by the 6j-symbol to

K = 0, 1, 2 when k = 1. On the second last line we recognize

the reduced matrix element of the combined operator, given

for example by Edmonds [32]

〈γ ′ℓ′‖XK‖γℓ〉 = (−1)ℓ+ℓ′+K√2K + 1
∑

γ′′ℓ′′

{
k k K

ℓ ℓ′ ℓ′′

}

×〈γ ′ℓ′‖tk‖γ ′′ℓ′′〉〈γ ′′ℓ′′‖tk‖γℓ〉.
(10)

According to the Wigner–Eckart theorem this reduced matrix

element is connected to the full matrix element through the

�rst phase and 3j-symbol on the last line of (9):

〈γ ′ℓ′m′|XKQ |γℓm〉 = (−1)ℓ
′−m′

(
ℓ′ K ℓ

−m′ Q m

)

× 〈γ ′ℓ′‖XK‖γℓ〉. (11)

The three last factors of (9) constitute �nally the

Clebsch–Gordan coef�cient for the coupled operators

〈kq2kq1|KQ〉, where Q = q1 + q2. We see thus that it is pos-

sible to solve the many-body problem for the reduced matrix

elements from (10), i.e. with K = 0, 1, 2, and leave the effects

of the polarization of the two �elds (q1 and q2) as well as the

m-value of the outgoing electron until afterwards. It is worth

noting that for linearly polarized light there is no contribution

3
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from the K = 1 operator since when q1 = q2 = Q = 0 the last

3j-symbol in (9) is zero for an odd K.

Equation (9) holds for all tensor operators and can thus be

used in both length and velocity gauge. Here we have used

length gauge and set tk=1 = rC1, with the components,

t10 = rC1
0 = z

t1±1 = rC1
±1 = ∓x± iy√

2
, (12)

where C
k denotes the tensor-operator form of the spherical

harmonics as introduced by Racah [34].

2.2. On the summation over m-quantum numbers

The sideband signal, (1), depends on the square of the sum of

the amplitudes, and the modulations in particular on the term

2|AaAe|. Generally the amplitudes for both the absorption and

the emission path consist of many terms with several different

angular momentum quantum numbers, ℓ,m. Since each such

term comes with a spherical harmonic, cf (7), all cross terms

between different ℓ or m will, however, vanish if the angular

integrated signal is studied. In angular resolved experiments

the emission angle of the photoelectron is measured, but since

the remaining ion is not detected an implicit integration over

all its angles is performed. The remaining ion in the interfering

absorption and emission paths need thus to have the same total

azimuthal quantum number and this restricts the contributing

m-quantum numbers for the photoelectron since the difference

between the m-quantum number of the ion and the electron is

given directly by the light polarization. If the electron before

it interacted with the light �elds was in state mi the remaining

ion will be in the state M− mi where M is the total magnetic

quantum number of the ground state. There will thus only be

contributions fromabsorption and emission paths starting from

the same electronic state mi.

Consider �rst linearly polarized light. The photons are

not able to change the m-quantum number and the magnetic

quantum number of the photoelectron will be mi. Following

(1) and (7), we �nd the atomic contribution to the sideband

modulation:

∑

mi

(∑

ℓ

M̃ℓ,mi
a (θ) eimiφ

)∗(∑

ℓ′
M̃ℓ′,mi

e (θ) eimiφ

)
+ c.c

=
∑

mi

∑

ℓ,ℓ′
2
∣∣M̃ℓ,mi

a (θ)
∣∣
∣∣∣M̃ℓ′,mi

e (θ)
∣∣∣ cos η̃A. (13)

While the ℓ-sum is done coherently the m sum is outside the

product and the φ-dependence disappears as expected.
Consider now instead the situation when the XUV photon

is still linearly polarized, while the IR �eld is right-handed cir-

cularly polarized (from the point of view of the source) in the

perpendicular plane, cf �gure 1.

When such a photon is absorbed the photoelectron increases

its m-value m→ m+ 1, and when it is emitted m→ m− 1.

The remaining ion will in both cases be in the state M− mi

Figure 1. A schematic set-up with a linearly polarized XUV �eld in
the z-direction and a circularly polarized IR �led in xy-plane.

and the term determining the sideband modulation will be

∑

mi

(∑

ℓ

M̃ℓ,mi+1
a (θ) ei(mi+1)φ

)∗

×
(∑

ℓ′
M̃ℓ′,mi−1

e (θ) ei(mi−1)φ

)
+ c.c

=
∑

mi

∑

ℓ,ℓ′
2
∣∣M̃ℓ,mi+1

a (θ)
∣∣
∣∣∣M̃ℓ′,mi−1

e (θ)
∣∣∣ cos (η̃A − 2φ) .

(14)

If instead left-handed circularly polarized IR light is used the

φ term in the argument will change sign. We note �rst that if

we integrate over the azimuthal angle in (14), corresponding

to full 2π detection, the signal will vanish. On the other hand a

φ-resolved detection can replace the scan over different delays
between the two light �elds as a method to extract the atomic

phase and attochirp [compare with (2)]. This since the atomic

phase, η̃A, will phase shift the φ-modulation and a compari-

son between atomic states or systems will reveal their relative

atomic phases.

In the following we will discuss different combinations of

the polarizations of the two light �elds and different beam and

detection geometries.

3. Results

For the numerical investigation we have used ionization from

Ar(3p), and a fundamental laser frequency of ~ω = 1.55 eV, as
our test case. The reducedmatrix elements in (10) has been cal-

culated using RPAE as described in references [27, 28] where

it was used together with linearly polarized light.

3.1. Crossed beams

Figure 2 shows the full φ and θ dependence of the two-

photon amplitudes with the crossed beams geometry depicted

in �gure 1 and discussed around equation (14). For low kinetic

energies there is a node at θ = π/2, i.e. in the direction perpen-
dicular to the XUV-polarization. For higher energies this node

disappears, but reappear again for even higher energies. This

4
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Figure 2. The φ- and θ-dependence of the photoelectron amplitude for a selection of kinetic energies. The results are normalized so that the
largest value in each plot is the brightest. The simulation used an XUV photon linearly polarized along the z-axis and an IR photon circularly
polarized in the xy-plane, cf �gure 1. The node at θ = π/2 (clearly visible in the upper left panel), i.e. for the direction perpendicular to the
XUV-polarization, disappears in a broad region around the Cooper minimum (second and third upper panel). Close to the Cooper minimum
the 3p→ d one-photon channel disappears and the 3p→ s one-photon channel dominates. This path is only open for the m = 0 state and
after the subsequent interaction with a circularly polarized IR photon the �nal state will be exclusively of m = ±1 character, and thus with a
maximum for θ = π/2.

Figure 3. A schematic set-up with a linearly polarized XUV �eld in the y-direction and a circularly polarized IR �led in xy-plane. Both light
�elds propagate here in the same direction.

is due to the Cooper minimum [35] (reached by XUV energies

of ∼ 50 eV). Here the 3p→ d one-photon channel disappears

and the 3p→ s one-photon channel dominates. This path is

only open for electrons starting in 3pm=0 and after the subse-

quent interactionwith a circularly polarized IR photon the �nal

state will be exclusively of m = ±1 character, and thus with a

maximum for θ = π/2.
The crossed-beam geometry is relevant for atoms at a �xed

location in space. However, realistic RABBIT experiments

always involve ensembles of atoms with a distribution extend-

ing in space over many wavelengths of the �elds. This implies

that atoms in the ensemble will experience a space-dependent

relative delay between the �elds, and that the integrated con-

tribution of all atoms will wash out the RABBIT signal in the

crossed-beam geometry.

3.2. Colinearly propagating beams

A more realistic set-up, closely resembling the traditional

RABBIT one, is shown in �gure 3. Here the light beams prop-

agate in parallel and the polarization vectors of the two �elds

lie in the same plane. In �gure 3 the XUV �eld is linearly

polarized and the IR light is circularly polarized, but all com-

binations can be analyzed. Equipped with the spherical tensor

operator form of the dipole operator in (15) we can combine

the components to describe the geometry we are interested in.

Note that

x = − r√
2
(C1

+1 − C1
−1)

y =
ir√
2
(C1

+1 + C1
−1)

z = rC1
0 (15)

and thus linearly polarized light along the x- or y-directions

can be described with the �rst or second line in (15) while the

circularly polarized �eld is described by rC±1 for right-handed

or left-handed polarization, respectively.

Figure 4 shows the atomic delay as a function of φ, but
for a �xed θ = π/2, for different combinations of right- and

left-handed circular polarization in the xy-plane and/or lin-

ear polarization along the y-axis (cf �gure 3). Note that it is

now the xz-plane that is perpendicular to the linear polariza-

tion and when θ = π/2 the angle relative the polarization axis

5
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Figure 4. The atomic delay as a function of φ, and for θ = π/2, for ionization from Ar(3p) with different combinations of right- and
left-handed circular polarization in the xy-plane (denoted by + and − respectively) and linear polarization along the y-axis, cf �gure 3. The
horizontal labels refer to the IR light, while the vertical labels refer to the XUV light. The different lines (solid, dotted-dashed and dashed)
show three different photoelectron energies, corresponding to sideband 30, 36 and 42 (for a laser frequency of ~ω = 1.55 eV). The middle
panel shows the usual setup with both �elds being linearly polarized. The panels in the �rst and third column show the full zigzag curve
from the φ-modulation (right y-axis) were the three lines are hard to distinguish, as well as the remaining signal when the φ-modulation has
been removed (left y-axis). The corner panels show in this latter case a constant atomic delay for each sideband, while the left and right
panels on the middle line show a remaining cos 2φ-modulation as expected (see text). The plots show only the region of the xy-plane where
0 < φ < π since since the signal repeats itself with period π. Note that the angle relative the polarization axis is here π/2− φ.

is π/2− φ. The middle panel on the second line shows the

classical case with both �elds linearly polarized and the result

for the traditional detection along the polarization axis is thus

found for φ = π/2.
The four corner panels in �gure 4 show the atomic delay

as calculated with two circularly polarized beams. The term

determining the sideband modulation for the case with both

light �elds being right-handed will, following the discussion

in section 2.2, be

∑

mi

(∑

ℓ

M̃ℓ,mi+2
a (θ) ei(mi+2)φ

)∗(∑

ℓ′
M̃ℓ′,mi

e (θ) eimiφ

)
+ c.c

=
∑

mi

∑

ℓ,ℓ′
2
∣∣M̃ℓ,mi+2

a (θ)
∣∣
∣∣∣M̃ℓ′,mi

e (θ)
∣∣∣ cos (η̃A − 2φ) (16)

where the absorption path increases the original m-value by

two, while the emission path leaves it unchanged. The net

effect is, as in (14) a 2φ-modulation. The zigzag graphs seen

in �gure 4 is thus the delay including the φ modulation

τ =
η̃a − 2φ

2ω
. (17)

The same dependence is found for a left handed XUV pho-

ton and a right-handed IR-photon (upper right corner panel)

while two left-handed �elds (upper left corner panel), as well

as a right-handed XUV-photon combined with a left-handed

IR-photon, makes the φ-term change sign (bottom left corner

panel). It is the polarization of the IR-�eld that determines the

sign since it is the IR-photon that induces the φ-dependent
phase difference in the emission path relative the absorp-

tion one. The atomic delay is in principle extractable from

a φ-measurement just as discussed in connection with (14).

Removing the 2φ-dependence in the corner panels reveals the
underlying atomic delay and attochirp of the harmonics. In

this work we assume that the attochirp is zero. The remaining

atomic delay is shown as straight lines for the three calculated
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Figure 5. The contributions to the modulus square of the amplitude of the outgoing photoelectron, given in arbitrary units, as a function of
emission angle φ, for the set-up in �gure 3, i.e. with a linearly polarized XUV photon along the y-axis and a right-handed circularly
polarized IR photon. Three different photoelectron energies are shown and θ is set to π/2. Emission parallel to the XUV polarization
corresponds to φ = π/2 and emission perpendicular to it corresponds to φ = 0. (a) The contribution from the component of the IR-�eld that
is pointing along the XUV polarization axis. (b) The contribution from the component of the IR-�eld that is perpendicular to the XUV
polarization axis. (c) A close-up view in the vicinity of the orthogonal direction (for a photoelectron energy of 30.7 eV) where the
contributions from the orthogonal IR-component is dominating.

sidebands in the corner panels of �gure 4. A similar situa-

tion has been discussed in reference [24], but for interference

between a one-photon path and a two-photon path.

For the combinations of linearly polarized XUV-photons

and circularly polarized IR-light shown in �gure 4 the inter-

action with the XUV-�eld polarized in the y-direction can be

described by the y-operator in (15) and the two-photon matrix

elements, cf (5), will for + polarization of the IR-�eld, be

proportional to

Ma/e ∼ 〈p|rC1
±1|s〉〈s|r

(
C1
+1 + C1

−1

)
|b〉. (18)

This yields several terms with different φ-dependence. We

expect terms with no φ-dependence, as well as a 2φ-
dependence and a 4φ-dependence:

∑

mi

(∑

ℓ

M̃ℓ,mi+2
a (θ) ei(mi+2)φ + M̃ℓ,mi

a (θ) eimiφ

)∗

×
(∑

ℓ′
M̃ℓ′,mi

e (θ) eimiφ + M̃ℓ′,mi−2
e (θ) ei(mi−2)φ

)
+ c.c

= 2
∑

mi

∑

ℓ,ℓ′

(∣∣M̃ℓ,mi+2
a (θ)

∣∣
∣∣∣M̃ℓ′,mi−2

e (θ)
∣∣∣ cos (η̃A − 4φ)

+
(∣∣M̃ℓ,mi+2

a (θ)
∣∣
∣∣∣M̃ℓ′,mi

e (θ)
∣∣∣+
∣∣M̃ℓ,mi

a (θ)
∣∣
∣∣∣M̃ℓ′,mi−2

e (θ)
∣∣∣
)

× cos (η̃A − 2φ) +
∣∣M̃ℓ,mi

a (θ)
∣∣
∣∣∣M̃ℓ′,mi

e (θ)
∣∣∣ cos (η̃A)

)
.

(19)

The resulting zigzag graphs are slightly more complicated, but

it is clear from �gure 4 (left and right panel on the middle row)

that the 2φ modulation dominates. When the dominating 2φ
modulation is removed the underlying variations is revealed,

as shown in the same panels.

To analyze the situation with a linearly polarized �eld and

a circularly polarized �eld in the same plane it is convenient

to describe the IR polarization by a �eld with one component

parallel with the XUV polarization and one orthogonal to it:

the signal from the parallel component, which gives the same

Figure 6. The detection geometry used in �gure 7. The angle with
respect to the polarization vector of the linearly polarized light
(along the y-axis) is kept �xed and c is the projection on the y-axis.
The thick part of the circle corresponds to the x-axis in �gure 7. This
means that arcsin c 6 θ 6 π − arcsin c.

situation as in the case with just linearly polarized �elds, is

then much larger than that from the orthogonal one. In fact

the former dominates the signal in most directions as shown

in the left and middle panel of �gure 5 (i.e. (a) and (b)),

where the two-photon amplitude modulus square is plotted

against the emission φ-angle (for a �xed θ = π/2). The sig-

nal from the parallel component in �gure 5(a) dominates over

that from the orthogonal component in �gure 5(b) with sev-

eral orders of magnitude. For photoelectrons emitted close

to the x-axis (φ = 0), i.e. more or less orthogonal to the

XUV-polarization, the orthogonal component is dominating

however, as can be seen in �gure 5(c).

4. Discussion

To understand the dependenceon the emission angles it is illus-

trative to use a simple model. With a plane wave description

7
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Figure 7. The variation in delay (solid line left y-axis) and signal strength (dashed line right y-axis) when the electrons are detected in a
direction de�ned by a constant angle with respect to the polarization vector of the linearly polarized light (here chosen to be along the
y-axis), see �gure 6. The IR-light is rotating in the xy-plane. A constant projection of the electron momentum on the y-axis is de�ned by
sin φsin θ = c, where c is constant. Three different projections are shown, all for sideband 36 corresponding to photoelectrons with an
energy of 40 eV. While the signal strength increases with larger c, the angle dependence is more pronounced for smaller c. The cone
intersects the xy-plane at θ = π/2 where sin φ = c i.e. at φ = π/6, π/4, π/3 for the �rst second and third panel respectively. The θ-axis
covers arcsinc 6 θ 6 π − arcsinc, cf �gure 6, and is thus different in the three cases

of the photoelectron with wave vector k is

|k〉 ∼ exp[ik · r] = 4π

∞∑

ℓ=0

iℓ jℓ(kr)

ℓ∑

m=−ℓ

Y∗
ℓ,m(k̂)Yℓ,m(r̂). (20)

It is straight forward to analyze the angle dependence in

velocity gauge since

px,y,x exp[ik · r] = ~kx,y,x exp[ik · r]. (21)

The two-photon matrix elements [cf (5)] are in this approxi-

mation given by

M
(2)
a/e (k) ∼ (εIR± · k) (εXUV · k) 〈k|b〉±ω

, (22)

where ε are complex polarization vectors of the �elds. If

the XUV light is polarized linearly along the y-axis, εXUV =
(0, 1, 0), and the polarization of the IR �eld is right-handed in

the xy-plane, εIR± = (1,±i, 0), this gives

Ma/e (k) ∼
(
kx ± iky

)
ky
〈k|b〉
±ω

=
k2√
2
sinθ (cos φ± i sin φ) sinθ sin φ

〈k|b〉
±ω

. (23)

We note that within this approximation the signal is exactly

zero for φ = 0 (perpendicular to the XUV beam). This

explains the weak signal in this direction in the numerical cal-

culations where the non-zero, although weak effect, is caused

by the presence of the Coulomb interaction. We note further

that with θ = π/2, where sin θ = 1

M∗
aMe +MaM

∗
e ∼ cos 2φ sin2 φ

∣∣∣∣
k2〈k|b〉√

2ω

∣∣∣∣
2

∼ (2 cos 2φ− cos 4φ+ 1)

4

∣∣∣∣
k2〈k|b〉√

2ω

∣∣∣∣
2

(24)

and the combination of terms with a 4φ-dependence, a 2φ-
dependence, and no φ-dependence, as discussed in connection
with �gure 4, is found.

It is also interesting to consider the variation around the

XUV polarization axis i.e. around the y-axis. The cone shown

in �gure 6 is de�ned by a constant projection on the y-axis i.e.

sin θ sin φ = c, where c is the constant. From (23) we can then

conclude that

arg (Me)− arg (Ma) = −2φ = −2 arcsin
[ c

sinθ

]
, (25)

which thus is the expected θ-variation of the delay. Figure 7

shows the result (from a full numerical calculation) for three

different choices of c where the signal, ∼ sin2θc2, is largest
for the largest c while the delay, which has the θ-dependence
predicted by (1), has its strongest angular variation when c is

small. It is worth noting that if the coordinate system is rotated

so that x→ y, y→ z and z→ x, then the more familiar situa-

tion with the XUV polarization along the z-axis reappears. The

IR-�eld will then be rotating in the yz-plane. In this case the

cone is de�ned by the projection on the z-axis, i.e. by θ alone

and it is φ alone that is varying when we travel around the

cone.

The plane-wavemodel can also be used to analyze the com-

bination of a linearly polarized IR �eld along the y-axis and

a circularly polarized XUV �eld in the xy-plane shown in

the top and bottom panels in the middle column of �gure 4:

here

Ma/e (k) ∼ ky
(
kx + iky

) 〈k|b〉
±ω

=
k2√
2
sin2 θ sin φ (cos φ+ i sin φ)

〈k|b〉
±ω

.

(26)

Since the φ dependent argument now is the same for the

absorption and emission matrix elements the formula pre-

dicts no φ-dependent delay and only the underlying atomic

delay will be measured if the delay between the two �elds are

scanned. The signal strength will however vary with both φ
and θ. The top and bottom panels in the middle coulumn of

�gure 4 show this situation. The rather �at delay found for φ
close to π/2 is close to the atomic delay extracted from the

other panels. At φ = 0 or φ = π (1) predicts a zero signal.

The numerical calculations predicts a vanishing signal strength

at these angles (not shown), but also a φ-variation in their

neighborhood as shown in �gure 4.
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5. Conclusions

We have shown that with the help of angular momentum the-

ory it is straight forward to analyze any combination of �eld

polarizations in a RABBIT type measurement. A few possi-

ble set-ups have been analyzed here, but additional interesting

combinations might still be found. With circularly polarized

XUV harmonics becoming more available the possibility to

use circular IR and XUV sources can be a way to facilitate the

extraction of atomic delays.
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