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Abstract

Many-Body Perturbation Theory is put to test as a method for reliable calcu-
lations of the electron-electron interaction in two-dimensional quantum dots.
We show that second order correlation gives qualitative agreement with ex-
periments on a level which was not found within the Hartree-Fock descrip-
tion. For weaker confinements, the second order correction is shown to be
insufficient and higher order contributions must be taken into account. We
demonstrate that all order Many-Body Perturbation Theory in the form of the
Coupled Cluster Singles and Doubles method yields very reliable results for
confinements close to those estimated from experimental data. The possibility
to use very large basis sets is shown to be a major advantage compared to Full
Configuration Interaction approaches, especially for more than five confined
electrons.

Also, the possibility to utilize two-electron correlation in combination with
tailor-made potentials to achieve useful properties is explored. In the case of
a two-dimensional quantum dot molecule we vary the interdot distance, and
in the case of a two-dimensional quantum ring we vary the ring radius, in
order to alter the spectra. In the latter case we demonstrate that correlation
in combination with electromagnetic pulses can be used for the realization of
quantum logical gates.
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Sammanfattning på svenska

Mångpartikelstörningsteori sätts på prov som en metod för pålitliga
beräkningar av växelverkan mellan de inspärrade elektronerna i så kallade
tvådimensionella kvantprickar. Vi visar att andra ordningens korrelation ger
kvalitativ överensstämmelse med experiment på en nivå som ej erhålls med
“Hartee-Fock”-metoden. För svagare potentialer visas att andra ordningens
korrektion är otillräcklig och högre ordningars bidrag måste då tas med i
beräkning. Vi demonstrerar att störningsräkning utförd till alla ordningar
inom ramen för “Coupled Cluster Singles and Doubles”-metoden ger
väldigt pålitliga resultat för potentialer snarlika de som approximeras
från experimentella data. Möjligheten att använda sig utav mycket stora
basset visar sig vara en mycket stor fördel jämfört med “Full Configuration
Interaction”-metoden, särskilt för fler än fem inspärrade elektroner.

Vidare undersöks möjligheterna att använda sig utav korrelation i kombi-
nation med skräddarsydda potentialer för att åstadkomma användbara egen-
skaper. För en tvådimensionell kvantpricksmolekyl används avståndet mellan
prickarna och för en tvådimensionell kvantring används ringradien som pa-
rameter för ändring av spektra. I det senare fallet demonstreras att en kombi-
nation av korrelation och elektromagnetiska pulser skulle kunna användas för
realisering av kvantmekaniska logiska kretsar.
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1. Physical background

Since the beginning of the 1990’s a new field has developed on the border
between solid state, condensed matter and atomic physics. The possibility to
confine a small and controllable number of electrons in tunable electrostatic
potentials inside semiconductor materials has been vastly explored in this new
field of quantum dot physics. The interest in quantum dots and related low
dimensional devices is mainly motivated by the possibility to use them as
building blocks for the construction of nano–electronic devices, possibly even
for quantum computing [1,2][paper III, paper IV]. Of a more esoteric interest,
the field has also opened up as new playground for theoretical many-body
physics.

So what is a quantum dot? The term dot may be misleading; of course these
man-made constructions are not zero dimensional in the normal sense of the
word. Consider the cartoon in figure 1.1 1. Here the left column illustrates
respective confinement arrangement, with the blue color representing a semi-
conductor with electrons excited into the conduction band and the red color
a semiconductor without any available charge carriers. In the right column
the corresponding density of states2 versus energy plots are sketched. The up-
per panel displays a three dimensional crystal with a conduction band with
an excess of electrons (and valence band with an excess of holes). Here the
electrons in the conduction band constitute a three Dimensional Electron Gas
(3DEG) and the density of states as function of the energy is continuous fol-
lowing the customary free electron gas model [5]. Moving down one panel, the
electron gas becomes strongly confined in one direction such that the energy
of the electron gas becomes quantized in this direction. The free electron gas
model is no longer valid in the confined direction and to each quantized state
there belongs a separate continuum of states. The electron gas has become two
dimensional (2DEG) which implies the step–function in figure 1.1.

Continuing with the quantum wire, we see that the electron gas is here con-
fined in two out of the three directions and we have a 1DEG. Finally, in the
lowest panel, the electron gas is confined in all directions, the free electron
gas model is no longer valid in any direction and the electron gas is said to

1The figure is based on figure 10 from the Nobel lecture of Zhores I. Alferov [3]. For a peda-
gogical description see Ref. [4].
2For the conduction band electrons.
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Figure 1.1: A cartoon illustrating how the conduction band electrons, represented
here by the blue color, undergo a transition from the three dimensional electron gas
(3DEG) down to the fully quantized quantum dot with the intermediate steps of the
2DEG and the quantum wire. Here the red color represents a semiconductor crystal
with no electrons excited into the conduction band. The left column illustrates the
confinement arrangement in each step and in the right panels the density of states
versus energy plots for each confinement arrangement are sketched.

be zero dimensional. The spectrum is now fully quantized3 and we say that a
quantum dot has been formed.

In 1996 Tarucha et al. [6] experimentally demonstrated this fully quantized
behavior in a setup schematically shown in figure 1.2. Their experimental
technique was so refined that they could start with zero electrons in the confin-
ing potential and then add a single electron at a time, in this way e.g. proving
for the first time the existence of a shell structure in quantum dots.

So how was this achieved? A full description of the experimental techniques
is out of the scope of the present dissertation. For a more complete and detailed

3This happens when the Fermi wavelength, λF ∝ ( V
Ne

)
1
3 , becomes comparable with the dot size.
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Figure 1.2: From Science 278 1788 (1997). Reprinted with permission from AAAS. A:
A schematic picture of a so called vertical quantum dot. The figure is not in scale. The
best results in Ref. [6] were obtained in a dot with a diameter of approximately 500nm
and a layer thickness of the DBH in the order of 10nm. B: Schematic energy diagram
along the vertical axis of the cylinder in A.

description see e.g. Refs. [6–8]. Here, only a very brief introduction will be
given.

Consider figure 1.2 A which shows the experimental setup from the famous
experiments by Kouwenhoven, Tarucha et al. [6, 7]. The dot consists of sev-
eral layers of different semiconductor materials. The actual dot is located in
the InGaAs layer squeezed between the AlGaAs layers. The conduction band
edge of InGaAs lies below the Fermi energy of the GaAs contacts; therefore,
electrons will accumulate in the dot when no voltages are applied. AlGaAs
has a higher lying conduction band edge than InGaAs and thus the confined
electrons will experience these layers as a sharp quantum well in the verti-
cal direction, i.e. the layers form a so called double-barrier heterostructure
(DBH), as illustrated in figure 1.2 B.

When a voltage is applied over the side gates the electrons will experience
a confining potential in the dot plane. Changing this voltage also corresponds
to moving the bottom of the quantum well in figure 1.2 B up or down (right or
left in the figure) in this way allowing for a variable number of bound states
in the dot. In the experiments [6, 8] a constant dc-voltage over the source and
drain was applied, corresponding to keeping the transport window in figure
1.2 B constant. Depending on the size of the source-drain voltage a differ-
ent number of resonant states were found in the transport window [7]. With a
constant transport window (source-drain voltage), the current through the dot
(vertically in the figure) was measured as a function of the applied side gate
voltage, revealing non-equidistant sharp peaks in the IV -characteristics. Each
current peak corresponded to exactly one electron being transported out of the
dot to the drain. The distances between the peaks then directly translated to
the energy it costed to inject the last electron into the dot. The largest relative
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distances were obtained after the second, sixth and twelfth peak correspond-
ing to closed shells at these particle numbers. Also the rich spectrum that
appears when a quantum dot is exposed to an external magnetic field could be
revealed, thus providing experimental evidence of e.g. magnetically induced
state switching [6]. The similarities between quantum dots and atoms, e.g. the
existence of shell structure and state splitting in external magnetic fields, is
the reason why quantum dots sometimes are referred to as artificial atoms.

1.1 Motivation and aim of the thesis
The experimental breakthroughs by Tarucha, Kouwenhoven et al., see for ex-
ample Refs. [6–8], resulted in an explosion of theoretical interest in few elec-
tron quantum dots, see Reimann and Manninen [9] for a review until 2002.
Most theoretical studies have chosen a two dimensional harmonic oscillator
potential as the confinement. An early motivation for this was the study by
Kumar et al. [10] in 1990 who used self-consistent combined Hartree and
Poisson solutions. They showed that the two-dimensional harmonic oscillator
potential is a good first approximation, at least for a few electrons, even if
the confinement was formed by square-shaped gates. Theoretically the shell
structure was seen as peaks in the addition energy spectra. For the two dimen-
sional harmonic oscillator, closed shells were found at N = 2,6,12,20, . . ., see
e.g. [11–13], in agreement with what Tarucha et al. had seen in their experi-
ment [6]. Therefore the two-dimensional harmonic oscillator has become the
standard choice for the confining potential. Still, this is indeed an approxima-
tion and some efforts have been made to use a more realistic description of
the whole physical situation, see e.g. Refs. [10, 14–17].

If one assumes this simplified view of the confining potential, theoretical
quantum dot physics is mainly concerned with accounting for the
electron–electron interaction in a correct way. A large fraction of the
calculations done on quantum dots have been performed within the
framework of density functional theory (DFT), see e.g. [16–20], but also
Hartree–Fock (HF) [21–23], quantum Monte Carlo [24–29] and configuration
interaction (CI) [30–36] studies have been carried out.

The DFT–studies have been very successful. DFT obviously accounts for
a substantial part of the electron-electron interaction. It is relatively easy to
implement and it is comparatively computationally undemanding. However,
the method is not exact 4 and what is worse, it is difficult to get an a priori
estimate of the size of the error.

For a small number of electrons the CI-approach can produce virtually exact
results, provided of course that the basis set describes the physical space well
enough. However, the size of the full CI problem grows very fast with the

4Unless the exact energy density functional is known, which generally is not the case.
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number of electrons making the method unsuitable for N > 6 [30], with really
good convergence only feasible for even fewer particles [36].

The different varieties of the quantum Monte Carlo methods are very pow-
erful and yield virtually exact results. However, only the state with the lowest
energy for each given symmetry is easily obtained and there is no straightfor-
ward way to obtain general excited states.

It should also be stated here that most of the cited CI and QMC-studies have
been focused on the search for exotic phenomena such as Wigner molecule
formation that occur for weak confinements far from the estimated confine-
ment strengths used in the mentioned experimental works [6–8].

With this background it is clear that one should search for a many-body
method which introduces only well defined approximations and which allows
for a priori estimates of the neglected contributions. The long tradition of ac-
curate calculations in atomic physics has shown that Many-Body Perturbation
Theory (MBPT), see e.g. Ref. [37], has these properties. Moreover the in-
troduced approximations correspond to omitting terms with a well defined
physical meaning. Thus one can learn something about the physics by know-
ing to what extent a certain approximation applies. With MBPT, it is possible
to start from a reasonable description of the physical situation in the artificial
atom and then refine this starting point in a controlled and iterative way. Es-
pecially in the coupled cluster (CC) formulation MBPT has been shown to be
both accurate and feasible for relatively large particle numbers. The coupled
cluster method was first introduced in nuclear physics in the 1960’s by Coester
and Kümmel [38] and has been widely used in atomic, molecular and nuclear
physics as well as in quantum chemistry. For a recent review see Bartlett and
Musial [39]. The method is in principle exact, and it should be applicable with
high accuracy up to ∼ 10 electrons.

The long term goal of this dissertation has therefore been to examine how
well the different varieties of many-body perturbation theory would work,
especially in the range of confinement strengths typically used in experiments.
In paper I we study the performance of second order Many-Body Perturbation
Theory on top of a few different starting points. A similar study has also been
done by Sloggett and Sushkov [13]. In paper V we explore the limits of the
Coupled Cluster Singles and Doubles (CCSD) method in comparison with the
CI and QMC results of others. CCSD has been applied twice before [40, 41]
on two dimensional circular dots but no clear effort to estimate how large the
size of the neglected effects are was made in either of the studies.

In order to test the performance of second order Many-Body Perturbation
Theory we, for paper I, developed a two electron Configuration Interaction
code so that we could compare second order MBPT with exact results. As of-
ten is the case, the CI-code turned out to be more useful than originally fore-
seen. In paper II it was used to benchmark another CI-code, developed by our
Norwegian collaborators, that uses Cartesian coordinates for structure calcu-
lations on a two electron lateral dot-molecule. In paper III and IV it was used
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for the production of spectra for two electron quantum rings. These spectra
were then used to examine the possibility to utilize a two dimensional quan-
tum ring for the construction of a quantum logical Controlled NOT gate (paper
III and IV) and a quantum logical NOT gate (paper IV).



Part II:
A brief summary of the theoretical framework

The active electrons in a quantum dot belong to the conduction band of the
semiconductor [9]. Furthermore, the typical extent of the wave functions is of
the order of 10nm, which is about 100 times larger than the typical extent of an
atom. Therefore the effects from the underlying lattice and the interaction with
the electrons from the valence and core bands are taken into account by the
so called effective mass approximation [5]. To be more specific, the effective
mass, m∗, is used instead of the electron mass me and the dielectric constant
ε0 is scaled with the relative dielectric constant εr. Throughout this thesis the
bulk values of the material parameters for GaAs are used with m∗ = 0.067me,
εr = 12.4 and the effective g-factor g∗ =−0.44. It can also be mentioned that
the bottom of the conduction band in GaAs is close to spherical and therefore
an isotropic effective mass5 is a valid approximation.

5The effective mass can be calculated through the dispersion relation m∗ = h̄2

∂ 2E/∂k2 and thus
the curvature of the energy-band determines the effective mass.
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2. One–particle Model

To describe the electronic situation inside the dot we start with one trapped
electron. The Hamiltonian for a single electron confined in a two dimensional
harmonic oscillator potential with an external homogeneous magnetic field B
applied perpendicular to the dot plane reads

ĥs =
p̂2

2m∗
+

1
2

m∗ω2
0 r2 +

e2

8m∗
B2r2 +

e
2m∗

B ˆ̀z +g∗µbBŝz, (2.1)

where h̄ω0 is the confinement strength. For a derivation of the magnetic field
dependence of the above operator see Appendix A.2.

The stationary states for the one-particle system are given by the solutions
of the time-independent Schrödinger equation

ĥsΨ = EΨ. (2.2)

Since ĥs is invariant upon rotation about the ẑ-axis, the solutions to this equa-
tion can be factorized as

Ψnm`ms(r,φ) = unm`ms(r)e
im`φ |ms〉, (2.3)

where |ms〉 is the spin state function with ŝz|ms〉= h̄ms|ms〉, ms =±1
2 .

For the field free case we have the radial equation1

[
h̄2

2m∗

(
− ∂ 2

∂ r2 +
m2

`

2r2

)
+

1
2

m∗ω2
0 r2
]

unm`
(r) = εnm`

unm`
(r). (2.4)

Here unm`
(r) are Hermite polynomials, as explained in many quantum me-

chanics textbooks, see e.g. [42].
The eigenenergies to equation (2.4) are well known and can be written as

εnm`
= (2n+ |m`|+1)h̄ω0, (2.5)

yielding an equidistant energy spectrum with higher and higher degeneracy
as the energy increases. To be more specific, the ground state will be |nm`〉=
|0 0〉with the energy h̄ω0, the first excited states will be |0±1〉with the energy
2h̄ω0, the second excited states will be |1 0〉 and |0±2〉 with the energy 3h̄ω0
and so on.

1For a derivation of this expression and the corresponding matrix element see Appendix A.1.
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Figure 2.1: The one particle energies as functions of the magnetic field with h̄ω0 = 3
meV . All states with quantum numbers in the intervals n = [0,3], m` = [−10,10] and
ms = [− 1

2 , 1
2 ] have been plotted. The states with spin down (up) have been plotted with

full (dashed) lines.

When a magnetic field is applied perpendicular to the dot, equation (2.5)
generalizes to

εnm`ms = (2n+ |m`|+1)h̄ω +
1
2

h̄ωcm` +g∗µBBms, (2.6)

where ω =
√

ω2
0 + 1

4 ω2
c is the effective trap frequency and ωc = eB

m∗ is the
cyclotron frequency. In figure 2.1 some of these one particle energies have
been plotted as functions of the magnetic field. The figure shows many char-
acteristic properties. At B = 0 we see the equidistant energy levels with higher
and higher degeneracy as the energy increases. At moderate field strengths the
1
2 h̄ωcm` term dominates the changes of the structure and hence a vast number
of level crossings occur. For stronger magnetic fields the spectrum splits into
so called Landau bands with the lowest band being constituted by states with
negative m`. For the stronger field strengths we also see that the spin–magnetic
field interaction starts to play an important role.
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Figure 2.2: The real part of some chosen wave functions to the field-free two dimen-
sional harmonic oscillator. The wave functions are labeled with |nm`〉.

Instead of directly using the Hermite polynomials as a basis we find ap-
proximate numerical solutions. The radial functions are expanded in so called
B-splines, Bi, with coefficients ci as

unm`ms(r) = ∑
i

ciBi(r). (2.7)

B-splines are a basis for the linear space of piecewise polynomials defined by
the knot sequence and the polynomial order, see appendix B and Ref. [43] for
details. For a review of the application of B–splines in atomic and molecular
physics see Ref. [44].

Projecting the field dependent version of equation (2.4) onto the B-spline
basis we obtain the matrix equation

hc = εBc (2.8)

were h ji = 〈B jeimφ |ĥs|Bieimφ 〉 and B ji = 〈B j|Bi〉 2. For a short derivation of
the explicit expression of the matrix element h ji see appendix A.1. The in-
tegrals in (2.8) are evaluated with Gaussian quadrature. Since B-splines are

2Note that 〈B j|Bi〉 6= δ ji in general since B–splines of order larger than one generally are pair-
wise non–orthogonal.
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piecewise polynomials essentially no numerical error is then introduced by
the integration. Equation (2.8) is a generalized eigenvalue problem that can be
solved with standard numerical routines. The real parts of some chosen wave
functions generated with the outlined scheme are plotted in figure 2.2.

Provided a good enough knot sequence and a high enough order of the B-
spline basis, this scheme yields a finite set3 of radial wave functions which
within the numerical box and for lower energies coincide with the Hermite
polynomials. The higher lying states are unphysical and mainly determined
by the size of the box and the composition of the knot sequence, see appendix
B.3 for more details. They are, however, still essential for the completeness
of the basis set. The fact that we have a finite basis fits well with the intended
use of the wave functions as a basis for our many-body treatment. That is,
we have the possibility to sum up contributions from the whole basis set4

instead of truncating it at some point. If the knot sequence and the chosen
polynomial order describe the physical situation inside the box well enough,
one can obtain faster convergence than in the case of a (truncated) infinite
basis. One can say that the error introduced by truncation of an infinite basis
here is replaced by the error of how well the knot sequence and the chosen
polynomial order of the B-spline basis can describe the wave functions.

One of the advantages in using a B-spline basis instead of directly using the
Hermite polynomials is that this makes the numerical procedure for generating
(or switching between) the different starting points of the perturbation expan-
sion (see the following chapters) more straightforward and efficient. When
generating, for example, the Hartree-Fock basis we can express the new wave
functions in the finite B-spline basis, see section 3.1. Since we already made
the knot sequence good enough and chose the order of the B-spline basis high
enough to describe the physics inside our numerical box, the Hartree-Fock
wave function can (most likely) be described well in the same basis. In this
way one does not have to worry about the truncation of an infinite basis in the
generation of each single wave function.

Moreover, a B-spline generated basis set has a built in freedom not present
when using a more common one-center expansion such as the Hermite poly-
nomial basis. Since the B-splines are defined on a knot-sequence one can,
for example, put the knots denser in the part of the box that are thought to
be more important for the specific calculation (for example close to potential
minimums) yielding better representation in this region. This was indeed uti-
lized in papers III and IV for calculations on two-dimensional quantum rings.
In more complicated potential structures this would be even more of an ad-
vantage.

3There will be n−k−1 radial functions where n is the number of knots in the knot sequence, k
is the order of the B-spline basis and the−1 is due to the imposed boundary condition u(R) = 0
where R is the extent of the numerical box. For further details see appendix B.
4This is also done in Papers I, II and partly in Paper V.
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3. Mean Field Models

When we put more than one electron into the dot, we have to account for the
electron–electron interaction

Hee = ∑
i< j≤N

e2

4πεrε0

1
| ri− r j |

. (3.1)

One way of doing this is to adopt a so called mean field model. That is, one
approximates the electronic repulsion felt by each electron by a mean field
produced by all of the electrons.

Before we start with the details, we introduce the notation for the electron–
electron interaction matrix element

∫ ∫ e2ψ∗a (ri)ψ∗b (r j)ψc(ri)ψd(r j)
4πεrε0|ri− r j|

dAidA j = 〈ab| 1
ri j
|cd〉, (3.2)

where a,b,c and d each denote a single quantum state i.e. |a〉= |na,ma
` ,m

a
s 〉.

Furthermore we need to know how to compute such two-electron matrix
elements. Then we start, as suggested by Cohl et al. [45], by expanding the
inverse radial distance in cylindrical coordinates (R,φ ,z) as

1
|r1− r2|

=
1

π
√

R1R2

∞

∑
m=−∞

Qm− 1
2
(χ)eim(φ1−φ2), (3.3)

where

χ =
R2

1 +R2
2 +(z1− z2)2

2R1R2
. (3.4)

Assuming a two-dimensional confinement we set z1 = z2 in (3.4). The
Qm− 1

2
(χ)–functions are Legendre functions of the second kind and

half–integer degree. We evaluate them using a modified1 version of the
software DTORH1.f described in [46].

1It is modified in the sense that we have changed the limit of how close to 1 the argument χ

is allowed to be. This is simply so that sufficient numerical precision for the integration can be
achieved.
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Using (3.3) and (2.3), the electron–electron interaction matrix element (3.2)
becomes

〈ab| 1
r12
|cd〉= e2

4πεrε0
〈ua(ri)ub(r j)|

Qm− 1
2
(χ)

π
√rir j

|uc(ri)ud(r j)〉

×〈eimaφieimbφ j |
∞

∑
m=−∞

eim(φi−φ j)|eimcφieimdφ j〉

×〈ma
s |mc

s〉〈mb
s |md

s 〉. (3.5)

Note that the angular part of (3.5) equals zero except if m = ma−mc or
m = md −mb. This is how the degree of the Legendre–function in the radial
part of (3.5) is chosen. It is also clear from (3.5) that the electron–electron
matrix element equals zero if states a and c or states b and d have different
spin directions.

3.1 Hartree–Fock
Let us assume that our many-electron wave function is a single Slater deter-
minant

Φ0 =
1√
N!

∣∣∣∣∣∣∣∣∣∣
|a(1)〉 |a(2)〉 . . . |a(N)〉
|b(1)〉 |b(2)〉 . . . |b(N)〉

...
...

. . .
...

|n(1)〉 |n(2)〉 . . . |n(N)〉

∣∣∣∣∣∣∣∣∣∣
, (3.6)

where |a〉, |b〉, . . . , |n〉 are all occupied one electron states. We will from now
on try to stick to the convention that occupied states are denoted with a,b,c,d,
unoccupied states with r,s, t,u and states that can be either with i, j,k, l.

According to the variational principle2 the best wave function for the
ground state can be found by minimizing the expectation value of the energy

〈E〉= 〈Φ0|H|Φ0〉= 〈Φ0|
p2

2m∗
+V + ∑

i< j≤N

1
ri j
|Φ0〉, (3.7)

where V is some one particle potential, for example V (r) = 1
2 m∗ω2r2. Let us

now introduce the notation Φr
a for the same Slater determinant as in equation

(3.6) but with orbital a exchanged for orbital r. Since Φ0 in equation (3.6) con-
sists of all occupied orbitals, r must be an unoccupied orbital, i.e. Φr

a denotes
a single excitation from our Slater determinant.

In order to vary our total wave function (Slater determinant) we mix in a
small part of an unoccupied orbital

|Φ0〉 −→ |Φ0〉+η |Φr
a〉, (3.8)

2See any textbook on quantum mechanics, e.g. [42].
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where η is a small real number3. Then the expectation value of the energy will
change accordingly

〈E〉 −→ 〈E〉+η(〈Φr
a|H|Φ0〉+ 〈Φ0|H|Φr

a〉), (3.9)

if we neglect terms quadratic in η . Since H is Hermitian, the two numbers
inside the paranthesises in the above equation are just the complex conju-
gates of each other. With the conventions used here these numbers are real
and therefore they have to be equal. Hence, if 〈E〉 is at its minimum, we get
the condition

〈Φr
a|H|Φ0〉= 0. (3.10)

This is called Brillouins theorem [37] and implies that H has no non-zero ma-
trix elements between |Φ0〉 (i.e. the single Slater determinant with the lowest
possible energy) and states obtained by a single excitation from |Φ0〉.

For a general single particle operator F = ∑i f (i) and for a general two
particle operator G = ∑i< j g(i, j) 4 we have [37]

〈Φr
a|∑

i
f (i)|Φ0〉 = 〈r| f |a〉, (3.11)

〈Φr
a|∑

i< j
g(i, j)|Φ0〉 = ∑

b∈Φ0

[〈rb|g|ab〉−〈br|g|ab〉] . (3.12)

With the single particle operator ∑i
p2

i
2m∗ +V (i) and the two particle operator

∑i< j≤N
1
ri j

we can then rewrite equation (3.10) as

〈r| p2

2m∗
+V |a〉+ ∑

b∈Φ0

[
〈rb| 1

r12
|ab〉−〈br| 1

r12
|ab〉

]
= 0. (3.13)

From this equation we define the Hartree–Fock operator hHF and the Hartree–
Fock potential uHF as

hHF =
p2

2m∗
+V +uHF , (3.14)

〈 j|uHF |i〉 = ∑
b∈Φ0

[
〈 jb| 1

r12
|ib〉−〈b j| 1

r12
|ib〉
]
, (3.15)

where the first term in the sum is called the Hartree–Fock Direct or simply
Hartree term and the second term in the sum (without the minus sign) is called
the Hartree–Fock exchange term.

Using the completeness relation, eq. (3.13) and eq. (3.14), we get

hh f |a〉=
∞

∑
i=1
|i〉〈i|hh f |a〉= ∑

b∈Φ0

|b〉〈b|hh f |a〉, (3.16)

3Normalization we could in principle worry about later.
4i and j are here referring to the particle index of the particle(s) the operator is acting on.
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thus only occupied orbitals are generated by the Hartree–Fock operator.
One can then5 find a base where hh f is diagonal and write the general

Hartree–Fock equation as
hHF |a〉= εa|a〉, (3.17)

where εa is the orbital energy of orbital |a〉.
In the programs we apply the Hartree–Fock equation by adding the term

uHF
ji = 〈B j|uHF |Bi〉= ∑

a∈Φ0

[
〈B ja|

1
r12
|Bia〉−〈B ja|

1
r12
|aBi〉

]
(3.18)

to H ji in equation (2.8). We then solve the generalized eigenvalue problem
(2.8) with standard numerical routines and obtain the orbital energies and
coefficients ci that are inserted into (2.7) to obtain the new wave functions.
These new and improved wave functions are put into (3.18). In this way we
solve equation (2.8) iteratively, yielding better and better energies and wave
functions in each step. This procedure is repeated until self–consistency6 is
reached.

Sometimes the above described method is called Unrestricted Hartree–
Fock. Unrestricted is here referring to that states with the same radial and an-
gular quantum numbers but with different spin directions are allowed to have
different wave functions. If this is not allowed, one instead performs so called
Restricted Hartree–Fock. Still, in our method, we have a restriction imposed
on the wave functions, the one of circular symmetry. Sometimes the label Un-
restricted Hartree–Fock is reserved for methods that have taken away even
this restriction and our type of method is then called Spin-Polarized Hartree–
Fock or Space Restricted and Spin Unrestricted Hartree–Fock. Throughout
this thesis the method explained in this section will however be called purely
Hartree–Fock.

In this thesis Hartree-Fock has mainly been used as a starting point for our
second order many-body perturbation theory calculations in paper I. Also a
short discussion on the possibility to use it as a starting point for coupled
cluster singles and doubles calculations is included in paper V.

3.2 Local Density Approximation
In 1950 Slater introduced a simplification of the Hartree–Fock method called
the Local Density Approximation (LDA) [47]. The idea behind LDA is to
approximate the non–local Hartree–Fock exchange term by a localized and
averaged exchange hole which is the same for all electrons. The exchange
term here becomes a simple function of the electron density. The explicit form

5hh f can be shown to be Hermitian and invariant under unitary transformations [37].
6That is, we set a limit to how much each individual orbital energy is allowed to change between
subsequent iterations.
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Figure 3.1: The different parts of the total potential in a LDA–calculation for N = 20.
Material parameters for GaAs were used together with h̄ω = 4 meV.

in the three-dimensional case is obtained from comparison with the electron
gas [47]. As a consequence, this method will work best for relatively large
particle numbers. Following Macucci et al. [11], the Local Density exchange
term in two dimensions can be written as

uLDA
ex = 4a∗B

√
2ρ(r)

π
, (3.19)

where a∗B = (εrme/m∗)aB ≈ 9.794 nm is the effective Bohr radius and ρ(r) =
∑

N
i=1 |ψi(r)|2 is the local electron density. This fits nicely into the above ex-

plained numerical scheme by the simple substitution of uHF
ji with

uLDA
ji = ∑

a∈Φ0

〈B ja|
1

r12
|Bia〉−〈B j|4a∗B

√
2ρ(r)

π
|Bi〉. (3.20)

The above equation also defines the LDA–potential, uLDA, analogous to the
Hartree–Fock potential. Figure 3.1 depicts the different parts of the total po-
tential in a LDA–calculation for N = 20. Here the concept of one common
exchange hole for all electrons becomes apparent. Note that the exchange po-
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tential in the Hartree–Fock case can not be plotted in this way since it is non–
local and also different for different occupied orbitals. In contrast to the above
Hartree-Fock scheme, this Local Density Approximation is spin-independent
and therefore it works best for closed spin shells.

In this thesis LDA is only used as an alternative starting point for our second
order Many–Body Perturbation Theory (see section 4.2) calculations and for
our coupled cluster singles and doubles calculations on the closed spin–shell
of the ground state in the two electron system, see papers I and V respectively.

Moreover, it is not apparent that LDA would work to any satisfactory de-
gree. However, the Hohenberg and Kohn theorem [48] states that for the non-
relativistic interacting electron gas in any external potential, the ground state
energy can be expressed with the help of a functional of the electron den-
sity. Unfortunately, the theorem says nothing about how this functional can
be found. It can therefore also be hard to state something about the error one
makes when using the method and even if one is able to get very good ener-
gies it is not guaranteed that the wave functions are correct. Still, this theorem
lead to the development of the extensively used Density Functional Theory
(DFT). In quantum chemistry, solid state and condensed matter physics it is
the preferred framework of many theorists. Walter Kohn was awarded the No-
bel prize in chemistry in 1998 “for his development of the density-functional
theory”.

It should be stated that the LDA is the simplest possible version of DFT.
The first improvement to the approximation is the LSDA (Local Spin Density
approximation) where one introduces two densities, one with spin up and one
with spin down, hence reintroducing the spin dependency of the exchange
term. The LSDA approximation and more complex DFT–schemes based on
the work of Kohn and Sham [49] have been used in many theoretical works
on quantum dots, see e.g. [12, 16–18, 20].
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4. Many–Body models

The goal of a Many–Body model is to find eigenfunctions and eigenenergies
to the total Hamiltonian

H =
N

∑
i=1

(
p2

i

2m∗
+V (ri)

)
+

N

∑
i< j

e2

4πεε0|ri− r j|
. (4.1)

Conceptually, we build on the mean-field models where the total wave func-
tion is described by a single Slater determinant. If we have a complete set of
single particle wave functions and we construct the N–particle starting guess
Slater determinant Φ0 out of these we can then write the total wave function
as

Φ = c0Φ0 +∑
ar

cr
aΦ

r
a + ∑

abrs
crs

abΦ
rs
ab + ∑

abcrst
crst

abcΦ
rst
abc + . . . , (4.2)

where the c–s are expansion coefficients and Φr
a denotes a single excitation

from the starting Slater determinant achieved by switching the in Φ0 occupied
state |a〉 for the in Φ0 unoccupied state |r〉. In the same manner we have the
double excitations Φrs

ab, the triple excitations Φrst
abc etc. The problem is now

reduced to finding the coefficients in (4.2).

4.1 Configuration Interaction
Configuration Interaction (CI) is the most straightforward and brute force
method of numerical Many–Body quantum mechanics. To obtain the expan-
sion coefficients in (4.2) we start by enumerating the determinants on the right
hand side of the same equation with 0,1,2, . . . so that we can rewrite equation
(4.2) as

Φ = ∑
i

ciΦi. (4.3)

We then project the Schrödinger equation, using the full Hamiltonian (4.1),
onto this basis to obtain the Schrödinger equation as the eigenvalue problem

HC = EC, (4.4)
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where C is a coefficient vector and

H =


〈Φ0|H|Φ0〉 〈Φ0|H|Φ1〉 〈Φ0|H|Φ2〉 . . .

〈Φ1|H|Φ0〉 〈Φ1|H|Φ1〉 〈Φ1|H|Φ2〉 . . .

〈Φ2|H|Φ0〉 〈Φ2|H|Φ1〉 〈Φ2|H|Φ2〉 . . .
...

...
...

. . .

 . (4.5)

One can then obtain the coefficients for expansion (4.3) and the corresponding
eigenenergy by diagonalization of (4.5) using standard numerical routines.

Of course, if one uses an infinite single particle basis set the number of
possible Slater determinants is infinite and the matrix size becomes infinite.
In practice one must therefore truncate the basis set in some way. The usability
of CI is limited by the matrix size which grows very rapidly with both the size
of the basis and the particle number. Therefore really good results are only
achieved for very few particles, see e.g. Ref [36] for a thorough investigation
of the convergence of CI applied to the current problem.

In this work the use of (our own) CI–calculations is limited to the two par-
ticle system. The code was developed mainly to examine the accuracy of our
Many–Body Perturbation Theory calculations in paper I. We also used it for
benchmarking in articles II and V and for generating spectra in articles III and
IV.

In our implementation we diagonalize the matrix that consists of all the
elements in the form

H ji = 〈mn| j ĥ1
s + ĥ2

s +
1

r12
|op〉i (4.6)

for given values of ML = ∑m` and MS = ∑ms of our electron pairs {|mn〉i}.
Here |m〉, |n〉, |o〉 and |p〉 all are (occupied or unoccupied) one–electron or-
bitals. Following the selection rules produced by Eq. (3.5) we get the con-
ditions mo

` + mp
` = mm

` + mn
` , mm

s = mo
s and mn

s = mp
s . Since we are using B–

splines for the radial basis the number of basis functions is here finite. Still, in
our scheme the angular basis set is infinite and must therefore be truncated.

4.2 Many–Body Perturbation Theory
The idea of Many–Body Perturbation Theory (MBPT) is to begin with a rea-
sonably good starting Slater determinant and then, by an order by order or by
an iterative scheme, introduce corrections to this Slater determinant (e.g. con-
tributions from other Slater determinants) to finally arrive at the self-consistent
true Many–Body wave function. If we achieve this we say that we have per-
formed the perturbation expansion to all orders. This theory is far too ex-
tensive to be explained in full here; only a brief glance will be given. For a
detailed description see e.g. the book by Lindgren and Morrison [37].
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As customary in perturbation theory one starts with dividing the full Hamil-
tonian H into a starting guess H0 and a perturbation V with

H = H0 +V. (4.7)

Here,

H0 =
N

∑
i=1

h(i), (4.8)

where h is some effective one-particle Hamiltonian. Then the perturbation is
taken to be the difference between the true electron–electron interaction and
the chosen one-particle potential

V = ∑
i< j≤N

1
ri j
−∑

i≤N
u(i). (4.9)

Here u(i) can be the Hartree–Fock potential uHF , the Local Density potential
uLDA or some other effective one-particle potential. It is also possible to set u =
0, that is to treat the whole electron-electron interaction as the perturbation.
The latter is the main choice in paper V while in paper I we mostly start from
Hartree-Fock.

4.2.1 The Bloch equation
In deriving the Bloch equation we start with assuming that one of the eigen-
states to H0 is a reasonable approximation of the searched for exact state |Φ〉.
We call this approximate state the model function and denote it by |Φ0〉. In
principle the so called model space can be spanned by more than one model
function, solving problems such as degeneracy, but this is not implemented
in this thesis. The following derivation follows closely the derivation of the
generalized Bloch equation in Lindgren and Morrison [37]. The phrase gener-
alized here refers to allowing for more than one state in the model space.

Now we introduce the projection operator P≡ |Φ0〉〈Φ0| and let it act on the
exact state |Φ〉, that is the wave function belonging to the full Hamiltonian H,
accordingly

|Φ0〉〈Φ0|Φ〉= P|Φ〉. (4.10)

Then we introduce the convention that |Φ0〉 is normalized to unity and assume
that

〈Φ0|Φ〉= 1 . (4.11)

This procedure is referred to as intermediate normalization and implies that
the exact wave function is not normalized in general. We now get

|Φ0〉= P|Φ〉. (4.12)
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In the same spirit we introduce the projection operator Q for the complemen-
tary part of the functional space

Q≡ ∑
β 6=Φ0

|β 〉〈β |. (4.13)

Thus, when acting with P on any wave function, it projects out all parts that
lie in the model space and when acting with Q on the same wave function it
projects out all parts that do not lie in our model space P.

From the completeness relation we then get that P+Q = 1. The exact solu-
tion to H can now be written as

|Φ〉= (P+Q)|Φ〉= |Φ0〉+Q|Φ〉. (4.14)

That is, the full wave function can be obtained by adding the correction Q|Φ〉
to the model function |Φ0〉. We then define the wave operator Ω which when
acting on the model function will give the exact state

|Φ〉 ≡Ω|Φ0〉. (4.15)

It is also customary to define the correlation operator χ with Ω = 1+χ which
has the property that when acting on the model function it projects out the part
of the full wave function that does not belong to the model function

χ|Φ0〉= (Ω−1)|Φ0〉= |Φ〉−P|Φ〉= Q|Φ〉. (4.16)

The problem of finding the true wave function is now transformed into finding
Ω (or equivalently finding χ). Writing the Schrödinger equation in the form

(E−H0)|Φ〉= V |Φ〉, (4.17)

and then operating with P and using the fact that [P,H0] = 0 we obtain

(E−H0)|Φ0〉= PV |Φ〉. (4.18)

Then we act with the wave operator Ω and use the definition (4.15)

E|Φ〉−ΩH0|Φ0〉= ΩPV Ω|Φ0〉. (4.19)

E is here the energy of the exact wave function and not known beforehand.
Therefore we subtract equation (4.17) from equation (4.19) and after some
manipulations we arrive at

(ΩH0−H0Ω)|Φ0〉= V Ω|Φ0〉−ΩPV Ω|Φ0〉 (4.20)

which in operator form can be written as

[Ω,H0]P = V ΩP−ΩPV ΩP. (4.21)
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This is the famous Bloch equation originally derived by Bloch in 1958 [50]
and in its generalized form by Lindgren in 1974 [51]. The Bloch equation
is equivalent to the Schrödinger equation for the states considered. However,
written in this way one can use it both to generate an order by order expansion
and an iterative form for the solution, as we will see in sections 4.2.3 and 4.2.5
respectively.

Using P+Q = 1 and the definition of χ one can rewrite the Bloch equation
as

[Ω,H0]P = QV ΩP−χPV ΩP , (4.22)

which is the form we will use in the following.

4.2.2 The effective Hamiltonian
Now we have an equation for the generation of the wave operator Ω (even
though it might not yet be clear how this will be done) but we also need a way
to obtain the exact energy E. We therefore define the effective Hamiltonian

Heff ≡ PHΩP = PH0P+PV ΩP (4.23)

which has the peculiar combination of properties to be defined on the model
space, have the model function as its eigenvector but the exact energy as its
eigenvalue

Heff|Φ0〉= E|Φ0〉. (4.24)

The expectation value of the effective Hamiltonian, equation (4.23) yields
the total energy

E = 〈Φ0|Heff|Φ0〉= 〈Φ0|H0|Φ0〉︸ ︷︷ ︸
E(0)

+〈Φ0|V |Φ0〉︸ ︷︷ ︸
δE(1)

+〈Φ0|V χ|Φ0〉, (4.25)

where E(0) is the zeroth order energy, δE(1) the first order energy correction
and 〈Φ0|V χ|Φ0〉 can be used to find the higher order corrections.

4.2.3 Order by order expansion
We now divide the wave operator accordingly

Ω = 1+Ω
(1) +Ω

(2) + . . . , (4.26)

where the zeroth order wave operator is the identity operator, Ω(1) is the first
order wave operator and so on. Recalling that χ = Ω−1 we also get

χ = Ω
(1) +Ω

(2) + . . . . (4.27)
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Inserting expansion (4.26) into the Bloch equation (4.22) and identifying
terms interacting with V the same number of times we find[

Ω
(1),H0

]
P = QV P[

Ω
(2),H0

]
P = QV Ω

(1)P−Ω
(1)PV P[

Ω
(3),H0

]
P = . . . (4.28)
...

This expansion can be generalized to all orders, see e.g. [37] page 206.
Operating with Q = ∑β 6=Φ0 |β 〉〈β | from the left on the left hand side of the

first row of (4.28) gives

∑
β 6=Φ0

|β 〉〈β |Ω(1)H0−H0Ω
(1)|Φ0〉= (E0−Eβ ) ∑

β 6=Φ0

|β 〉〈β |Ω(1)|Φ0〉, (4.29)

recalling that |β 〉 also are eigenvectors to the Hermitian H0 with eigenvalues
Eβ . Together with the first row of (4.28) we obtain the expression for the first
order correction to the wave function

δΦ
(1)
0 = ∑

β 6=Φ0

|β 〉〈β |Ω(1)|Φ0〉= ∑
β 6=Φ0

|β 〉〈β |V |Φ0〉
(E0−Eβ )

. (4.30)

We can now outline the procedure for obtaining the higher order corrections
of the energy. First generate the waveoperator up to the required order through
expansion (4.28). Then plug the expansion (4.27) into the last term of equation
(4.25) to obtain the corresponding energy correction.

4.2.4 Explicit expressions for the zeroth, first and second order
in the energy
We are now ready to write down explicit expressions for the relatively simple
zeroth, first and second order corrections to the energy. It should be stated that
for many situations second order MBPT includes most physically important
effects as shown e.g. in paper I.

Following equation (4.25), the zeroth order energy is merely the expectation
value of our unperturbed Hamiltonian

E(0) = 〈Φ0|H0|Φ0〉= ∑
i∈Φ0

ε
′
i + 〈Φ0|∑

i≤N
u(i)|Φ0〉= ∑

i∈Φ0

εi, (4.31)

where ε ′i are the non-interacting energies (given by equation (2.6) ) and εi are
the orbital energies of our mean field model. Note that in this expression the
electron–electron interaction is double counted (|a〉 interacts with |b〉 plus |b〉
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interacts with |a〉 ) because1

〈Φ0|∑
i≤N

uHF(i)|Φ0〉= ∑
a∈Φ0

〈a|uHF |a〉= ∑
a,b∈Φ0

[
〈ab| 1

r12
|ab〉−〈ba| 1

r12
|ab〉

]
.

(4.32)
Putting the expression for the perturbation (4.9) into the expression for the

first order correction (see equation (4.25)) and adding (4.31), we get

E1 =

E0︷ ︸︸ ︷
∑

i∈Φ0

ε
′
i + 〈Φ0|∑

i≤N
u(i)|Φ0〉+

δE(1)︷ ︸︸ ︷
〈Φ0| ∑

i< j≤N

1
ri j
|Φ0〉−〈Φ0|∑

i≤N
u(i)|Φ0〉

= ∑
i∈Φ0

ε
′
i + 〈Φ0| ∑

i< j≤N

1
ri j
|Φ0〉= ∑

i∈Φ0

ε
′
i + ∑

a<b∈Φ0

[
〈ab| 1

r12
|ab〉−〈ba| 1

r12
|ab〉

]
= ∑

i∈Φ0

εi− ∑
a<b∈Φ0

[
〈ab| 1

r12
|ab〉−〈ba| 1

r12
|ab〉

]
.

Hence E1 does not include the double counting of the electron–electron inter-
action we had in E(0).

With equations (4.25) and (4.27) we get the second order correction to the
energy

δE(2) = 〈Φ0|V Q(1)|Φ0〉= ∑
β 6=Φ0

〈Φ0|V |β 〉〈β |V |Φ0〉
E0−Eβ

, (4.33)

where we in the last step used equation (4.30).
Dividing |β 〉 into single excitations Φr

a and double excitations Φrs
ab from our

model function Φ0 we arrive at

δE(2) = ∑
a∈Φ0
r/∈Φ0

〈Φ|V |Φr
a〉〈Φr

a|V |Φ〉
εa− εr

+ ∑
a<b∈Φ0
r,s/∈Φ0

r 6=s

〈Φ|∑i< j≤N
1
ri j
|Φrs

ab〉〈Φrs
ab|∑i< j≤N

1
ri j
|Φ〉

εa + εb− εr− εs
,

(4.34)

where we in the second term have used that2 〈Φrs
ab|∑i≤N u(i)|Φ〉= 0.

Using equation (4.9) for the perturbation V one after some work arrive at
the expression

δE(2)
N = ∑

a∈Φ0

∑
r/∈Φ0

|〈r|uex|a〉−∑b∈Φ0〈rb| 1
r12
|ba〉|2

εa− εr
+

∑
a<b∈Φ0

∑
r,s/∈Φ0

r 6=s

|〈rs| 1
r12
|ab〉|2−〈ba| 1

r12
|rs〉〈rs| 1

r12
|ab〉

εa + εb− εr− εs
(4.35)

1For arguments sake we set here u = uHF , the same double counting would however occur with
the LDA–potential.
2No one–particle operator u(i) can by itself create a double excitation Φrs

ab directly from Φ0.
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where uex is the chosen exchange operator. Recalling

〈r|uHF
ex |a〉 = ∑

b∈Φ0

〈rb| 1
r12
|ba〉, (4.36)

〈r|uLDA
ex |a〉 = 〈r|4a∗B

√
2ρ(r)

π
|a〉, (4.37)

it becomes clear that all single excitations cancel when using the Hartree–Fock
potential as the previously mentioned Brillouins theorem stated.

4.2.5 The Bloch equation in iterative form and the linked
diagram theorem
As indicated in the previous sections, in the order by order expansion the
derivation of explicitly calculable expressions3 very fast becomes a cumber-
some path. Alternatively one can write the Bloch equation (4.22) as a recur-
sion formula

[Ω(i+1),H0]P = QV Ω
(i)P−χ

(i)PV Ω
(i)P, (4.38)

which with the initial conditions Ω(0) = 1 and χ(0) = 0 can be applied un-
til a self-consistent solution is found. Then we say that we have performed
perturbation theory to all orders. It should be stated that this expansion is
different from the order-by-order expansion and will therefore have different
convergence properties. The final solution in case of self-consistency will of
course be the same though. The equation above can be shown to satisfy the
linked diagram theorem [37]. The theorem states that the so called unlinked
diagrams [37] cancel each other, order by order in expansion (4.28)4, if we in-
clude all exclusion principle violating diagrams in the expansion. An example
of the linked diagram theorem in action is given in appendix D.1. If our model
space consists of only one Slater determinant as assumed in the above we can
then, due to the cancellations, write equation (4.38) as

[Ω(i+1),H0]P = (QV Ω
(i)P)linked , (4.39)

where the subscript indicates that only linked diagrams are included in the
expansion.

4.2.6 On the truncation of N-particle excitations and size
extensivity
When one now wants to use the Bloch equation to obtain the energy and wave
function of our N-particle system one has to consider if it is feasible to include

3That is expression that straightforwardly can be put into a computer code.
4By identifying terms interacting with V the same number of times in equation (4.38) we will
get the order by order expansion, equation (4.28).
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all one, two, . . ., N-body excitations in expansion (4.2). At some point both the
derivation of calculable expressions and the load to compute those expressions
will become insurmountable.

The most direct way of performing this truncation is to cut the expansion
after, say triple excitations. We then define the n-th order correlation operator
including all effects up to triple excitations as

χ
(n) = Ω

(n)
1 +Ω

(n)
2 +Ω

(n)
3 . (4.40)

If one uses the above directly in the iterative form of the Bloch equation (4.38),
it would lead to the same result as CI including all Slater determinants ob-
tained by single, double and triple excitations from Φ0. This is of course exact
up to N = 3 but if we use this truncation for more than three confined parti-
cles it will lead to complications such as loss of size extensivity. In short this
means that the calculated energy will not scale correctly with the number of
confined particles [52]. This is due to that the energy contributions of the so
called unlinked diagrams, see appendix D.1, do not scale linearly with the size
of the system [37]. A method that is not size extensive, as for example a trun-
cated5 CI-method, is unsuitable to use for the calculation of e.g. the addition
energy ∆ = E(N + 1)− 2E(N)+ E(N− 1) since the error in the energy then
will be strongly dependent on the particle number. The addition energy is of
uttermost importance in quantum dot physics since it is in this quantity the
shell structure is usually demonstrated [6].

The linked form of the Bloch equation (4.39) is however size extensive
in the energy due to that all unlinked diagrams cancel but still we have a
similar problem with the separation of the wave function, see section 15.1.2
in Ref. [37]. However there exists a framework for performing the truncation
such that also this problem is taken care of.

4.2.7 The coupled cluster method
The coupled cluster method was first introduced in nuclear physics in the
1960’s by Coester and Kümmel [38] and has been widely used in atomic,
molecular and nuclear physics as well as in quantum chemistry, see e.g. the
review by Bartlett and Musial [39]. The method is in principle exact and the
truncation of N-particle excitations is performed in such a way that it is still
size extensive both for the energy and the wave function [37]. For details con-
cerning our implementations of the Coupled Cluster method see appendix D.
Here a more general introduction will be given.

First we define the cluster operator

S = S1 +S2 +S3 + . . .+SN , (4.41)

5The term truncated does of course not here refer to the truncation of the one particle basis
also necessary in what is called Full Configuration Interaction but rather to the truncation in the
number of allowed excitations from Φ0.
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where each term represents the connected part of the wave operator for N
excitations

SN = (ΩN)connected . (4.42)

Here the term connected denotes that the wave operator cannot be divided
into parts where the particles interact independently in smaller clusters. For
example, if we have two single excitations and want to form a double excita-
tion from them, then they always need to be connected by an interaction, e.g.
1/r12, or by an orbital line as demonstrated in appendix D.2.

If we now write the wave operator, Ω, in exponential form6:

Ω = {exp(S)}= 1+S1 +S2 +
1
2!
{S1}2 +{S1S2}+

1
3!
{S3

1}

+
1
2!
{S2

2}+
1
2!
{S2

1S2}+
1
4!
{S4

1}+ . . . , (4.43)

the S operator can be shown [53] to satisfy a Bloch type cluster equation

[S,H0]P = (QV ΩP−χPV ΩP)connected . (4.44)

The above is the general expression valid for an extended model space7

needed for e.g. treatment of an open-shell atom or an general excited state
in a two dimensional quantum dot. As before, if we only have one Slater
determinant in the model space the χPV ΩP-term is absent in the above
expression due to cancellations of the unlinked diagrams.

Coupled Cluster Singles and Doubles
One can now identify the single, double, triple excitations of the wave operator
as

Ω1 = S1

Ω2 = S2 +
1
2!
{

S2
1
}

Ω3 = S3 + {S1S2}+
1
3!
{

S3
1
}

Ω4 = S4 +{S1S3}+
1
2!
{

S2
2
}

+
1
2!
{

S2
1S2
}

+
1
4!
{

S4
1
}

Ω5 = . . . (4.45)
...

In equations (4.45) above the intricate truncation of the coupled cluster
method is shown. The part of the expressions that are inside the boxes belong

6The curly brackets here denote normal ordering of the operators [37] which is equivalent to
proper anti-symmetrization.
7An extended model space is a model space containing more than one Slater determinant
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to the so called Coupled Cluster Singles and Doubles method (CCSD).
The performance of this method on circular quantum dots is the interest
of paper V. It is clear that this method also contains classes of triple and
quadruple excitations, i.e. those made up from combinations of S1 and S2
operators. These are the so called intermediate triples and quadruples. The
term intermediate here tells us that we close a diagram that at some stage is a
triple our quadruple excitation back to either a single or a double excitation
in the last interaction with V in the cluster equation (4.44). In this way we
include what is probably the most important triple and quadruple excitations
in a scheme that is much less computationally demanding than performing
full triple and quadruple excitations.

We can now write down the cluster equations on iterative form for the am-
plitude of a single excitation from |Φ0〉 to |Φr

a〉

〈Φr
a|S1|Φ0〉i+1 =

1
εa− εr

〈Φr
a|V1 +V S1 +V S2 +

1
2!

V{S2
1}+V2{S1S2}+

1
3!

V2{S3
1}|Φ0〉i (4.46)

and the amplitude of the double excitation from |Φ0〉 to |Φrs
ab〉

〈Φrs
ab|S2|Φ0〉i+1 =

1
εa + εb− εr− εs

〈Φrs
ab|V2 +V2S1 +V S2

+
1
2!

V2{S2
1}+V{S1S2}+

1
3!

V2{S3
1}+

1
2!

V2{S2
2}+

1
2!

V2{S2
1S2}+

1
4!

V2{S4
1}|Φ0〉i

(4.47)

respectively assuming as before a model space containing only one Slater de-
terminant. The expressions for an extended model space are closely related
and described e.g. in Ref. [54]. In the equations above we have used the nota-
tion that the perturbation

V = V1 +V2 (4.48)

were V1 is the part of the perturbation that can be written as a one-particle
operator and V2 is the part of the perturbation that can be written as a two
particle operator.

For the applications in this dissertation we have for example for the one-
particle perturbation that excite state |a〉 to |r〉

〈Φr
a|V1|Φ0〉= ∑

b∈Φ0

〈{rb}| 1
r12
|{ab}〉−〈r|u|a〉 (4.49)

where u for example can be the Hartree-Fock potential, equation (3.15), in
which case 〈r|V1|a〉= 0, or the LDA-potential. Similarly we have here for the
two-particle perturbation

〈Φrs
ab|V2|Φ0〉= 〈{rs}| 1

r12
|{ab}〉. (4.50)
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The derivation of explicit expressions for the different terms in equations
(4.46) and (4.47) are far to lengthy to all be included in this thesis. Instead
we outline how this can be done in appendix D and then we list the different
contributions in appendix D.3.



Part III:
The structure of the Coupled Cluster program

For the Coupled Cluster Singles and Doubles calculations I wrote the com-
puter code from scratch. This was a big task that took up a large fraction of the
time during my PhD and therefore it is suitable to comment on the structure
of the CCSD-code in this separate part of the thesis.
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5. The program in short

Figure 5.1 shows a simplified flowchart of the Coupled Cluster Singles and
Doubles program. The program starts with reading information about which
system to run. The coupled cluster program is entirely concerned with the
treatment of the electron-electron interaction. All the decisions about the nu-
merical basis and one-particle physics that do not couple the different one-
particle wave functions 1 (for example an external magnetic field in the ẑ-
direction) are therefore already made when calculating the one-particle basis,
and all of this information is read into the coupled-cluster program. Note that
in this way we have the freedom to directly perform calculations for any cir-
cularly symmetric potential even though the two-dimensional harmonic oscil-
lator potential is the only one we have explored with this program so far.

When all the reading is done, the program starts the procedure for calcula-
tion of all the needed 〈{i j}|1/r12|{kl}〉-matrix elements2. The idea is to pre-
calculate all matrix elements so that we do not have to perform this relatively
time-consuming part in each iteration of the all order procedure.

The precalculations start by the production of lists of all occupied and
unoccupied states and pairs. Then the program performs the integration
in the B-spline basis such that the B-spline matrices with all the elements
〈BiB j|1/r12|BkBl〉 are created. These double integrals are calculated with
Gaussian quadrature with the inverse radial distance expanded as described
by equation (3.3) and therefore one matrix for each m-value in the expansion
is created. When r1 and r2 lie in the same knot point interval, the argument χ

of the Qm−1/2-function in equation (3.3) is close to 1, and the corresponding
Qm−1/2-function goes to +∞. Therefore, this situation (when r1 and r2 lie in
the same knot point interval ) is treated with extra care by using typically ten
times more densely distributed Gaussian points for the integration of such
intervals.

The B-spline matrices are highly sparse since a B-spline is non-zero only
on k knot point intervals, where k is the order of the B-spline, see appendix B.
To save computation time and memory, only the non-zero elements are saved.
The 〈{i j}|1/r12|{kl}〉-matrix elements are then found by subsequent matrix-
vector (yielding a vector) and vector-vector (yielding a number) multiplica-
tions of the B-spline matrix and the coefficient vectors of the basis set. The

1Here we differ between “one-particle” and "non-interacting” wave functions. The previous can
for example be Hartree-Fock or Local Density wave functions while the latter denotes that no
electron-electron interaction is included in the basis.
2Here the curly parenthesis denote anti-symmetrization.
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Figure 5.1: A simplified flowchart of the coupled cluster singles and doubles program.
Here α ∈ [0,1] is a so called deceleration factor used to improve the convergence
properties.
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〈{i j}|1/r12|{kl}〉-values are then sorted in classes according to the total ML

and MS quantum number of the element. Also all needed 〈i|u| j〉 values, where
u is the effective one-particle potential of the basis set, are precalculated. All
these matrix elements are kept in the RAM during run-time typically occupy-
ing a few GB of memory.

When all the precalculations are done the iterative procedure of equations
(4.46) and (4.47) is started. This is, at least for larger runs, the most time-
demanding part of the program. Here the different diagrams in appendix D.3
are summed up to the 〈r|S1|a〉 and 〈{rs}|S2|{ab}〉-amplitudes of equations
(4.46) and (4.47) respectively. At each all order iteration the corresponding
energy correction is calculated by equation (4.25). If self-consistency is not
reached, the S1 and S2 clusters are updated accordingly

αSi
1 +(1−α)Si−1

1 → Si
1 (5.1)

αSi
2 +(1−α)Si−1

2 → Si
2, (5.2)

where i is the iteration number and α ∈ [0,1] is a deceleration factor. The
deceleration factor allows us to mix in the corrections in smaller portions in
order to speed-up convergence or even to make non-convergent series con-
verge. This constant α is typically chosen between 0.4 and 0.8. One has to be
careful not to chose a too small α since this could lead to convergence towards
the wrong state.

When self-consistency finally is reached the program checks if the present
basis cut is the last in a list of basis cuts, all of which are subsets to the basis
size defined for the precalculated matrix elements. If it is, the program stops
and if it is not, the procedure is repeated for the next basis cut. This kind of
step-wise increase of the basis size saves a lot of run-time when checking for
convergence of the basis size. The first reason for this is that the number of
needed iterations before finding self-consistent energies for each basis size
will be less than if we did the same calculation always starting from the first
order in the perturbation expansion. The second reason is that we do not need
to recalculate the 〈{i j}|1/r12|{kl}〉-matrix elements for each basis size. This
is done once and then, of course, for a basis ≥ the largest basis size in the list.

5.1 Problems and Future improvements
When writing a new code, the first concern is to get the code to perform what
you want in a correct way. When this is achieved, the second concern is to get
it to do the same thing but sufficiently fast. Following this principle, the part of
the program that calculates the cluster operator amplitudes, equations (4.46)
and (4.47), could still be optimized further with respect to run-time and this
is still a work in progress. For example, the subroutines for the calculation of
the individual diagrams in appendix D.3 contain lots of time demanding IF-
statements and probably not all of the nested loops are written in the optimal
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way. Some ad hoc optimization efforts have been made, for example by the
construction of help vectors for keeping track of which index of the S1 or S2
excitations to use on the right hand side of equations (4.46) and (4.47) at what
stage, in this way avoiding going into all of the time consuming IF-statements
and loops. This optimization brings the run-time down approximately by a
factor of ten. However, the help vectors get large rapidly, easily building up
to tens of GB. Yet to be implemented is to write these help vectors to file and
reading them in and out when needed, if exceeding the memory capacity of
the computer. At the present stage, we simply switch off the use of the help
vectors when approaching the memory capacity of the computer, in this way
prolonging the run-time roughly by a factor of ten for the involved excita-
tions. The next step in optimizing the code is to further explore the possibility
of matching different classes of diagrams together, in this way reducing the
number of needed operations for the computer to perform. This is for example
done in a thorough way in Ref. [54], which can be appreciated by compar-
ing fig. 5 and fig. 6 therein. Also, all of the runs have been made on standard
desktop hardware without the use of parallelization. With the help of paral-
lel supercomputers, fully saturated basis sets for large N would certainly be in
reach. Having these shortcomings in mind, the strengths of the CCSD-method,
as already demonstrated in Paper V, become even more impressive. For more
than five particles we, already in the present not-so-optimized version of the
program, can run with basis sizes not even thinkable for the Full Configuration
Interaction method.



Part IV:
About the included papers and the author’s
contributions

In this part the main aspects of the accompanying papers will be discussed
and my contribution to them will be specified. In all of the papers I collabo-
rated very closely with my supervisor Prof. Eva Lindroth. Without her input,
support and physical insight these papers would never have been published.
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6. Summary of the included Papers

6.1 The importance of second order correlation -
Paper I
The main aim of this study was to examine to what extent second order Many-
Body Perturbation Theory could be useful in calculations on two dimensional
quantum dots, possibly exposed to an external magnetic field perpendicular to
the dot.

My contributions to this paper are extensive. I first modified an already ex-
isting computer code for the production of B-spline generated non-interacting
basis so that it applied to the circular symmetric problem as described in
section 2. From this code I developed a program for the production of Un-
restricted Hartree-Fock and Local Density Approximation basis sets as de-
scribed in sections 3.1 and 3.2 respectively. After that I wrote another com-
puter code, that uses these basis sets as inputs, for the calculation of second
order Many-Body Perturbation Theory on top of the three different starting
points as described in section 4.2.4. I also wrote the two-electron Configura-
tion Interaction program, as described in section 4.1, for testing the perfor-
mance of the second order MBPT. Moreover, I performed all of the simula-
tions, made all of the figures and contributed extensively to the analysis of the
obtained data and to the writing of the paper.

In this paper we show that indeed second order Many-Body Perturbation
Theory can be a useful tool for the description of many-body effects in two-
dimensional quantum dots. For example, when starting from Hartree-Fock,
for confinements stronger than h̄ω = 5 meV (using the bulk values of GaAs as
material parameters) and for the two and six electron ground state energies, the
second order correction was shown to be the dominate one, see for example
figures 2a) and 4 in paper I.

It should be mentioned that in this paper we encountered the hurdle of
spin contaminated basis sets. This can occur if the approximated Hamilto-
nian1 does not commute with the S2-operator as the full Hamiltonian does.
The details concerning spin contamination are quite technical and therefore
not suitable in this summary. Instead they are discussed in detail in appendix
C. In short, spin contamination leads to overestimation of the energies, thus
introducing another source of error. Nevertheless, we were able to calculate
the expectation values of S2 to determine the energies for which this prob-

1For example the Hartree-Fock Hamiltonian (3.14).
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lem occurred. Also, it was shown that second order correlation decreased spin
contamination. A fully converged all order calculation including all N-body
effects is of course expected to restore the true spin state.

Another manifestation of the importance of correlation is shown in figure
5 in the paper, where the chemical potentials are plotted as functions of the
magnetic field. These were calculated both for the Hartree-Fock method and
second-order MBPT on top of Hartree-Fock. Here the correlated results bare
much more resemblance to the experimental picture obtained in figure 2 of
Tarucha et al. [6] than the HF-results did. For example, the N = 4 and N =
5 state switches occur for approximately the same magnetic field strengths
in the correlated and in the experimental results, while in the HF-results a
completely different picture is observed. Also in figure 6 the importance of
second order correlation is strongly indicated, since it improves the agreement
of addition energy spectra with the experimental data of Ref. [6].

At this point it should be stated that these direct comparisons with experi-
ments are somewhat speculative since so many uncertainties are present. For
example, in the experiments the confinement strength gets weaker with in-
creasing particle number since the side gate voltage is altered in order to allow
for more bound states inside the dot. One way to handle this was suggested
by Koskinen et al. [18] where the electron density inside the dot was kept
constant by introducing a N-dependent oscillator parameter

ω
2 =

e2

4πε0εrm∗r3
s
√

N
, (6.1)

where rs is an electron-density parameter. However, in our calculations the
confinement strength h̄ω is kept constant throughout. This since we already
know that our two-dimensional harmonic oscillator does not describe the
whole physical situation in the experiments. The aim of this dissertation is
rather to see how well the electron-electron interaction can be described by a
perturbative treatment in regions where the ratio between the strength of the
electron-electron interaction and the strength of the confinement lies close
to what is achieved in experiments. If we then keep the potential constant
throughout, we can more clearly differ between the introduced errors.

In the final sections of the paper the filling sequence of the third shell
(N = 7− 12) is discussed. Here we obtained the same ground state filling
sequence with the HF calculation as in the 3D DFT calculations by Matagne
et al. [15] with the ground state always having the maximized spin in accor-
dance to Hund’s first rule. Surprisingly, the ground state shell filling sequence
changed when second order correlation was included. Therefore the question
was raised whether Hund’s first rule really applies throughout the third shell.
In table II we therefore took a closer look at the particle numbers N = 8,10,11
for which, according to our second order correlated results, the ground states
violate Hund’s first rule. We then observed that all the excited states (accord-
ing to the correlated results) were more significantly spin contaminated than
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the ground states. Hence the obtained ground state switches were most likely
an artifact of a worse starting point yielding slower convergence in the pertur-
bation expansion.

In figure 7 and 8, we, for a couple of different potential strengths, also spec-
ulated in how different shell filling sequences would affect the addition energy
spectra. We hereby wanted to show that care must be taken when attributing
changes in addition energy spectra to certain effects, for example deviations
from circular symmetry as tended to in Ref. [15].

6.2 Correlation in a quantum dot molecule - Paper II
The paper concerns the electronic structure of a two-electron and
two-dimensional lateral quantum dot molecule, possibly exposed to an
external magnetic field applied perpendicularly to the dot or an electric field
applied parallel to the inter-dot axis. The model potential

V =
1
2

m∗ω2min
[
(x− d

2
)2 + y2,(x+

d
2
)2 + y2

]
, (6.2)

where d is the inter-dot separation, was used for the confinement. Here the
main interest was to see how the electronic structure changed as a function of
d.

My contributions to this paper were minor. Our collaborators from Bergen
contacted us when they had problems with the development of their two elec-
tron Configuration Interaction code intended to be used for calculations on
two dimensional lateral quantum dot molecules. Basically, we then used the
Configuration Interaction code written for paper I to validate their code at
inter-dot distance d = 0. I also contributed somewhat to writing the paper,
especially the parts concerning the CI-implementation from paper I.

The main conclusions from this paper were that as d increases, the lowest
singlet and the lowest triplet state approach degeneracy. Above the ground
states there will then be a band of eight near degenerate states, four of them
being singlets and four triplets. This behavior can be understood by relatively
simple symmetry arguments. Moreover, the tendency towards this structure
was shown to increase with the magnetic field strength. Finally, an electric
field applied parallel to the inter-dot axis was shown to alter the ground state
from a covalent state at E = 0 to an “ionic” state for stronger fields.

6.3 Utilizing correlation in a quantum ring - Paper III
This paper was a collaboration with Ingjald Pilskog and Prof. J.P. Hansen
from the University of Bergen. It concerned the electronic structure of a two-
electron quantum ring, the potential of which was modeled by a displaced
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two-dimensional harmonic oscillator rotated around the ẑ-axis

V =
1
2

m∗ω2
0 (r− r0)2, (6.3)

where r0 is the ring radius. Let us denote the energy difference between the
two lowest lying triplet (singlet) states ∆Etriplet (∆Esinglet). The idea behind this
paper was to utilize the ring potential in order to decrease the ratio

q =
∆Etriplet

∆Esinglet
, (6.4)

which equals one at r0 = 0 (that is a two-dimensional dot), see figure 4 of
the paper. Then the proposition was to use the total electron spin as a control
bit and the total angular momentum as the target bit in a quantum logical
Controlled NOT gate. The CNOT gate is one of the fundamental gates for
quantum computing, see e.g. Ref [55]. A small value for q in equation (6.4)
could open the possibility for construction of an electromagnetic pulse such
that it would transfer 100% of the population if the control state had spin
zero and 0% of the population otherwise. By the use of a circularly polarized
electromagnetic pulse we could then indeed show that this could be achieved
with ∼ 98% fidelity.

Ingjald and I modified the one-electron code from paper I in such a way
that the program automatically produced a knot sequence well suited for the
chosen ring potential. He then used this code and the CI-code from paper I
to produce results for his master thesis. With these results as a basis Ingjalds
supervisor, Prof. J.P. Hansen, got the idea that the two electron quantum ring
could be utilized to achieve a quantum logical Controlled NOT-gate operation.

I then started the search for suitable ring parameters yielding spectra that
could realize Prof. Hansens idea. I wrote the code and produced all of the
necessary structure calculations for the paper. This included the production
of the spectra, the calculation of the probability densities and currents and
the calculation of the transition matrix elements. Prof. Hansen then performed
time dependent calculations in order to show that the CNOT-operation could
be achieved through the interaction with a far-infrared electromagnetic pulse.
I also contributed to the writing of the paper and I made all the figures.

6.4 Improving the pulses - Paper IV
This paper was a natural build-on from paper III. The procedure was almost
the same as in paper III but here both the CNOT and the NOT gate were
demonstrated. The shape of the used electromagnetic pulses was found with
the help of quantum control algorithms with the conditions to optimize the
rates of the wanted transitions.

My contributions to this paper were to produce the spectra (with and with-
out the external magnetic field) and transition matrix elements used for the
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time-dependent calculations. In this paper the time-dependent calculations,
including the pulse optimizations, were done by Lene Sælen. We found that
a slightly altered ring radius was better suited for achieving a high fidelity
for the CNOT and NOT gate simultaneously. Lene managed, with the help of
a quantum control algorithm, to design two different pulses (see figure 3 of
the paper) that could provide high population transfer for the CNOT and NOT
gate respectively, see figure 2. Finally, we sketched how the transition between
states with different spins could be achieved by using combined homogeneous
and inhomogeneous external magnetic fields.

6.5 All order perturbation theory - Paper V
The long term goal of this dissertation has been to establish to what extent
Many-Body Perturbation Theory can be useful for the calculations of many-
body effects in quantum dots. This ambition culminated in paper V where we
examine the performance of the Coupled Cluster Singles and Doubles method,
see section 4.2.7 and appendix D, when applied to a two-dimensional circular
quantum dot. This paper is still in manuscript but some preliminary results
can already be presented.

For these calculations I wrote the computer code from scratch. This was a
big task that took up a large fraction of the time during my PhD, see Part III
for details concerning the program. I also performed all the simulations and
contributed substantially to the writing of the paper.

Through comparison with results obtained with the Full Configuration In-
teraction [35, 36] and variational and diffusion Quantum Monte Carlo meth-
ods [26, 27], we show that the Coupled Cluster Singles and Doubles method
performs very well for λ ≤ 2 2.

In Table I of the paper we compare our CCSD-implementation with two
different CI-studies, Refs. [35, 36], for two to eight electrons and a variety of
different confinement strengths. Throughout the agreement is very good. For
two electrons, where the CCSD take all possible excitations into account, we
show in principle perfect agreement with Ref. [36]. For N = 2 we also achieve
convergence for very weak confinements (λ = 8 at weakest), even though we
here start from the non-interacting basis set.

For more than two confined electrons we could not compare with the
available CI-results with weaker confinements than λ = 2, since we did
not achieve convergence of the perturbation expansion when starting from

2Here we have

λ =
h̄

ωm∗
1

a0∗
,

with a∗0 being the effective Bohr radius and
√

h̄/(ωm∗) the harmonic oscillator length unit. λ

is therefore a length parameter and it is used to quantify the strength of the electron-electron
interaction relative to the confinement strength where larger λ implies a weaker confinement.
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the non-interacting basis set. Unfortunately, comparison when using other
basis sets that might yield convergence would not be fair since the available
CI-results are so severly truncated, see the discussion in connection to
Fig. 1 of the paper. However, for the presented confinement strengths, the
discrepancy when using the same basis cut as the CI-calculations were
never worse than ∼ 1.5× 10−2 in units of h̄ω . This is indeed a substantially
smaller error than the one that arises by truncation of the basis set in the
CI-calculations. This is clearly demonstrated for N = 6 and N = 8 in Table I
of the paper where we for illustrative reasons present results for much larger
basis sizes than the ones available for the CI-calculations.

In Tables III and V of the paper we explore two different extrapolation
schemes and demonstrate that such schemes can be a fruitful tool for achieving
high precision results.

In Table IV of the paper we compare our results with the variational and
diffusion Quantum Monte Carlo results by Ref. [26, 27], for the two to eight
electron ground state energies and for the potential strength h̄ω0 = 3.32 meV3.
This potential strength was motivated by Pederiva et al. [27] with the argument
that it was close to what was found in the experimental study by Tarucha et
al. [6].

To once again illustrate the importance of examining the saturation of the
basis set we present results for R = (2n + |m`|) = [5,15] 4. We conclude that
for all the tested ground state energies the difference between CCSD and the
diffusion Quantum Monte Carlo method is on the same level or less than
the difference between the two Quantum Monte Carlo methods. These are
very promising results indicating that the CCSD-method could be a sufficient
method for the description of the electron-electron interaction in quantum dots
with confining potential strengths that are experimentally feasible.

3This corresponds to λ = 1.89.
4Here we recall that the one-particle energies can be written εn,m` = (2n+m` +1)h̄ω0.



Part V:
Discussion, concluding remarks and outlook

The main focus of this thesis has been to examine to what extent Many-
Body Perturbation Theory can be used for the description of the electron-
electron interaction in man-made devices called quantum dots.

A related topic was studied in papers II, III and IV. Therein, we examined
the possibility to utilize correlation in two-electron systems in combination
with tailor-made potentials to achieve useful properties. The correlation was
here accounted for through the Configuration Interaction method. In paper II,
we considered a two-dimensional quantum dot molecule and in papers III and
IV a two-dimensional quantum ring. We could then change a single parameter
(the interdot distance in the former case and the ring radius in the latter case)
in order to study its effects on the spectra. In the quantum ring cases, we then
utilized the obtained spectra in combination with electromagnetic pulses to
numerically demonstrate quantum logical CNOT and NOT gates.

In the Many-Body Perturbation Theory studies we also assumed a simpli-
fied confining potential, the two-dimensional harmonic oscillator, since a vast
number of reference work could then be used for comparison. In earlier theo-
retical studies, this choice had been shown to reproduce many of the important
experimental findings, e.g. the same shell structure. Also, it is often wise to
deal with one problem at a time. Therefore, when the purpose is to examine
the usability of a certain ab initio many-body model it is not the first priority
to use the exact confining potential which a priori is not known. This problem
can instead be dealt with if the many-body model is shown to be sufficient in
potentials that approximate the experimental situation to a reasonable extent.

We started the exploration of the performance of Many-Body Perturbation
Theory for describing these systems in paper I. This we did by examining how
significant second-order corrections to a couple of mean field model starting
points are. In atomic physics, the second order correction to the Hartree-Fock
energy is known to often be the most important one, so there was reason to be-
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lieve that this could be the case in quantum dots as well. Indeed we found that
second order correlation was probably the most important correction for rela-
tively strong confinements. To state it more clearly, for the correlated results
we found qualitative agreement with experimental results that was not shown
within the Hartree-Fock model. Here also the importance of using saturated
basis sets was demonstrated. We argued that our relatively simple model in
some cases gave better results than the more involved Full Configuration In-
teraction model. The reason for this was that in our model we could perform
the calculations with much larger basis sets than yet had been possible with
Full Configuration Interaction. For weaker confinements, close to estimated
values from experiments, we found that effects beyond second order in the
perturbation expansion became too important to ignore.

Therefore, we started the development of a computer code that could per-
form all order perturbation theory. This we did within the framework of the
Coupled Cluster Singles and Doubles method. The CCSD-method is known
from quantum chemistry and atomic and nuclear physics to combine feasi-
bility with accuracy, so the question was then how well this method could
perform for the description of quantum dots. This work resulted in paper V
which is still in manuscript, but some preliminary results can already be pre-
sented. We show by comparing with Full Configuration Interaction results for
two to eight confined electrons and for reasonable confinement strengths, that
the error made by the CCSD-method by truncating some triple and higher
excitations is small. We show that for stronger confinements the method is
virtually exact but we also see the onset where full triples and beyond need
to be included. For more than five confined electrons, by increasing the basis
size far beyond what at the present stage is possible in the CI-method, we also
show that this error is much smaller than the one obtained in FCI by truncating
the basis size. Also, when comparing with results obtained with two different
Quantum Monte Carlo methods, we found very good agreement.

In the present implementation of the program, we can not treat general ex-
cited states, but only states with maximized spin. To circumvent this limitation
we need to allow for an extended model space. To include this in the program
is fairly straightforward even though it would of course take some effort.

The next step would then be to start the search for a more realistic confining
potential. For example, to introduce a third dimension into the problem and
to describe the tunneling of electrons in and out of the dot via resonant states
(see figure 1.2) as functions of a varying potential. A third dimension indeed
increases the size of the problem. We would then add a potential in the vertical
direction and write the total potential as V = V (x,y)+V (z). Correspondingly
we would have to add a function also for the ẑ-direction in the factorization
of the one particle wave functions, equation (2.3). A first possibility is then
to assume that due to the strong confinement in this direction the electrons
always lie in the ground state with respect to the ẑ degree of freedom, as ar-
gued for example in Ref. [56]. Such a change of the physical situation could
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be achieved with minor adjustments of the present computer code. What then
needs to be changed is that we introduce also a z-integration in equation (3.5).
Since we keep all the integrations outside of the iterative all order scheme,
see part III , this would not be a major change in the CCSD-code. However, if
one wanted to deal with this problem on a more general footing, for example
by treating the states in the transport window (see figure1.2) as truly resonant
states, the changes become more involved. Also, by introducing a third dimen-
sion one effectively change the strength of the confining potential. This might
affect how good the approximations of the CCSD-method are. Further, if one
finds the need to improve on the CCSD method then true triple excitations and
possibly even higher excitations could be introduced into the Coupled Cluster
expansion. Many elaborate ways to do this have been explored in quantum
chemistry, see the review by Bartlett and Musial [39]. This would though be a
major undertaking.
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A. Single particle treatment

A.1 Matrix element of the one–electron Hamiltonian
Since we assume a two-dimensional confinement, the motion is constrained
to the xy-plane. Then we know that the kinetic energy operator can be written
as

T̂ =
1
2

p̂2 =
1
2
(

p̂2
x + p̂2

y
)
. (A.1)

Furthermore we know that

p̂k =−ih̄
∂

∂k
, k = x,y (A.2)

and that in polar coordinates (r,θ){
∂

∂x = cosθ
∂

∂ r −
sinθ

r
∂

∂θ

∂

∂y = sinθ
∂

∂ r + cosθ

r
∂

∂θ
.

(A.3)

We know by equation (2.3) that the wave function can be factorized as
ui(r)eimθ . Equations (A.1),(A.2) and (A.3) then imply that

〈u jeimθ |p̂2|uieimθ 〉=
h̄2 ∫ ∞

0 dr
∫ 2π

0 dθ

([(
cosθ

∂

∂ r −
sinθ

r
∂

∂θ

)
u jeimθ

]∗ [(
cosθ

∂

∂ r −
sinθ

r
∂

∂θ

)
uieimθ

]
+[(

sinθ
∂

∂ r + cosθ

r
∂

∂θ

)
u jeimθ

]∗ [(
sinθ

∂

∂ r + cosθ

r
∂

∂θ

)
uieimθ

])
= h̄2 ∫ ∞

0 dr
∫ 2π

0 dθ

[
∂u j
∂ r

∂ui
∂ r + m2

r2 u jui

]
.

(A.4)
Hence the single particle matrix element becomes

〈B jeimθ |ĥs|Bieimθ 〉=
∫

∞

0
dr
∫ 2π

0
dθ

[
1
2

∂B j

∂ r
∂Bi

∂ r
+

1
2

B j
m2

r2 Bi +B jV (r)Bi

]
.

(A.5)

A.2 Effects of an external magnetic field in the
ẑ-direction
Let us apply a magnetic field perpendicular to our 2D quantum dot, that is
B = (0,0,B). We know that the vector potential should fulfill ∇×A = B. For
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a constant and homogeneous magnetic field this is achieved e.g. by the choice

A =
1
2
(B× r) =

1
2
(Bxŷ− yBx̂). (A.6)

Furthermore we know that p→ p− qA = p + eA when a magnetic field is
applied [57]. This implies that the Hamiltonian

Ĥ =
1

2m∗
(p+ eA)2 +V =

p2

2m∗
+

e
2m∗

(p ·A+A ·p)+
e2

2m∗
A2 +V. (A.7)

It follows from equation (A.6) that

p ·A = A ·p =
1
2

B(xpy− ypx) =
1
2

BL̂z (A.8)

and
A2 =

1
4
(Bxŷ−Byx̂)2 =

1
4

B2(x2 + y2) =
1
4

B2r2. (A.9)

The spin-magnetic field interaction can be included in the following
way [58]

HSB = g∗µBŜz, (A.10)

where µB = eh̄
2me

= eh̄(m∗/me)
2m∗ .

All this gives the total Hamiltonian including the effects of the external
magnetic field

Ĥ =
p2

2m∗
+V +

e2

8m∗
B2r2 +

e
2m∗

BL̂z +g∗µBBŜz. (A.11)
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B. B-splines

The full theory of B-splines is extensive and out of scope for this dissertation.
Instead the importance of B-splines to this thesis will be given in an illustrative
way. First the definition and some properties will be listed, second the infinite
square well problem will be solved by the use of a B-spline basis and in the
last section we show an example of a non-interacting B-spline generated basis
set for the two-dimensional harmonic oscillator potential.

B.1 Definition and properties
To construct B-splines one must start with defining a set of points {ti} called
the knot set defined on the interval of interest. The only restriction on the knot
set is that ti ≤ ti+1

1. The definition of B-splines can be done from the recursion
relation below:

Bi,1(x) =

{
1 if ti ≤ x < ti+1

0 otherwise
,

Bi,k(x) =
x− ti

ti+k−1− ti
Bi,k−1(x)+

ti+k− x
ti+k− ti+1

Bi+1,k−1(x), (B.1)

where i is the index of a knot point and k is the order of the spline. To differ-
entiate a B-spline the following formulas can be used:

d
dx

Bi,k(x) = (k−1)
Bi,k−1(x)
ti+k−1− ti

−
Bi+1,k−1(x)
ti+k− ti+1

(B.2)

Some properties of B-splines are listed below in a somewhat phenomeno-
logical fashion (for a more mathematically rigorous treatment of B-splines see
Ref. [43]):

• B-splines are piecewise polynomials and are therefore better suited for
interpolation than for example pure polynomials.
• If one studies the equation (B.1) one can conclude that at each x only k
B-splines are defined. This becomes apparent if one studies figure B.1. But
this also implies that in order to define all possible B-splines of order k,
the start and end points of the interval of interest must have k knot points.
• A B-spline is non-zero from the i:th knot point to the (i+ k +1):th knot
point, that is on k knot point intervals.

1Note that one can define ti = ti+1.
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Figure B.1: B-splines of order 1 to 4 defined on the interval [−10,10]. The start and
end points are multiple knot points of order k = order of the B-splines. The knot points
are marked with squares in the plot.

• ∑i Bi,k(x) = 1 as demonstrated figure B.1.
• Bi,k(x)≥ 0 as demonstrated figure B.1.
• The (k−m):th derivative is the first discontinuous derivative in a m-fold
multiple knot point.
• B-splines form a basis set for the linear space Pk,τ,ν , that is the space of
piecewise polynomials of order k with the knot set τ = {τi},τi ≤ τi+1 with
ν = {νi} continuity conditions.

B.2 The 1D infinite square well with B-splines
Since the one-dimensional infinite square is the most well known example
from quantum mechanical textbooks we demonstrate here how one can solve
this problem with the use of a B-spline basis. First we assume the potential

V =

{
0 if −10≤ x≤ 10

∞ otherwise
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Figure B.2: The upper left panel shows the B-spline basis of order k = 6 when the first
and the last B-spline have been removed in order to impose the boundary conditions.
The B-splines are summed up at each x to give the function y = 1. The upper right
panel shows the n = 1 wave function with its B-splines multiplied with the right coef-
ficients. That is if one adds up the B-splines shown in the plot one obtains the wave
function. The lower left panel and the lower right panel show the n = 2 and the n = 3
wave functions respectively in the same way.

In the square well the Hamilton operator then becomes

ĥ =− d2

dx2 . (B.3)

We here use a knot set with equidistant points. For a general function the
knot set starts and ends with a k-fold knot point where k is the order of the
splines. However, here one must impose the boundary condition that the wave
functions vanish at the end points due to the nature of the potential. This is
done by excluding the first and the last B-spline in the set so that the knot
set starts and ends with a (k− 1)-fold knot point. In this way we remove the
possibility of having non-vanishing wave functions at the edges.

The next step is to produce B-splines by equation (B.1) up to the chosen
order k.

We then assume that the wave functions can be expanded in this Basis

|Ψn〉= ∑
i

cn,i|Bi〉. (B.4)
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Table B.1: Comparison between exact and calculated one–electron energies
for the whole radial basis set with m` = 0.

n Exact energy [h̄ω] Calculated energy [h̄ω] n Exact energy [h̄ω] Calculated energy [h̄ω]
0 1 1.0000000003 16 33 43.572571173
1 3 3.0000000053 17 35 44.039089954
2 5 5.0000001190 18 37 56.281978631
3 7 7.0000017904 19 39 56.806377658
4 9 9.0000212428 20 41 73.086872167
5 11 11.000148491 21 43 73.599922844
6 13 13.001391158 22 45 95.405356928
7 15 15.003570080 24 49 123.20287736
8 17 17.037922472 25 51 130.77760340
9 19 19.017820815 26 53 157.46578282
10 21 21.392373405 27 55 197.36064863
11 23 23.026727647 28 57 240.04647711
12 25 26.797304031 29 59 261.16142044
13 27 27.721899486 30 61 280.81821280
14 29 33.987997795 31 63 314.25163634
15 31 34.515815155 32 65 1297.9215835

Projecting the Schrödinger equation ĥΨ = EΨ onto the B-spline basis
yields the following matrix equation:

hc = εBc (B.5)

were h ji = 〈B j|ĥ|Bi〉 and B ji = 〈B j|Bi〉 2.
Some results from such calculation are shown in figure B.2.
When performing the integrations it is suitable to use Gaussian quadrature

because it gives exact result when integrating a polynomial of order 2n−1 if
the number of Gaussian points is n [59].

Then things are straight forward. Solve the generalized eigenvalue problem
of equation (B.5), sort the eigenvectors according to the size of the eigenval-
ues, then use equation (B.4) to obtain the wave functions.

B.3 B-spline basis for the harmonic oscillator potential
The purpose of the B-spline generated basis set is to use it as a basis for our
many-body models. The wave functions and energies in this example where
generated through the procedure explained in chapter 2.

2Note that 〈B j|Bi〉 6= δ ji in general since B–splines of order larger than one generally are pair-
wise non–orthogonal.
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Figure B.3: The radial basis functions with m` = 0 and n = 0,1 and 25. The confine-
ment strength is h̄ω = 3 meV and the external magnetic field is set to zero. The knot
points are plotted as squares.

First we make sure that our one–electron wave functions will have sufficient
numerical precision. This is achieved by adjusting:
1. The number of knot points in the knot set
2. The actual positions of the knots in the knot set
3. The order of the B–splines

We control the achieved accuracy by comparing the obtained energies with
the exact one–electron energies given by equation (2.5). In this example we
have used a knot set, linear in the inner region and exponential further out, with
a total of 40 knot points together with B–splines of order six. In table B.1 the
calculated energies for the whole radial basis set with m` = 0 when using the
above numerical parameters are compared with the exact energies provided by
eq. (2.5). It is clear that it is only for the lowest lying states we get physically
valid energies3 in our calculations, but there the accuracy is very good. This is
a feature when using B–splines as a basis set. The higher lying states are not
“trying” to be physical, they are instead “trying” to fulfill the completeness of

3Note however, that in a realistic quantum dot we will never consider states with n > 2, at least
not if we are considering ground states.
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the basis set. To visualize how dense4 the knot set is in the inner region and
how large our numerical box is compared to the physical wave functions, the
knot set and the two lowest lying radial solutions are plotted in figure B.3. The
unphysical |25 0〉 state is also plotted.

4Keep in mind that we here also have six (= the order of the B–splines) different B–splines in
each knot set interval.
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C. Spin contamination

The Hartree–Fock Hamiltonian, eq. (3.14), does not in general commute with
S2, which will become clear in the next few pages. This means that Slater
determinants built from (unrestricted) Hartree–Fock orbitals, in contrast to the
true Many–Body wave function, are in general not eigenstates to S2. Through
the perturbation expansion however, the spin eigenstate is restored given that
the perturbation expansion converges and that all possible excitations is taken
into account.

In contrast to the total energy, the total spin of the true many–body state
is known even though we do not have access to the actual wave function.
Therefore the expectation value of S2 can be used as a measure of how good
of a starting point the HF–wave functions are for our perturbation expansion
and also as a measure of how converged the perturbation expansion is.

Let us rewrite the total spin squared operator as

S2 = (
N

∑
i=1

s(i))2 = ∑
i≤N

s(i)2 +
N

∑
i 6= j

sz(i)sz( j)+
1
2

N

∑
i6= j

s+(i)s−( j)+ s−(i)s+( j),

(C.1)
where s+(i) and s−(i) are the spin ladder operators of the i–th particle.

Our Hartree–Fock or MBPT wave functions will always be eigenfunctions
to the first two terms of this operator1. The expectation value of the last term
∑

N
i6= j s+(i)s−( j)+ s−(i)s+( j) however will in general differ between the true

many body wave function and the Hartree–Fock (or Hartree–Fock + second
order perturbation theory) wave function.

Let us examine the Hartree–Fock case. The expectation value of interest
will be

〈S2〉HF = 〈Φ0|∑
i≤N

s(i)2 +
N

∑
i 6= j

sz(i)sz( j)+
1
2

N

∑
i6= j

(s+(i)s−( j)+ s−(i)s+( j)) |Φ0〉=

= ∑
a∈Φ0

〈a|s2|a〉+2 ∑
a<b∈Φ0

[〈ab|sz(1)sz(2)|ab〉−〈ba|sz(1)sz(2)|ab〉︸ ︷︷ ︸
=0

]

+ ∑
a<b∈Φ0

[〈ab|s+(1)s−(2)+ s−(1)s+(2)|ab〉︸ ︷︷ ︸
=0

−〈ba|s+(1)s−(2)+ s−(1)s+(2)|ab〉]

=
3
4

N +2 ∑
a<b∈Φ0

ms(a)ms(b)− ∑
a<b∈Φ0

[〈ba|s+(1)s−(2)+ s−(1)s+(2)|ab〉]. (C.2)

1and they will have the same eigenvalue as the true many–body wave function.
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Here 〈S2〉 is given in effective atomic units, that is h̄ is scaled to one. This
convention is used throughout the thesis and in paper I. The term inside the
brackets on the last line can only give non–zero results if a and b have different
spin. If the wave functions were not spin contaminated these overlap integrals
should e.g. for two states with the same radial and angular quantum numbers
but different spin directions equal one. If our states become spin contaminated
however, this is not true anymore and the value of 〈S2〉MET HOD will then differ
from the true value.

There are two cases of spin contamination, open shell spin contamination
and closed shell spin contamination. First consider any open spin shell state
e.g. the three electron Hartree–Fock ground state built up by the states
|n,ml,ms〉 = |00 ↓ 〉 , |00 ↑〉 and |0 − 1 ↓〉. The implicitly spin–dependent
exchange term will modify the |00 ↓ 〉 state through interaction with the
|0 − 1 ↓〉 state. However the |00 ↑〉 will not experience any exchange
interaction in this case. Therefore the two |00〉–states will have different
radial wave functions and the overlap integral inside the last bracket of
equation (C.2) will not equal one. Hence we have spin contamination. All
spin–dependent effective one–electron potentials (e.g. the LSDA) will have
this effect to different extents. But this is somewhat in accordance with the
physical situation. That is, the approximation lies not in the spin–dependent
exchange but in the assumption that our Many–Body wave function can
be described by a single Slater determinant. Now to the other type of spin
contamination. Consider any closed spin shell, i.e. the two electron singlet
ground state 1√

2
(|00 ↓〉|00 ↑〉− |00 ↑〉|00 ↓〉). For very weak confining

potential strengths the electronic repulsion will dominate over the interaction
with the confining potential. Then the lowest triplet state with Ms = 0
1
2 (|00 ↓〉|01 ↑〉+ |00 ↑〉|01 ↓〉+ |01 ↓〉|00 ↑〉+ |01 ↑〉|00 ↓〉) will be the
ground state. Already for modestly weak confining potentials some of this
triplet state will start to mix into the Slater determinant of the singlet state.
This will alter the value of 〈S2〉 and once again we have spin contamination.
Note however, that in both cases the origin of spin contamination is that we
approximate our Many–Body wave function with a single Slater determinant.

The first-order correction, δΦ(1), to the wave function is given
by equation (4.30). We stress again that we use intermediate nor-
malization i.e. 〈Φ0|Φ0〉 = 1 and 〈Φ0|δΦ

(1)
0 〉 = 0, which implies

〈Φ0 + δΦ
(1)
0 |Φ0 + δΦ

(1)
0 〉 6= 1. The expectation value of the spin with this

correction is therefore calculated as

〈S2〉=
〈Φ0 +δΦ

(1)
0 |S2|Φ0 +δΦ

(1)
0 〉

〈Φ0 +δΦ
(1)
0 |Φ0 +δΦ

(1)
0 〉

, (C.3)

which is the expression we used for the corrected values in paper I.
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D. The all order approach

In the following the implementation of the Coupled Cluster Singles and Dou-
bles method presented in this thesis will be described in more detail. We will
use a model space, P, spanned by a single Slater determinant, α , (an extended
model space, spanned by several Slater determinants, is also a possibility, but
will not be considered here),

P =| α〉〈α |, α = {abcd . . .} , (D.1)

where a,b,c etc. denote single particle orbitals, defined by quantum numbers
n,m`,ms and the curly brackets denote anti-symmetrization. Q is the orthogo-
nal space such that P+Q = 1 in accordance with equation (4.13). The Bloch
equation (see Section 4.2.1) is used in the form

[χ,H0]P = QV ΩP−χPV ΩP = QV P+QV χP−χPV P−χPV χP, (D.2)

where the wave operator, Ω, is the operator that creates the true wave function
when working on the model space. The relation between Ω and χ is;

Ω = 1+ χ. (D.3)

In accordance with equation (4.25) the energy correction, ∆E = E−E0 is
given by

∆E = 〈α|V +V χ|α〉. (D.4)

The two last terms in (D.2) can thus be written as−χP∆EP =−χP∆E. There
are important cancellations between these terms and some terms from the first
two terms on the right hand side of equation (D.2) (the so called unlinked
diagrams). This will be discussed more below.

Starting from the model space (D.1) we can define a single excitation

α
r
a = {rbcd . . .N} , (D.5)

which differs from Eq. (D.1) only in that a has been replaced by r, as well as
a double excitation

α
rs
ab = {rscd . . .N} , (D.6)

where a and b have been replaced by r and s. In the same manner we can define
triple, quadruple . . . and N-particle excitations. From (D.2) we can formally
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construct the matrix element between the model space Slater determinant and
that describing a single, double or triple excitation e.g.;

〈αr
a | χ | αa〉= 〈r | χ1 | a〉=

〈r | QV ΩP−χPV ΩP | a〉
εa− εr

, (D.7)

〈αrs
ab | χ | α〉= 〈{rs} | χ2 | {ab}〉= 〈{rs} | QV ΩP−χPV ΩP | {ab}〉

εa + εb− εr− εs
, (D.8)

etc. Where the index on χi, i = 1,2,3... denotes how many particles it can
excite. As mentioned above the curly brackets denote anti-symmetrization,
i.e. for two particles;

|{ab}〉 ≡ | ab〉− | ba〉√
2

, (D.9)

and later we will also use the definition{
〈r | χ1 | a〉〈s | χ1 | b〉

}
≡ 〈r | χ1 | a〉〈s | χ1 | b〉−〈s | χ1 | a〉〈r | χ1 | b〉. (D.10)

Usually Coupled Cluster methods are explained within the framework of
second quantization. Then creation, a†, and annihilation, a, operators can be
used to express χi directly as operators:

χ1 =
occ

∑
a

exc

∑
r

a†
r aa〈r | χ1 | a〉 (D.11)

χ2 =
1
2

occ

∑
ab

exc

∑
rs

a†
r a†

s abaa〈rs | χ2 | ab〉, (D.12)

etc. The creation and annihilation operators are here written in normal form,
i.e. with the annihilation operator for a occupied orbital appearing before the
creation operator of an excited (virtual) orbital. The operators then ensure
that excitations cannot be done into occupied orbitals and keep track of the
anti-symmetrization; odd permutations of two creation operators or two anni-
hilation operators introduce a minus sign; exactly as in the Slater determinant
in Eq.(D.9). In the present implementation of the coupled cluster approach it
is the anti-symmetrized matrix elements, as in Eq.(D.8), that are stored and
which also keep track of the signs. Since we wish to keep the notation as close
as possible to the developed program we will not use creation and annihilation
operators in the notation in the following.

The rest of this Appendix has the following content: First, Section D.1,
demonstrates the cancellation of the so called unlinked diagrams and in Sec-
tion D.2 we outline how so called disconnected triple and quadruple excita-
tions can be included when the single and double clusters are constructed.
The demonstrations in Section D.1-D.2 are done for a specific case only, but
it serves as a motivation for the linked diagram expansion that is the basis for
the implementation detailed in Section D.3.
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D.1 An example of cancellation of unlinked diagrams
The most straight forward approach to solve Eq.(D.2) is an order by order
expansion. In the following we will demonstrate an illustrative example of
the cancellation of unlinked diagrams in the second order wave operator for
the specific case of a pure two-particle perturbation in a four particle system.
The cancellations can for this choice of system be demonstrated in a relatively
simple way.

With a two-particle perturbation V2, the first order contribution to χrs
ab is

〈{rs} | χ(1) | {ab}〉= 〈{rs} |V2 | {ab}〉
εa + εb− εr− εs

(D.13)

We will now outline how to obtain the second order contribution, χ
rs(2)
ab , for

a four-particle system where α = {abcd}. The second and third terms on the
right-hand side of Eq. (D.2) will contribute (the fourth term contributes in
even higher orders) and we consider them one-by-one. The QV2χP term gives

〈{rscd} | QV2χ(1)P | {abcd}〉
εa + εb− εr− εs

. (D.14)

Several contribution can here arise. If χ(1) excites ab→ rs, the contribution is
already in Q-space and V2 can interact within the cd pair. If χ(1) excites ab→
pt, V2 can excite further, pt→ rs. An other alternative is that χ(1) excites cd→
rs, and now since cd are no longer occupied, V2 brings ab→ cd. If χ(1) instead
excites ac→ pt, V2 can excite b and refill c, and so on. The contributions can
be summarized:

〈{rscd} | QV2χ
(1)P | {abcd}〉

= ∑
pt
〈{rs} |V2 | {pt}〉〈{pt} | χ(1) | {ab}〉+

∑
t

(
〈{sc} |V2 | {tc}〉〈{rt} | χ(1) | {ab}〉+ c↔ d

+ 〈{rc} |V2 | {tc}〉〈{ts} | χ(1) | {ab}〉+ c↔ d

+ 〈{cs} |V2 | {at}〉〈{rt} | χ(1) | {bc}〉+ c↔ d

+ 〈{rc} |V2 | {ta}〉〈{ts} | χ(1) | {bc}〉+ c↔ d

+ 〈{sc} |V2 | {bt}〉〈{rt} | χ(1) | {ac}〉+ c↔ d

+ 〈{cr} |V2 | {tb}〉〈{ts} | χ(1) | {ac}〉+ c↔ d
)

+ 〈{rs} | χ(1) | {ab}〉〈{cd} |V2 | {cd}〉+ 〈{rs} | χ(1) | {cd}〉〈{cd} |V2 | {ab}〉
− 〈{rs} | χ(1) | {ac}〉〈{cd} |V2 | {bd}〉+ 〈{rs} | χ(1) | {bc}〉〈{cd} |V2 | {ad}〉
− 〈{rs} | χ(1) | {ad}〉〈{cd} |V2 | {cb}〉+ 〈{rs} | χ(1) | {bd}〉〈{cd} |V2 | {ca}〉.

(D.15)
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Here c↔ d denotes that the expression on the same line has to be repeated
with c and d interchanged. The sign in front of each term is derived from
the permutations of the Slater determinants {rscd} and {abcd}, necessary
to obtain the expressions on the right-hand side. Such signs are summarized
in the Goldstone rules, see for example Ref. [37], but can of course be de-
rived directly by just performing the permutations. The contribution 〈{rs} |
χ(1) | {ab}〉〈{cd} | V2 | {cd}〉 on the eighth line of the right-hand side is a so
called unlinked diagram since it has closed off part - an energy contribution-
〈{cd} | V2 | {cd}〉. This term will not contribute because it will cancel with
a contribution from the third term on the right-hand side of the Bloch equa-
tion (D.2). To see this we first rewrite expression (D.15). Since we use an
anti-symmetrized Slater determinant {abcd} we could in principle allow any
of the orbitals to be equal - such contributions would anyhow not contribute.

We write then

〈{rscd} | QV2χ
(1)P | {abcd}〉

= ∑
pt
〈{rs} |V2 | {pt}〉〈{pt} | χ(1) | {ab}〉

+ ∑
t

occ

∑
c

(
+ 〈{sc} |V2 | {tc}〉〈{rt} | χ(1) | {ab}〉+ 〈{rc} |V2 | {tc}〉〈{ts} | χ(1) | {ab}〉
+ 〈{cs} |V2 | {at}〉〈{rt} | χ(1) | {bc}〉+ 〈{rc} |V2 | {ta}〉〈{ts} | χ(1) | {bc}〉

+ 〈{sc} |V2 | {bt}〉〈{rt} | χ(1) | {ac}〉+ 〈{cr} |V2 | {tb}〉〈{ts} | χ(1) | {ac}〉
)

+
occpairs

∑
[cd]

(
〈{rs} | χ(1) | {ab}〉〈{cd} |V2 | {cd}〉+ 〈{rs} | χ(1) | {cd}〉〈{cd} |V2 | {ab}〉

)
−

occ

∑
c

occ

∑
d

(
〈{rs} | χ(1) | {ac}〉〈{cd} |V2 | {bd}〉+ 〈{rs} | χ(1) | {bc}〉〈{cd} |V2 | {ad}〉

)
.

(D.16)

Here we have introduced the notation [cd] for a occupied pair. Since we in
the program store the matrix elements in the form 〈{i j}|1/r12|{kl}〉 it is of-
ten time-saving to sum over pairs instead of individual states. One can now
explicitly test that the Pauli principle is respected in Eq.(D.16). The terms on
lines 2−4 cancel if any two of the orbitals abc are equal and the terms on the
two last lines cancel if any two of the four orbitals abcd are equal.
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To calculate χ
rs(2)
ab we need also the third term in the last expression on the

right-hand side of Eq. (D.2) which contribute with

− 〈{rscd} | χ(1)PV2P | {abcd}〉

= −〈{rs} | χ(1) | {ab}〉
(
〈{cd} |V2 | {cd}〉+ 〈{ab} |V2 | {ab}〉

+ 〈{ac} |V2 | {ac}〉+ 〈{ad} |V2 | {ad}〉+ 〈{bc} |V2 | {bc}〉+ 〈{bd} |V2 | {bd}〉
)

= −
occpairs

∑
cd
〈{rs} | χ(1) | {ab}〉〈{cd} |V2 | {cd}〉. (D.17)

The expression 〈{rs} | χ(1) | {ab}〉〈{cd} |V2 | {cd}〉 appears in both Eq.(D.16)
and Eq.(D.17), but with different signs, and will therefor cancel. This is an
example of that the unlinked diagrams cancel. Note that for the case when
{cd} 6= {ab} this cancellation really means that no contributions of this type
is left in the expansion, but for the case {cd} = {ab} identical terms arise
from the last three terms in Eq.(D.16), when the sum over c and d is running
over all orbitals, including a and b as prescribed. Such contributions are some-
times labeled Exclusion Principle Violating (EPV) diagrams, although this is a
somewhat misleading term. It is less misleading to state that through the sum-
mation over all orbitals c and d in Eq.(D.16), regardless if they are equal to a
and b or not, the −〈{rs} | χ(1) | {ab}〉〈{ab} |V2 | {ab}〉 contribution is moved
from the energy correction term, χ(1)PV2P, to the QV2χ(1) term. To summa-
rize this part we note that the Bloch equation for χ(2) can now be rewritten in
the following form[

χ
(2),H0

]
P = QV2χ

(1)P−χ
(1)PV2P =

(
QV2χ

(1)P
)

linked
, (D.18)

where the subscript denotes that only linked contributions should be kept in
the expansion. The unlinked diagrams cancel in every order of the perturbation
expansion of a general perturbation, V, as mentioned in section 4.2.5. How-
ever, χ(n), with n > 1, will include also single-, triple-, quadruple- excitations
and so on, and the full cancellation is only achieved if all such contributions
are kept. We will from now on use the linked diagram form of the expansion
and rewrite the Bloch equation as

[χ,H0]P = (QV (1+ χ)P)linked . (D.19)

D.2 Coupled Cluster
In this section we will show how triples and quadruples constructed from dis-
connected single and double excitations can be incorporated in the expansion
even when connected contributions beyond double excitations are neglected.
Let us return to χ(2) above. When it was constructed in Eq.(D.15) only double
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excitations were considered, and not triple and quadruple excitations. These
types of excitations could however also be reached. We get for example a
quadruple excitation from the QV χP-term on the right-hand side of the Bloch
equation (D.2) if the χ brings ab→ rs, and then V2 excites cd → pt. In the
equation for the second order wave operator this reads;

〈{rspt} | QV2χ
(1)P | {abcd}〉 : 〈{pt} |V2 | {cd}〉〈{rs} | χ(1) | {ab}〉. (D.20)

The colon here denotes that the right hand expression is one of several contri-
butions to the QV2χ(1)P operator between these Slater determinants. Equation
(D.20) is a disconnected contribution since it contains two distinct part with
no orbitals in common.

A quadruple excitation is subsequently generated as:

〈αrspt
abcd | χ | α〉=

〈{rspt} | QV2χ(1)P | {abcd}〉
εa + εb + εc + εd− εr− εs− εp− εt

(D.21)

If we together with the expression in Eq.(D.20) consider the the case when
it is instead χ(1) that brings cd → pt, and V2 that excites ab→ rs we note
however a possible simplification:

〈{pt} |V2 | {cd}〉〈{rs} | χ(1) | {ab}〉+ 〈{rs} |V2 | {ab}〉〈{pt} | χ(1) | {cd}〉
= (εa + εb + εc + εd− εr− εs− εp− εt)〈{pt} | χ(1) | {cd}〉〈{rs} | χ(1) | {ab}〉,

(D.22)

where the definition of χ(1) (D.13) has been used. Combining Eq.(D.22) with
Eq.(D.21), we note that it is possible to factorize out the four particle de-
nominator in the latter and just have the product of disconnected two-particle
excitations

〈{rspt} | QV2χ
(1)P | {abcd}〉 : 〈{pt} | χ(1) | {cd}〉〈{rs} | χ(1) | {ab}〉

.(D.23)

We have thus found that it is possible to divide the quadruple excitations into
two classes; one that can be written as products of excitations of lower degree
and one that cannot. To distinguish between these two classes we introduce a
new operator, S. It is defined as the connected parts of Ω;

Sn = (Ωn)connected . (D.24)

The disconnected part of Ω will now be written as products of two or several
Sn. To generate all the possible contributions we write Ω in exponential form.

Ω = eS = 1+S1 +S2 +S3 +. . .+
1
2
(
S2

1 +S1S2 +S2S1 + . . .
)
+

1
3!
(
S3

1 + . . .
)
+. . .

(D.25)
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If (Ωn)connected is written with the help of creation and annihilation operators
in Eq.(D.24), then also S will be in that form and we can obtain the whole Ω

in normal ordered form as Ω = {exp(S)} as in section 4.2.7. However, we
will here proceed slightly differently and account for anti-symmetrization
by always taking the expectation values of the operators with fully
anti-symmetrized Slater determinants.

One can now identify the single, double, triple excitations in the wave op-
erator as

Ω1 = S1

Ω2 = S2 +
1
2

S2
1

Ω3 = S3 + S1S2 +
1
3!

S3
1

Ω4 = S4 +S1S3 +
1
2

S2
2 +

1
2

S2
1S2 +

1
4!

S4
1

Ω5 = . . . (D.26)
...

The Coupled Cluster Singles and Doubles method is obtained if all terms in-
cluding Sn>2 are neglected, i.e. keeping only the expressions in boxes in the
above equations.

The S operator can be shown [53] to satisfy a Bloch type cluster equation

[S,H0]P = (QV ΩP−χPV ΩP)connected . (D.27)

which here simplifies to

[S,H0]P = (QV (1+ χ)P)connected , (D.28)

due to the cancellation of the unlinked diagrams. In the following we will list
the contribution to the right hand side of Eq.(D.28). For this we will divide the
perturbation into two-parts

V = V1 +V2, (D.29)

where V1 =−u is a single particle potential included in H0 to account for some
of the electron-electron interaction, e.g. the Hartree-Fock potential or the local
potentials appearing in the Local Density Approximation, and V2 in our case
is the two-particle Coulomb interaction.

D.3 Explicit expressions of the S1 and S2 amplitudes
The derivation of the explicit expressions for the S1 and S2 cluster amplitudes,
equations (4.46) and (4.47), are very technical and lengthy. Here we instead
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only list the expressions. In the following we denote orbitals occupied in the
model space by a,b,c,d and excited orbitals with r,s, p, t. Internal summation
is always over all occupied orbitals, i.e. we include the so called Exclusion
Principle Violating contributions as detailed in Section D.1, and consequently
exclude all unlinked diagrams. We also use the notation [i j] to denote the
unique1 pair consisting of state i and j.

D.3.1 The QV P contributions
These are the lowest order contributions

〈αr
a | S

(1)
1 | α〉=

∑b〈{rb} |V2 | {ab}〉+ 〈r | −u | a〉
εa− εr

, (D.30)

(which with u = uHF equals zero) and

〈αrs
ab | S

(1)
2 | α〉=

〈{rs} |V2 | {ab}〉
εa + εb− εr− εs

. (D.31)

In the following we will not keep track of the iteration number of S, but only
assume that the highest available iteration number of S is inserted on the right-
hand side of equations (4.46) and (4.47).

We in the following two subsections detail the higher order contributions
to the right-hand side of Eq.(D.28); QV χPconnected. The subscript “connected”
is omitted in the expressions below for simplicity, but we label Q as Qr

a, Qrs
ab

etc. to denote the Q-space obtained by exciting a→ r or ab→ rs. First the
single excitation cluster contributions are given, and then the double excitation
clusters are listed in Section D.3.3. Each subsection gives the results from a
specific product of Sn-operators in equations (4.46) and (4.47) respectively.

D.3.2 The higher order S1 cluster
Here the higher order contributions to the S1-amplitudes, equation (4.46), are
listed.

S1 from V S1:
A single excitation can be obtained when V is applied on a single excitation:

Qr
aV χ1P : ∑

s
〈r | −u | s〉〈s | S1 | a〉

+ ∑
b

∑
s
〈{rb} |V2 | {sb}〉〈s | S1 | a〉

+ ∑
b

∑
s
〈{rb} |V2 | {as}〉〈s | S1 | b〉

(D.32)

The two first terms will cancel if u = uHF .

1If [i j] exists in the list [ ji] does not.
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S1 from V S2:
A single excitation can also be obtained when V is applied on a double exci-
tation:

Qr
aV χ2P : ∑

b

pairs

∑
[ts]
〈{rb} |V2 | {ts}〉〈{ts} | S2 | {ab}〉

+ ∑
b

∑
t
〈b | −u | t〉〈{rt} | S2 | {ab}〉

+ ∑
t

∑
bc
〈{bc} |V2 | {tc}〉〈{rt} | S2 | {ab}〉

+ ∑
t

pairs

∑
[bc]
〈{cb} |V2 | {at}〉〈{rt} | S2 | {bc}〉

(D.33)

The two last terms cancel if two of the three particles abc are identical. With
u = uHF the u -term in (D.33 ) will cancel with the terms on the third line.

S1 from 1
2!V S2

1:
A connected single excitation can further be obtained when V is applied on a
double excitation produced by two disconnected single excitations:

Qr
aV χ2P :

pairs

∑
[pt]

∑
b
〈{rb} |V2 | {pt}〉

{
〈p | S1 | a〉〈t | S1 | b〉

}
− ∑

s
∑
b
〈b | −u | s〉〈r | S1 | b〉〈s | S1 | a〉

+ ∑
s

∑
bc

[
− 〈{bc} |V2 | {sc}〉〈r | S1 | b〉〈s | S1 | a〉

+ 〈{bc} |V2 | {as}〉〈s | S1 | b〉〈r | S1 | c〉
]
, (D.34)

where the (large) curly brackets denote anti-symmetrization (as in Eq.(D.10)).

S1 from V2S1S2:
Now we consider a triple excitation produced by one single and one double
excitation. The perturbation V connects them and produces a single excitation.
We have here two types of diagrams. First,

Qr
aV χP : ∑

pt

pairs

∑
[bc]
〈{bc} |V2 | {pt}〉〈{tr} | χ2 | {bc}〉〈p | χ1 | a〉

+ ∑
pt

∑
bc
〈{cb} |V2 | {pt}〉〈{tr} | χ2 | {ac}〉〈p | χ1 | b〉,

(D.35)
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were the contributions cancel each other if any of a,b,c are equal.
Second, there are also contributions that can be labeled backward diagrams

Qr
aV χP : +∑

bc
∑
pt
〈{bc} |V2 | {pt}〉〈{pt} | χ2 | {ab}〉〈r | χ1 | c〉. (D.36)

The term backward denotes the situation when one, or several, initially excited
orbitals are filled by particles excited from other orbitals, as here where c is
filled by p or t initially excited from a or b. Goldstone diagrams for such con-
tributions have lines going backwards. Often the term backward is used only
when open shells are considered, but the mechanism is the same regardless if
there are only closed shells or not.

S1 from 1
3!V2S3

1:
Finally S1 clusters can be constructed from three S1 clusters;

Qr
aV χP : +∑

pt
∑
bc
〈{cb} |V2 | {pt}〉〈p | χ1 | a〉〈r | χ1 | b〉〈t | χ1 | c〉 (D.37)

D.3.3 The higher order S2 cluster
Here we list the contriubutions to the S2-amplitudes, equation (4.47).

S2 from V2S1:
First the S2 cluster produced by V2 working on a S1 cluster:

Qrs
abV χ1P : +∑

t

(
〈{rs} |V2 | {at}〉〈t | S1 | b〉+ 〈{rs} |V2 | {tb}〉〈t | S1 | a〉

)
.

(D.38)

S2 from V S2:
Then the contribution from one S2 cluster:

Qrs
abV χ2P :

pairs

∑
[pt]
〈{rs} |V2 | {pt}〉〈{pt} | S2 | {ab}〉

+ ∑
p

(
〈r | −u | p〉〈〈{ps} | S2 | {ab}〉+ 〈s | −u | p〉〈〈{rp} | S2 | {ab}〉

)
+ ∑

t
∑
c

(
+ 〈{sc} |V2 | {tc}〉〈{rt} | S2 | {ab}〉
+ 〈{rc} |V2 | {tc}〉〈{ts} | S2 | {ab}〉
+ 〈{cs} |V2 | {at}〉〈{rt} | S2 | {bc}〉
+ 〈{rc} |V2 | {ta}〉〈{ts} | S2 | {bc}〉
+ 〈{sc} |V2 | {bt}〉〈{rt} | S2 | {ac}〉

+ 〈{cr} |V2 | {tb}〉〈{ts} | S2 | {ac}〉
)
. (D.39)
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The first line of Eq.(D.39) represent so called ladder diagrams where the per-
turbation further excites the already excited particle. The Goldstone diagrams
for such contributions look like ladders. The six last terms cancel if any of the
orbitals abc are equal and can thus be omitted for N = 2.

S2 from 1
2!V2S2

1:
The connected contributions from two single excitations that lead to double
excitations are

Qrs
abV χ2P :

pairs

∑
[pt]
〈{rs} |V2 | {pt}〉

{
〈p | S1 | a〉〈t | S1 | b〉

}
+ ∑

c
∑

t

[
+ 〈{sc} |V2 | {at}〉〈t | S1 | b〉〈r | S1 | c〉
+ 〈{cr} |V2 | {at}〉〈t | S1 | b〉〈s | S1 | c〉
+ 〈{sc} |V2 | {tb}〉〈t | S1 | a〉〈r | S1 | c〉

+ 〈{cr} |V2 | {tb}〉〈t | S1 | a〉〈s | S1 | c〉
]

+
pairs

∑
[cd]
〈{cd} |V2 | {ab}〉

{
〈r | S1 | c〉〈s | S1 | d〉

}
(D.40)

where the large curly brackets denote anti-symmetrization as in in Eq.(D.10).

S2 from 1
3!V2S3

1:
The connected contributions from three single excitations that lead to double
excitations are

Qrs
abV χP : ∑

pt
∑
c

[
+ 〈{cr} |V2 | {pt}〉〈p | χ1 | a〉〈t | χ1 | b〉〈s | χ1 | c〉

+ 〈{sc} |V2 | {pt}〉〈p | χ1 | a〉〈t | χ1 | b〉〈r | χ1 | c〉
]

+ ∑
t

pairs

∑
[cd]

[
+ 〈{cd} |V2 | {at}〉〈t | χ1 | b〉

{
〈r | χ1 | c〉〈s | χ1 | d〉

}
+ 〈{cd} |V2 | {qb}〉〈t | χ1 | a〉

{
〈r | χ1 | c〉〈s | χ1 | d〉

}]
,

(D.41)

where, as before, the large curly brackets denote anti-symmetrization as de-
fined in Eq. (D.10).
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S2 from 1
2!V2S2

2:
Here we have two classes of contributions first,

Qrs
abV χP :

+
pairs

∑
[cd]

∑
pt

(
− 〈{cd} |V2 | {pt}〉〈{st} | S2 | {cd}〉〈{rp} | S2 | {ab}〉

+ 〈{cd} |V2 | {pt}〉〈{rt} | S2 | {cd}〉〈{sp} | S2 | {ab}〉
)

+ ∑
pt

∑
cd

(
+ 〈{cd} |V2 | {pt}〉〈{st} | S2 | {bd}〉〈{rp} | S2 | {ac}〉

+ 〈{dc} |V2 | {pt}〉〈{rt} | S2 | {bd}〉〈{sp} | S2 | {ac}〉
)
.

(D.42)

The diagrams in (D.42) add up to zero if any of the orbitals a,b,c,d are equal.
A second type of contributions are these which can be labeled backwards di-
agrams

Qrs
abV χP :

pairs

∑
[cd]

pairs

∑
[pt]

(
〈{cd} |V2 | {pt}〉〈{rs} | S2 | {cd}〉〈{pt} | S2 | {ab}〉

)
+ ∑

cd

pairs

∑
[pt]

(
− 〈{cd} |V2 | {pt}〉〈{rs} | S2 | {bd}〉〈{pt} | S2 | {ac}〉

− 〈{cd} |V2 | {pt}〉〈{pt} | S2 | {bd}〉〈{rs} | S2 | {ac}〉
)
.

(D.43)

S2 from 1
4!V2S4

1:
The connected contributions from four single excitations that lead to double
excitations are;

Qrs
abV χP :

pairs

∑
[pt]

pairs

∑
[cd]
〈{cd} |V2 | {pt}〈p | χ1 | a〉〈t | χ1 | b〉×

{
〈r | χ1 | c〉〈s | χ1 | d〉

}
(D.44)

where the large curly brackets denote anti-symmetrization as defined in Eq.
(D.10).
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S2 from V S1S2:
There are quite a few contributions of this type. First

Qrs
abV χP : ∑

pt
∑
c

[
+ 〈{cs} |V2 | {pt}〉〈{rt} | χ2 | {bc}〉〈p | χ1 | a〉
+ 〈{cr} |V2 | {pt}〉〈{ts} | χ2 | {bc}〉〈p | χ1 | a〉
+ 〈{sc} |V2 | {pt}〉〈{rt} | χ2 | {ac}〉〈p | χ1 | b〉
+ 〈{rc} |V2 | {pt}〉〈{ts} | χ2 | {ac}〉〈p | χ1 | b〉
+ 〈{cs} |V2 | {pt}〉〈{rt} | χ2 | {ab}〉〈p | χ1 | c〉

+ 〈{cr} |V2 | {pt}〉〈{ts} | χ2 | {ab}〉〈p | χ1 | c〉
]
. (D.45)

If any of the orbitals a,b,c are equal the terms in (D.45) cancel and thus the
equation can be omitted for N = 2. The first and third term, and the second
and fourth term are the same if we let ab↔ ba, rs↔ sr, which can be used
when programming. Then there are contributions that can be labeled backward
diagrams. There are quite a few classes of contributions. We identify these
with different equation numbers below:

Qrs
abV χP : ∑

pq
∑
c

[
+ 〈{cr} |V2 | {pq}〉×〈{pq} | χ2 | {ab}〉〈s | χ1 | c〉

− 〈{cs} |V2 | {pq}〉×〈{pq} | χ2 | {ab}〉〈r | χ1 | c〉
]
(D.46)

Qrs
abV χP : ∑

c
∑
p

[
+

(
∑
d
〈{dc} |V2 | {d p}〉−〈c | u | p〉

)
×〈{rs} | χ2 | {bc}〉〈p | χ1 | a〉

−
(
∑
d
〈{dc} |V2 | {d p}〉−〈c | u | p〉

)
×〈{rs} | χ2 | {ac}〉〈p | χ1 | b〉

−
(
∑
d
〈{cd} |V2 | {pd}〉−〈c | u | p〉

)
×〈{rp} | χ2 | {ab}〉〈s | χ1 | c〉

+
(
∑
d
〈{cd} |V2 | {pd}〉−〈c | u | p〉

)
×〈{sp} | χ2 | {ab}〉〈r | χ1 | c〉

]
(D.47)
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Qrs
abV χP : ∑

cd
∑
p

(
〈{cd} |V2 | {ap}〉×〈{rs} | χ2 | {db}〉〈p | χ1 | c〉

+ 〈{cd} |V2 | {bp}〉×〈{rs} | χ2 | {ad}〉〈p | χ1 | c〉
)

+
pairs

∑
[cd]

∑
p

(
+ 〈{cd} |V2 | {ap}〉×〈{rs} | χ2 | {cd}〉〈p | χ1 | b〉

+ 〈{cd} |V2 | {pb}〉×〈{rs} | χ2 | {cd}〉〈p | χ1 | a〉
)

(D.48)

Qrs
abV χP : ∑

cd
∑
p

(
+ 〈{cd} |V2 | {ap}〉〈{ps} | χ2 | {bd}〉〈r | χ1 | c〉
− 〈{cd} |V2 | {ap}〉〈{pr} | χ2 | {bd}〉〈s | χ1 | c〉
+ 〈{cd} |V2 | {pb}〉〈{ps} | χ2 | {ad}〉〈r | χ1 | c〉

− 〈{cd} |V2 | {pb}〉〈{pr} | χ2 | {ad}〉〈s | χ1 | c〉
)

(D.49)

S2 from 1
2!V2S2

1S2:
Four excited orbitals can also be obtained from one double excitation and two
single excitations. V2 can then close the double excitation (type A below), or
one single excitation and one leg of the double excitation (type B below), or
both the single excitations (type C below). First, we list type (A)

Qrs
abV χP :

pairs

∑
[pt]

pairs

∑
[cd]
〈{cd} |V2 | {pt}〉〈{pt} | S2 | {ab}〉

{
〈r | χ1 | c〉〈s | χ1 | d〉

}
,

(D.50)

and then type (B)

Qrs
abV χP : ∑

pt

pairs

∑
[cd]

(
〈{cd} |V2 | {pt}〉

{
〈t | S1 | c〉〈s | S1 | d〉

}
〈{rp} | S2 | {ab}〉

− 〈{cd} |V2 | {pt}〉
{
〈t | S1 | c〉〈r | S1 | d〉

}
〈{sp} | S2 | {ab}〉

)
+ ∑

pt
∑
cd
〈{cd} |V2 | {t p}〉×

(
〈t | S1 | b〉〈s | S1 | d〉〈{rp} | S2 | {ac}〉

− 〈t | S1 | b〉〈r | S1 | d〉〈{sp} | S2 | {ac}〉
+ 〈t | S1 | a〉〈s | S1 | d〉〈{pr} | S2 | {bc}〉

− 〈t | S1 | a〉〈r | S1 | d〉〈{ps} | S2 | {bc}〉
)

(D.51)
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Finally there are type (C);

Qrs
abV χP : ∑

pt

pairs

∑
[cd]
〈{cd} |V2 | {pt}〉〈p | χ1 | a〉〈t | χ1 | b〉〈{rs} | S2 | {cd}〉

+ ∑
pt

∑
cd

(
〈{cd} |V2 | {pt}〉〈p | χ1 | a〉〈t | χ1 | d〉〈{rs} | S2 | {bc}〉

− 〈{cd} |V2 | {pt}〉〈p | χ1 | b〉〈t | χ1 | d〉〈{rs} | S2 | {ac}〉
)
.

(D.52)
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The possibility to use perturbation theory to systematically improve calculations on circular quantum dots is
investigated. A few different starting points, including Hartree-Fock, are tested and the importance of correla-
tion is discussed. Quantum dots with up to 12 electrons are treated and the effects of an external magnetic field
are examined. The sums over excited states are carried out with a complete finite radial basis set obtained
through the use of B splines. The calculated addition energy spectra are compared with experiments and the
implications for the filling sequence of the third shell are discussed in detail.
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I. INTRODUCTION

During the last decade a new field on the border between
condensed matter physics and atomic physics has emerged.
Modern semiconductor techniques allow fabrication of elec-
tron quantum confinement devices, called quantum dots,
containing only a small and controllable number of electrons.
The experimental techniques are so refined that one electron
at a time can be injected into the dot in a fully controllable
way. This procedure has shown many similarities between
quantum dots and atoms, for example the existence of shell
structure. To emphasize these similarities quantum dots are
often called artificial atoms. The interest in quantum dots is
mainly motivated by the fact that their properties are tunable
through electrostatic gates and external electric and magnetic
fields, making these designer atoms promising candidates for
nanotechnological applications. An additional aspect is that
quantum dots provide a new type of targets for many-body
methods. In contrast to atoms they are essentially two-
dimensional and their physical size is several orders of mag-
nitude larger than that of atoms, leading, e.g., to a much
greater sensitivity to magnetic fields. Another difference
compared to atoms is the strength of the overall confinement
potential relative to that of the electron-electron interaction,
which here varies over a much wider range.

The full many-body problem of quantum dots is truly
complex. A dot is formed when a two-dimensional electron
gas in a heterostructure layer interface is confined also in the
xy plane. The gate voltage applied for this purpose results in
a potential well, the form of which is not known. A quanti-
tative account of this trapping potential is one of the quan-
tum dot many-body problems. Self-consistent solutions of
the combined Hartree and Poisson equations by Kumar et
al.1 in the early 1990s indicated that for small particle num-
bers this confining potential is parabolic in shape at least to a
first approximation. Since then a two-dimensional harmonic
oscillator potential has been the standard choice for studies
concentrating on the second many-body problem of quantum
dots; that of the description of the interaction among the
confined electrons. The efforts to give a realistic description
of the full physical situation, see, e.g., Refs. 1–5 have, how-
ever, underlined that it is important to realize the limits of
this choice. To start with, the pure parabolic potential seems
to be considerably less adequate when the number of elec-
trons is approaching 20. The potential strength is further not
independent of the number of electrons put into the dot, an

effect which is sometimes approximately accounted for by
decreasing the strength with the inverse square root of the
number of electrons.6 Finally, the assumption that the con-
fining potential is truly two-dimensional is certainly an ap-
proximation and it will to some extent exaggerate the Cou-
lomb repulsion between the electrons. In Ref. 3 the deviation
from the pure two-dimensional situation is shown to effec-
tively take the form of an extra potential term scaling with
the fourth power of the distance to the center and which can
be both positive and negative. Although the deviation is quite
small it is found that predictions concerning the so-called
third shell can be affected by it.

There is thus a number of uncertainties in the description
of quantum dots. On the one hand there is the degree to
which real dots deviate from two-dimensionality and pure
parabolic confinement. On the other hand there is the uncer-
tainty in the account of electron correlation among the con-
fined electrons. The possible interplay among these uncer-
tainties is also an open question. In a situation like this it is
often an advantage to study one problem at a time, since it is
then possible to have control over the approximations made
and quantify their effects. We concentrate here on the prob-
lem of dot-electron correlation. For this we employ a model
dot, truly two-dimensional, with perfect circular symmetry
and with a well defined strength of the confining potential.
This choice is sufficient when the aim is to test the effects of
the approximations introduced through the approximative
treatment of the electron-electron interaction.

Especially the experimental study by Tarucha et al.7 has
worked as a catalyst for a vast number of theoretical studies
of quantum dots. A review of the theoretical efforts until a
few years ago has been given by Reimann and Manninen.8 A
large number of calculations has been done within the frame-
work of density functional theory �DFT�6,8–10 and references
therein, but also Hartree-Fock �HF�,11–13 quantum Monte
Carlo methods,14,15 and configuration interaction �CI�16–18

studies have been performed. The DFT studies have been
very successful. The method obviously accounts for a sub-
stantial part of the electron-electron interaction. Still, the
situation is not completely satisfactory since there is no pos-
sibility to systematically improve the calculations or to esti-
mate the size of neglected effects. For just a few electrons
the CI approach can produce virtually exact results, provided
of course that the basis set describes the physical space well
enough. The size of the full CI problem grows, however,
very fast with the number of electrons and to the best of our
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knowledge the largest number of electrons in a quantum dot
studied with CI is 6. It would be an advantage to also have
access to a many-body method which introduces only well
defined approximations and which allows a quantitative es-
timate of neglected contributions. The long tradition of accu-
rate calculations in atomic physics has shown that many-
body perturbation theory �MBPT� has these properties. It is
in principle an exact method, applicable to any number of
electrons, and the introduced approximations are precisely
defined. With MBPT it is possible to start from a good, or
even reasonable, description of the artificial atom and then
refine this starting point in a controlled way. We are only
aware of one study on quantum dots that have been done
with MBPT, the one by Sloggett and Sushkov.19 They did
second-order correlation calculations on circular and ellipti-
cal dots in an environment free of external fields.

In the present study we use second-order perturbation
theory to calculate energy spectra for quantum dots with and
without external magnetic fields. We consider this second-
order treatment as a first step towards the calculation of cor-
relation to high orders through iterative procedures, an ap-
proach commonly used for atoms.20 The method is described
in Sec. II. In Sec. III we compare our calculations with ex-
perimental results,3,7 DFT calculations,16 and CI calculations,
our own as well as those of Reimann et al.,16 and discuss the
strength and limits of the MBPT approach. We have mainly
used the Hartree-Fock description as a starting point for the
perturbation expansion, but we also show examples with a
few alternative starting points, among them DFT. To obtain a
complete and finite basis set, well suited to carry out the
perturbation expansion, we use so-called B splines, see, e.g.,
Ref. 21. The use of B splines in atomic physics was pio-
neered by Johnson and Sapirstein22 twenty years ago and
later it has been the method of choice in a large number of
studies as reviewed, e.g., in Ref. 23. We compare our corre-
lated results to our own HF calculations, thereby highlighting
the importance of correlation both when the quantum dot is
influenced by an external magnetic field and when it is not.
We present addition energy spectra for the first 12 electrons.
The interesting third shell �electrons 7 to 12� is discussed in
Sec. IV. Here we investigate several different filling se-
quences and show that correlation effects in many cases can
change the order of which shells are filled. We note also that
the energy of the first excited state can be very close to the
ground state, in some case less than 0.1 meV, which raises
the question if it is always the ground state which is filled
when an additional electron is injected in the dot since more
than one state may lie in the transport window controlled by
the source drain voltage.24

II. METHOD

The essential point in perturbation theory is to divide the

full Hamiltonian Ĥ into a first approximation ĥ and a correc-

tion Û. The first approximation should be easily obtainable,
in practice it is more or less always chosen to be an effective
one-particle Hamiltonian, and it should describe the system
well enough to ensure fast and steady convergence of the
perturbation expansion. The partition is written as

Ĥ = �
i=1

N

ĥ�i� + Û . �1�

Here we have chosen to mainly use the Hartree-Fock Hamil-

tonian as ĥ but we have also investigated the possibility to
use a few other starting points.

A first approximation to the energy is obtained from the

expectation value of Ĥ, calculated with a wave function in
the form of a Slater determinant formed from eigenstates to

ĥ�i�. The result is then subsequently refined through the per-
turbation expansion. Below we describe the calculations step
by step.

A. Single-particle treatment

For a single particle confined in a circular quantum dot
the Hamiltonian reads

ĥs =
p̂2

2m* +
1

2
m*�2r2 +

e2

8m*B2r2 +
e

2m*BL̂z + g*�bBŜz,

�2�

where B is an external magnetic field applied perpendicular
to the dot. The effective electron mass is denoted with m*

and the effective g factor with g*. Throughout this work we
use m*=0.067me and g*=−0.44, corresponding to bulk val-
ues in GaAs.

The single particle wave functions separate in polar coor-
dinates as

��nm�ms
� = �unm�ms

�r���eim����ms� . �3�

As discussed in the Introduction we expand the radial part
of our wave functions in so-called B splines labeled Bi with
coefficients ci, i.e.,

�unm�ms
�r�� = �

i=1
ci�Bi�r�� . �4�

B splines are piecewise polynomials of a chosen order k,
defined on a so-called knot sequence and they form a com-
plete set in the space defined by the knot sequence and the
polynomial order.21 Here we have typically used 40 points in
the knot sequence, distributed linearly in the inner region and
then exponentially further out. The last knot, defining the
box to which we limit our problem, is around 400 nm. The
polynomial order is 6 and combined with the knot sequence
this yields 33 radial basis functions, unm�ms

�r�, for each com-
bination �m� ,ms�. The lower energy basis functions are
physical states, while the higher ones are determined mainly
by the box. The unphysical higher energy states are, how-
ever, still essential for the completeness of the basis set.

Equations �3� and �4� imply that the Schrödinger equation
can be written as a matrix equation,

Hc = �Bc , �5�

where Hji= �Bje
im��Ĥ�Bie

im�� and Bji= �Bj �Bi�.31

Equation �5� is a generalized eigenvalue problem that can
be solved with standard numerical routines. The integrals in
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Eq. �5� are calculated with Gaussian quadrature and since B
splines are piecewise polynomials this implies that essen-
tially no numerical error is produced in the integration.

B. Many-body treatment

The next step is to allow for several electrons in the dot
and then to account for the electron-electron interaction,

e2

4	�r�0

1

�ri − r j�
, �6�

where �r is the relative dielectric constant which in the fol-
lowing calculations is taken to be �r=12.4 corresponding to
the bulk value in GaAs. For future convenience we define the
electron-electron interaction matrix element as

�ab� 1

r̂ij
�cd	 =
 
 e2�a

*�ri��b
*�r j��c�ri��d�r j�

4	�r�0�ri − r j�
dAidAj ,

�7�

where a, b, c, and d each denote a single quantum state, i.e.,
�a�= �na ,m�

a ,ms
a�.

1. Multipole expansion

As suggested by Cohl et al.,25 the inverse radial distance
can be expanded in cylindrical coordinates �R ,� ,z� as

1

�r1 − r2�
=

1

	�R1R2
�

m=−





Qm−1/2���eim��1−�2�, �8�

where

� =
R1

2 + R2
2 + �z1 − z2�2

2R1R2
. �9�

Assuming a two-dimensional �2D� confinement we set z1
=z2 in Eq. �9�. The Qm−1/2��� functions are Legendre func-
tions of the second kind and half integer degree. We evaluate
them using a modified32 version of software DTORH1.F de-
scribed in Ref. 26.

Using Eqs. �8� and �3� the electron-electron interaction
matrix element �7� becomes

�ab�
1

r̂12

�cd� =
e2

4	�r�0
�ua�ri�ub�rj��

Qm−1/2���
	�rirj

�uc�ri�ud�rj��

� �eima�ieimb�j� �
m=−





eim��i−�j��eimc�ieimd�j�

� �ms
a�ms

c��ms
b�ms

d� . �10�

Note that the angular part of Eq. �10� equals zero except if
m=ma−mc or m=md−mb. This is how the degree of the Leg-
endre function in the radial part of Eq. �10� is chosen. It is
also clear from Eq. �10� that the electron-electron matrix
element �7� equals zero if states a and c or states b and d
have different spin directions.

2. Hartree-Fock

If the wave function is restricted to be in the form of a
single Slater determinant, the Hartree-Fock approximation

can be shown to yield the lowest energy. In this approxima-
tion each electron is governed by the confining potential and
an average Hartree-Fock potential formed by the other elec-
trons. To account for the latter the Hamiltonian matrix H in
Eq. �5� is modified by the addition of a term:

uji
HF = �Bj�ûHF�Bi� = �

aN

�Bja�
1

r̂12

�Bia� − �Bja�
1

r̂12

�aBi� .

�11�

The sum here runs over all occupied orbitals a defined by
quantum numbers n, m�, and ms. Equation �5� is then solved
iteratively yielding new and better wave functions in each
iteration until the energies become self-consistent. The
hereby obtained solution is often labeled the unrestricted
Hartree-Fock approximation since no extra constraints are
imposed on uHF.

One property of the unrestricted Hartree-Fock approxima-
tion deserves special attention. Consider the effects of the
Hartree-Fock potential on an electron in orbital b,

�b�ûHF�b� = �
aN

�ba�
1

r̂12

�ba� − �ba�
1

r̂12

�ab� , �12�

where the last term in Eq. �12�, the exchange term, is non-
zero only if orbitals a and b have the same spin. Configura-
tions where not all electron spins are paired electrons with
the same quantum numbers n and m�, but with different spin
directions, will experience different potentials. This is in ac-
cordance with the physical situation, but has also an undes-
ired consequence; the total spin, S2= ��isi�2, does not com-
mute with the Hartree-Fock Hamiltonian. This means that
the state vector constructed as a single Slater determinant of
Hartree-Fock orbitals will not generally be a spin eigenstate.
However, the full Hamiltonian, Eq. �1�, still commutes with
S2 and during the perturbation expansion the spin will even-
tually be restored, provided of course that the perturbation
expansion converges. Since, in contrast to the energy, the
total spin of a state is usually known, the expectation value
of the total spin, �S2�, can be used as a measure of how
converged the perturbation expansion is. It can also be used
as an indication of when the Hartree-Fock description is too
far away from the physical situation to be a good enough
starting point. This is discussed further in Secs. III and IV.

3. Second-order correction to a Hartree-Fock starting
point

The leading energy correction to the Hartree-Fock starting
point is of second order in the perturbation �defined in Eq.

�1�. When ĥ= ĥs+ ûHF and Û=�i�j
1
r̂ij

−�i=1
N ûHF�i�, the corre-

sponding corrections to the wave function will not include
any single excitations. This is usually referred to as Bril-
louin’s theorem and is discussed in standard many-body
theory textbooks, see, e.g., Lindgren and Morrison.20 Start-
ing from the HF Hamiltonian for N electrons in the dot we
write the second-order correction to the energy
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�EN
�2� = �

a�bN
�

r,s�N

r�s

��rs�1/r̂12�ab��2 − �ba�1/r̂12�rs��rs�1/r̂12�ab�
�a + �b − �r − �s

, �13�

where thus both r and s are unoccupied states.
Since B splines are used for the expansion of the radial

part of the wave functions there is a finite number of radial
quantum numbers �n� to sum over in the second sum of Eq.
�13�. However, in principle there is still an infinite number of
angular quantum numbers �m�� to sum over in the same sum.
In praxis this summation has to be truncated and the effects
of this truncation will be discussed in Sec. III.

4. Other starting points than Hartree-Fock

In principle any starting point, with wave functions close
enough to the true wave functions �to ensure convergence of
the perturbation expansion�, can work as a starting point for
MBPT. We have in addition to HF investigated three alterna-
tive starting points. If there are important cancellations be-
tween the full exchange �included in Hartree-Fock� and cor-
relation �not included in Hartree-Fock� an alternative starting
point might converge faster, or even provide convergence in
regions where it cannot be achieved with Hartree-Fock. First

of all we start with the simplest possible starting point: the
pure one-electron wave functions. In this case the basis set
consists of the solutions to the pure 2D harmonic oscillator
in the chosen box and we treat the whole electron-electron
interaction as the perturbation. The second alternative start-
ing point is the local density approximation �LDA�. That is
we switch the second term in Eq. �11� to

��Bj�4aB
*�2��r�

	
�Bi

�, where ��r� is the radial electron density
and � is called the Slaters exchange parameter and is usually
set to 1. Both these starting Hamiltonians are defined with
only local potentials and will thus commute with the total
spin. The third alternative starting point is a reduced ex-
change HF, i.e., the exchange term �the second term� in Eq.
�11� is simply multiplied with a constant ��1. When using
these alternative starting points, one must in contrast to the
Hartree-Fock case include single excitations in the perturba-
tion expansion.

The second-order perturbation correction then becomes

�EN
�2� = �

a,b�N
�
r�N

��r�V̂ex�a� − �rb�
1

r12
�ba��2

�a − �r
+ �

a�bN
�

r,s�N

r�s

��rs�
1

r̂12

�ab��2

− �ba�
1

r̂12

�rs��rs�
1

r̂12

�ab�

�a + �b − �r − �s
, �14�

where V̂ex is the chosen exchange operator. From this expres-
sion it is also clear that the first term yields zero in the pure
Hartree-Fock case, i.e., then all single excitations cancel.

5. Full CI treatment of the two-body problem

To investigate how well second-order many-body pertur-
bation theory performs we have for the simple case of two
electrons also solved the full CI problem. We then diagonal-
ize the matrix that consists of all the elements of the form

Hji = �mn� jĥs
1 + ĥs

2 +
1

r̂12

�op�i �15�

for given values of ML=�m� and MS=�ms of our electron
pairs ��mn�i�. Following the selection rules produced by Eq.
�10� we get the conditions m�

o+m�
p=m�

m+m�
n, ms

m=ms
o, and

ms
n=ms

p.

III. VALIDATION OF THE METHOD

The main purpose of this work is to investigate the usabil-
ity of many-body perturbation theory on �GaAs� quantum

dots. Therefore we have in this section compared our results
with results from other theoretical works.

Our energies are generally given in meV. For easy com-
parison with other calculations it should be noted that the
scaled atomic unit for energy is 1 hartree*=1 hartree
�m* / �me�r

2��11.857 meV, with m*=0.067me and �r=12.4.
The scaled Bohr radius is aB

* = ��rme /m*�aB�9.794 nm.

A. Two electron dot

Figure 1 shows the second-order many-body perturbation
correction to the energy, Eq. �13�, as a function of max�n�
�squares� and max��m��� �circles�, respectively, for the two
electron dot with ��=6 meV. It clearly illustrates that both
curves converge but also that the sum over m� converges
faster than the sum over n. Due to this we have throughout
our calculations used all radial basis functions and as many
angular basis functions that are needed for convergence. One
should, however, notice that the relative convergence as a
function of max�n� and max��m��� varies with the confine-
ment strength and occupation number. Weak potentials ���
�2 meV� usually produce the opposite picture, i.e., a faster
convergence for n than for m�. For confinement strengths
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����3 meV� and most occupation numbers the trend
shown in Fig. 1 is, however, typical.

Comparison between different starting points

In Figs. 2�a� and 2�b� comparisons between HF �i.e., the
expectation value of the full Hamiltonian with a Slater deter-
minant of Hartree-Fock orbitals, labeled HF+1st order
MBPT in Figs. 2 and 3�, the alternative starting points dis-
cussed in Sec. II B 4, second-order MBPT �HF or alternative
starting point+second-order correlation�, and CI calculations
for the ground state in the two electron dot are made. Both
the second-order MBPT and CI results have been produced
with all radial basis functions �33 for each combination of m�

and ms� and −6m�6. It is clear from Fig. 2�a� that the
second-order correlation here is the dominating correction to
the Hartree-Fock result. Even for ��=2 meV the difference
compared to the CI result decreases with one order of mag-
nitude when it is included. For stronger confinements the
difference to CI is hardly visible. As expected, the perfor-
mance of both HF and second-order MBPT is improved
when stronger confinement strengths are considered. For the
weakest confinement strength calculated here ���=1 meV�
the pure Hartree-Fock approximation gives unphysical wave
functions in the sense that the spin up and the spin down
wave functions differ, resulting in a nonzero �S2�. This shows
up in Fig. 2�a� as a broken trend �all of a sudden an overes-
timation of the energy instead of an underestimation� for the
pure HF+second-order correlation curve at ��=1 meV. For
all other potential strengths �S2� is zero to well below the
numerical precision ��10−6� for both the Hartree-Fock and
second-order MBPT wave functions, while for the ��
=1 meV calculation �S2�=0.33 and 0.26 for the Hartree-
Fock and second-order MBPT calculations, respectively. It
should be noted that at ��=1 meV the energy of the second-
order MBPT calculation is still only 4% larger than the CI
value �although the wave functions are unphysical� and that
probably the state will converge to �S2�=0 when MBPT is
performed to all orders. All other tested starting points yield
�S2�=0 for this confinement strength, but still their energy
estimates after second-order MBPT are worse. This shows

that conserved spin does not necessarily yield good energies
and broken spin symmetry does not necessarily yield bad
energy estimations. We note that the reduced exchange
Hartree-Fock, displayed in Fig. 2�a�, seems to be a fruitful
starting point for perturbation theory although the results af-
ter second order are slightly worse than after the full ex-
change Hartree-Fock+second-order MBPT. For ��=1 meV
the reduced exchange HF with �=0.7 still gives �S2�=0, i.e.,
the onset of spin contamination is delayed on the expense of
proximity to the CI energy. To put it in another way, if we
lower �, the corresponding curve in Fig. 2�a� will be lower
�and thus further from the correct CI curve�, but the spin
contamination onset will appear for a weaker confinement
strength. This freedom could be useful when doing MBPT to
all orders.

From Fig. 2�b� we conclude that LDA with ��1 might
be a useful starting point for perturbation theory calculations
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FIG. 1. �Color online� Second-order perturbation theory correc-
tion to the energy as function of max�n� �squares� and max��m���
�circles� in the second sum of Eq. �13� for the two electron dot with
the confinement strength ��=6 meV. Note that the sum over m�

converges faster than the sum over n.

FIG. 2. �Color online� The quotient between the calculated en-
ergies �of the respective method� and the CI energy as functions of
the confinement strength �� for the ground state in the two electron
dot. In �a� the results from HF, a reduced exchange HF with �
=0.7 and second-order MBPT using wave functions from the re-
spective method are plotted. In �b� the results from LDA calcula-
tions �with two different alphas� � first- and second-order MBPT
are plotted. For reference the results from calculations where we
have used the one electron wave functions as a starting point for the
perturbation expansion �taking the whole electron-electron interac-
tion as the perturbation� have been plotted in both �a� and �b�.
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to all orders but not a good option for second order calcula-
tions, at least not for weak potentials. LDA calculations with
�=1, however, seem to be a bad starting point for MBPT,
at least for the two electron case, since it gives almost iden-
tical results after second order using the pure one electron
wave functions as a starting point. LDA might still work
better as a starting point when more electrons are added to
the dot.

Finally the comparison with the pure one electron wave
functions in Fig. 2 clearly illustrates how much of an im-
provement it is to start the perturbation expansion from wave
functions that already include some of the electron-electron

interaction, especially for weaker potentials. This becomes
even more clear in Fig. 3 where we present the results from
Fig. 2�a� in another way. Here we have plotted EMethod /E0 as
functions of l0 /aB

* where E0=�� is the single particle energy
and l0=�� / �m*�� is the characteristic length of the dot. It
demonstrates what an extraordinary improvement it is to
start from Hartree-Fock compared to starting with the one
electron wave functions when doing second-order MBPT for
low electron densities �high l0 /aB

*�. It also seems that there is
a region where the Hartree-Fock starting point would yield a
convergent perturbation expansion while taking the whole
electron-electron interaction as the perturbation would not.
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FIG. 4. �Color online� Comparison between
our HF and second-order MBPT results for the
six electron dot in the ground state with ML

TOT

=0 and Sz
TOT=0, with the LSDA and CI calcula-

tions by Reimann et al. �Ref. 16�. The second-
order MBPT calculations include the full sum
over the complete radial basis set �corresponding
to all n values� and with max��m���
=1,2 ,3 , . . . ,30 for the two strongest potentials.
For clarity only the curves with max��m���=1, 4,
6, and 30 have been labeled. The HF and the
second-order MBPT with max��m���=30 curves
are plotted for all potential strengths calculated
by Reimann et al. Moreover, the values of �S2�
for the HF and the second-order MBPT with
max��m���=30 have been plotted in the figure.
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FIG. 3. �Color online� E /E0

for the two electron dot and for
different methods as functions of
l0 /aB

* , where l0=�� / �m*�� is the
characteristic dot length, E0=��
is the single particle energy, and
aB

* is the effective Bohr radius.
Small values of l0 /aB

* correspond
to stronger confinement and there-
fore a faster expected convergence
rate of a perturbation expansion.
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B. Six electron dot

In Fig. 4, a comparison between our HF and second-order
MBPT calculations on the ground state of the six electron dot
is made with a DFT calculation in the local spin density
approximation �LSDA� as well as with a CI calculation, both
by Reimann et al.16 They performed their calculations for

seven different electron densities here translated to potential
strengths. Let us first focus on the results for the two highest
densities, corresponding to a Wigner-Seitz radius rs=1.0aB

*

and rs=1.5aB
* which translates to confinement strengths of

���7.58 meV and �4.12 meV, respectively. The reason
that we want to separate the comparison for those confine-
ment strengths is that our Hartree-Fock calculations yield
solutions with �S2��0 for the weaker confinement strengths.
A similar behavior was seen by Sloggett et al.19 in their
unrestricted HF calculations. Therefore the results for the
weaker potentials overestimate the energy in an unphysical
manner; compare the above discussion around Fig. 2�a�. The
CI method, however, always yields �S2�=0 for the closed six
electron shell and consequently a comparison with spin con-
taminated results would here, in some sense, be misleading.
It should be emphasized that the spin contamination is a
feature of our choice of starting point and not a problem with
MBPT in itself.

To make comparison easy all energies are normalized to
the corresponding CI value. The figure clearly illustrates, for
the two stronger confinement strengths, that while the HF
results overshoot the CI energy by between 3.5% and 4.5%
the second-order MBPT calculations improve the results sig-
nificantly. Already for max��m���=1 the energy only over-
shoots the CI value with between 2.5% and 3.5% while the
second-order MBPT energy for max�m��=4 is almost exactly
the CI energy. However, with max�m��=30 the second-order
MBPT gives somewhere between 0.5% and 1% lower energy
than the CI calculation. We note that the CI calculation by
Reimann et al. was made with a truncated basis set consist-
ing of the states occupying the eight lowest harmonic oscil-
lator shells. This means, e.g., that their basis set includes
only two states with ��m���=5 and one with ��m���=6. Within
this space all possible six electron determinants were formed.
After neglecting some determinants with a total energy larger

TABLE I. Energy of the ground and third shell excited state for 7–11 electron dots with ��=5 and 7 meV. The notation ��i=1
N n , �ML � ,S�

to label the state is used. The ground state energy according to Hartree-Fock �HF energy� and to HF+second-order MBPT �correlated energy�
and for respective N and potential strength is marked in bold.

# e− ��=5 meV ��=7 meV

7 State �0,2 , 1
2

� �1,0 , 1
2

� �0,2 , 1
2

� �1,0 , 1
2

�
HF energy �meV� 168.02 168.67 215.80 216.58

Correlated energy �meV� 162.08 162.15 208.96 209.52

8 State �0,0,1� �0,4,0� �1,2,1� �2,0,0� �0,0,1� �0,4,0� �1,2,1� �2,0,0�
HF energy �meV� 210.69 212.33 211.66 214.00 270.66 272.20 271.51 274.32

Correlated energy �meV� 205.2 204.40 204.66 205.02 263.82 263.70 263.85 264.65

9 State �1,0 , 3
2

� �0,2 , 1
2

� �1,4 , 1
2

� �2,2 , 1
2

� �1,0 , 3
2

� �0,2 , 1
2

1
2

� �1,4 , 1
2

� �2,2 , 1
2

�
HF energy �meV� 257.69 259.24 259.28 260.56 330.25 332.17 332.14 333.64

Correlated energy �meV� 250.54 251.35 250.95 251.00 322.27 322.81 323.06 323.37

10 State �1,2,1� �0,0,0� �2,0,1� �2,4,0� �1,2,1� �0,0,0� �2,0,1� �2,4,0�
HF energy �meV� 309.27 310.64 310.17 311.06 395.72 397.20 396.73 397.78

Correlated energy �meV� 300.49 300.00 300.25 300.52 385.92 385.76 386.06 386.49

11 State �1,0 , 1
2

� �2,2 , 1
2

� �1,0 , 1
2

� �2,2 , 1
2

�
HF energy �meV� 363.72 364.49 464.77 465.57

Correlated energy �meV� 353.66 353.19 453.47 453.43
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FIG. 5. �Color online� The chemical potentials for N
=1,2 , . . . ,6 as functions of the external magnetic field according to
HF �dashed curve� and second-order MBPT �full curve� calcula-
tions for the potential strength ��=5 meV. Note the big difference
between the two different models regarding the behavior of the
chemical potentials when the magnetic field varies.
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than a chosen cutoff, the Hamiltonian matrix was constructed
and diagonalized. Figure 4 indicates that the basis set used in
Ref. 16 was not saturated to the extent probed here, since
almost all interactions with �m���4 were neglected. Accord-
ing to Reimann et al. they used a maximum of 108 375
Slater determinants while we, through perturbation theory,
use a maximum of 980 366 Slater determinants. The differ-
ence of our max��m���=30 results and their CI results is thus
not unreasonable. Since Reimann et al. solved the full CI
problem, the matrix to diagonalize is huge and it is, accord-
ing to the authors, not feasible to use an even larger basis set.
An alternative could be to include more basis functions, but
restrict the excitations to single, doubles, and perhaps triples.
The domination of double excitations is well established in
atomic calculations, see, e.g., the discussion in Ref. 27. It
should, however, be noted that the difference between the
results concerns the fine details. Our converged results are
less than one percent lower than those of Reimann et al. and
when using approximately the same basis set as they did
�max��m���=4 the difference between the results is virtually
zero. Moreover, we see for the two strongest potentials the
same trend as we saw in the two electron case, namely that
the HF, MBPT, and CI results tend towards one another with
increasing potential strength. This trend is not seen for the
LSDA approach.

Finally, Fig. 4 shows, for the five weakest potentials, that
our HF results get increasingly spin contaminated when the
potential is weakened. Hereby the HF approximation artifi-
cially lowers its energy and subsequently this leads to an
overestimation of the second-order MBPT energies for these
potential strengths. Surprisingly, however, the energy is
never more than just above 2% over the CI results even when

�S2��2. Note also that MBPT improves the HF value of �S2�
as it should.

C. Correlation in an external magnetic field

The behavior of quantum dots in an external magnetic
field applied perpendicular to the dot has previously been
examined many times both experimentally, e.g., Refs. 7, 24,
and 28, and theoretically, e.g., Refs. 7, 18, and 29. The
chemical potentials ��N�=E�N�−E�N−1� plotted vs the
magnetic field usually show a rich structure, including, e.g.,

2 4 6 8 10 12
0

2

4

6

8

10

N

∆
[m

eV
]

Hartree−Fock
2:nd order MBPT

2 4 6 8 10 12
0

5

10

N

∆
[m

eV
]

Hartree−Fock
2:nd order MBPT

FIG. 6. �Color online� The ground state addition energy spectra
for dots with ��=5 meV �a� and ��=7 meV �b�. The squares
�circles� represent the addition energy spectra according to HF
�second-order MBPT�. It is clear that the second-order MBPT spec-
tra imply closer resemblances to the experimental picture in
Tarucha �Ref. 7� than the HF spectrum.
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FIG. 7. �Color online� Ground state �a� and selected excited
state �b�–�e� addition energy spectra for ��=5 meV according to
second-order MBPT. The notation ��i=7

N ni , ��i=7
N m�

i � ,S� to label the
states is used. Note the big differences between the different spec-
tra. For example, the ground state spectrum �a� has peaks at N
=8,10 while spectrum �b� has a peak at N=8 and the rest have a
peak at N=9. That is, even if the spin is maximized at the half filled
shell �N=9� there is not always a peak there as seen in subfigure �a�
and �b�. Subfigure �e� resembles the experimental results of Ref. 3
best with dips at N=7 and 10 and a peak at N=9. Moreover, com-
bining the addition energies for N=6,7 ,8 of sequence �c� or �d�
with the addition energies for N=10,11,12 of sequence �e� would
give a spectrum that closely resembles the experimental situation in
Ref. 7 with dips at N=8 and 10 and a peak at N=9.
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state switching and occupation of the lowest Landau band at
high magnetic fields.

Figure 5 shows the chemical potentials for N=1,2 , . . . ,6
as functions of the magnetic field according to our HF
�dashed curves� and second-order MBPT with −10m�
10 �full curves� calculations for the potential strength ��
=5 meV. We have here limited ourselves to the first six
chemical potentials calculated at selected magnetic field
strengths �shown by the marks in the figure�. We emphasize
again that our intention here is rather to test the capability of
MBPT in the field of quantum dots than to provide a true
description of the whole experimental situation. With in-
creasing particle number MBPT naturally becomes more
cumbersome, but magnetic field calculations are feasible at
least up to N=20.

First note the significant difference between the HF and
second-order MBPT results. Once again correlation proves to
be extremely important in circular quantum dots. With our
correlated results we also note a close resemblance both to
the experimental work by Tarucha et al.7 and to the current
spin-density calculation by Steffens et al.,29 made with the
same potential and material parameters as used here. �Note
that Ref. 29 defines the chemical potentials as ��N�=E�N
+1�−E�N�, shifting all curves one unit in N. An example of
the importance of correlation is the four electron dot that
switches state from ��i=1

N ni , �ML� ,S�= �0,0 ,1� to �0,2,0� at ap-
proximately 1 T in the HF calculations and at approximately
0.2 T in the correlated calculations. We want to emphasize
that we have found the exact position of this switch to be
very sensitive to the potential strength and to the value of g*.
The big difference concerning the magnetic field where this
switch occurs can probably be attributed to the HF tendency
to strongly favor spin alignment. This is an effect originating
from the inclusion of full exchange, but no correlation. In-
clusion of second-order correlation energy cures this prob-
lem. Finally we note that the N=5 switch from �0,1 , 1

2 � to
�0,4 , 1

2 � in our correlated calculations takes place somewhere
around 1.2 T which is also in agreement with both men-
tioned studies.

IV. RESULTS

Addition energy spectra

The so-called addition energy spectra, with the addition
energy defined as ��N�=E�N+1�−2E�N�+E�N−1�, have
been widely used to illustrate the shell structure in quantum
dots. Main peaks at N=2, 6, 12, and 20, indicating closed
shells, and subpeaks at N=4, 9, and 16, due to maximized
spin at half filled shells, have been interpreted as the signa-
ture for truly circular quantum dots.30 Experimental devia-
tions from this behavior have been interpreted as being due
to nonparabolicities of the confining potential or due to 3D
effects.3 We here show that correlation effects in a true 2D
harmonic potential can in fact generate an addition energy
spectrum with similar deviations.

In this work we limit ourselves to the first three shells
since it seems that the experimental situation is such that the
validity of the 2D harmonic oscillator model becomes ques-
tionable with increasing particle number.3 Calculations of
dots with larger N could, however, readily be made with our
procedure. The addition energy spectra are produced with
−10m�10. The filling order for the first six electrons is
straightforward. When the seventh electron is added to the
dot the third shell starts to fill. With a pure circular harmonic
oscillator potential and no electron-electron interaction the
�0, ±2, ± 1

2 � and �1,0 , ± 1
2 � one particle states are completely

degenerate. This degeneracy is lifted by the electron-electron
interaction, but not more than that the energies have to be
studied in detail in order to determine the filling order. Simi-
lar conclusions, that the filling order is very sensitive to
small perturbations, have been drawn by Matagne et al.,3

who studied the influence of nonharmonic 3D effects. Our
focus is instead the detailed description of the electron-
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FIG. 8. �Color online� Ground state �a� and selected excited
state �b�–�e� addition energy spectra for ��=7 meV according to
second-order MBPT. The notation ��i=7

N ni , ��i=7
N m�

i � ,S� to label the
states is used. Note the big differences between the different spec-
tra. Note also that all spectra have peaks at N=9. Even though the
ground state spectra for N=7, 8, and 9 resemble the experimental
results of Ref. 7, the dip at N=11 is uncharacteristic when com-
pared with the experimental results of Refs. 7 and 3. Subfigure �b�
resembles the experimental result in Ref. 3 the most with a peak at
N=9 and dips at N=7 and 10 while subfigure �c� resembles the
experimental results of Ref. 7 the most with a peak at N=9 and dips
at N=8 and 10.
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electron interaction. For N=7–11 we have thus calculated all
third shell configurations, and for each configuration consid-
ered the maximum spin. The results are found in Table I. For
each number of electrons we can identify a ground state,
which sometimes differs between HF and MBPT. These
ground states are used when creating Figs. 6�a� and 6�b�. The
energy gap to the first excited state is sometimes very small
and the possibility of alternative filling orders will be dis-
cussed in the next section.

Figures 6�a� and 6�b� thus show the ground state addition
energy spectra up to N=12 according to the Hartree-Fock
model as well as to second-order MBPT for ��=5 and
7 meV. Note first the big difference between the HF and
MBPT spectra. These figures clearly illustrate how important
correlation effects are in these systems. Admittedly the HF
spectra show peaks at N=4, 6, 9, and 12 but the relative size
of the addition energy between closed and half filled shells is
not consistent with the experimental picture.3,7 The second-
order MBPT spectra have in contrast clear main peaks at N
=2, 6, and 12, indicating closed shells, and a N=4 subpeak
indicating maximized spin for the half filled shell. For the

��=7 meV spectrum the subpeak at N=9 is also clear but
for the ��=5 meV spectrum the subpeak at N=9 is substi-
tuted by subpeaks at N=8 and 10. The behavior of the addi-
tion energy spectra in this, the third shell, will be discussed
in detail below.

1. Filling of the third shell

The filling of the third shell has previously been examined
by Matagne et al.3 both experimentally and theoretically. In
their theoretical description they use a 3D DFT model with
the possibility to introduce a nonharmonic perturbation that
can change the ground states in the third shell and thereby
alter the addition energy spectra. They then compare their
theoretical description with different experimental addition
energy spectra and claim that they can thereby quantify the
deviation from circular symmetry in different experimental
setups. They conclude that a clear dip at N=7 followed by a
peak at N=8 or 9 is a signature of maximized spin at half
filled shell and that a dip at N=7 and the filling sequence

��
i=7

N

ni,��
i=7

N

m�
i�,S	 = �0,2, 1

2� ⇒ �0,0,1� ⇒ �1,0, 3
2� ⇒ �1,2,1� ⇒ �1,0, 1

2� ⇒ �2,0,0� �16�

for the six electrons to enter the third shell is a signature of a
“near ideal artificial atom.” This is also the filling sequence
we find using the HF approximation. As seen in Figs. 6�a�
and 6�b� there is then indeed also a dip at N=7 and a peak at
N=9. The dip at N=7 is further supported by the DFT cal-
culation by Reimann et al.30 In contrast the experiment by
Tarucha et al.7 did not show the N=7 dip. In Ref. 3 this is
explained by deviations from circular symmetry for the spe-
cific dot used in Ref. 7. As will be seen below our many-
body calculations give in several cases different ground
states and thus favor a different filling order than Eq. �16�.

Table I shows the ground state and excited states energies
of the third shell according to HF and second-order MBPT
for ��=5 meV and ��=7 meV. Notice that the different
methods yield different ground states for the 8, 10, and 11
electron systems although both potential strengths yield the
same ground states. Note also the small excitation gap be-
tween the correlated ground and first excited state that occurs
in some cases. For example, between the �0,2 , 1

2 � and
�1,0 , 1

2 � 7 electron states in the ��=5 meV dot the energy

difference is 0.07 meV, between the �0,0,1� and �0,4,0� 8
electron state in the ��=7 meV dot the energy difference is
0.12 meV and between the �1,0 , 1

2 � and �2,2 , 1
2 � 11 electron

states in the ��=7 meV dot the energy difference is only
0.04 meV. The �1,0 , 3

2
� state at N=9 seems, however, rela-

tively stable for both potential strengths with excitation gaps
of 0.41 and 0.54 meV. Surprisingly for both ��=5 and
7 meV the calculations including correlations indicate the
ground state third shell filling sequence

�0,2, 1
2� ⇒ �0,4,0� ⇒ �1,0, 3

2� ⇒ �0,0,0� ⇒ �2,2, 1
2� ⇒ �2,0,0�

�17�

for N=7–12. Note that this sequence implies a spin flip of
the electrons already in the dot when the ninth and tenth
electrons are added. Only the seven electron dot and the nine
electron dot here have the same ground state as in HF �whose
filling sequence coincides with that preferred in Ref. 3�. Mat-
agne et al. also discuss that the behavior of the dot examined
in Ref. 7 for small magnetic fields implies the sequence

�0,2, 1
2� ⇒ �0,4,0� ⇒ �1,2, 1

2� ⇒ �0,0,0� ⇒ �1,0, 1
2� ⇒ �2,0,0� , �18�

but tend to attribute this to deviations from circular shape.
This filling sequence is indeed much closer to the ground
states we have obtained with a perfect circular potential. This
indicates the possibility that many-body effects usually ne-

glected could have an effect similar to that of imperfections
in the dot construction. We note in passing that Sloggett and
Sushkov19 support our finding of a spin-zero ground state for
ten electrons, although their calculation was done with a
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stronger potential. The different configurations for nine elec-
trons in Eqs. �17� and �18� can be due to the fact that the
experimental situation favors population of an excited state
since population of the ground state would require a spin flip.
However, if we produce a spectrum with this filling se-
quence, we get a large dip at N=9. Similarly, when the 11
electron is injected, the population of our ground state would
require a configuration change of the electrons already in the
dot.

In Figs. 7 and 8 addition energy spectra are shown assum-
ing different filling orders for 5 and 7 meV, respectively. In
each figure the calculated ground state filling sequence is
shown in the uppermost panel, labeled �a�, and then the other
panels, �e� and �f�, show selected excited state filling se-
quences. Note that even though the same filling sequences
are used in Figs. 7 and 8 the addition energy spectra differ

between these rather close potential strengths. We can thus
conclude that a given filling sequence does not yield a
unique addition energy spectra since the relative energies of
the ground and excited states are very sensitive to the exact
form of the potential. Furthermore, we agree with Matagne
et al.3 that full spin alignment for the nine electron ground
state does not guarantee a peak in the addition energy spec-
trum as seen in Figs. 7�a� and 7�b�. Moreover, we see that the
spectra that resemble the experimental one in Fig. 3�a� of
Ref. 3 �a clear dip at N=7 and 10 and a clear peak at N=9�
are Figs. 7�e� and 8�b�. Finally we see that Fig. 8�c� re-
sembles the experimental situation in Ref. 7 �dips at N=8
and 10 with a peak at N=9� the most. We certainly do not
claim that these filling sequences are those really obtained in
the mentioned experiments. However, we want to stress that
great care must be taken when conclusions are drawn from

TABLE II. Expectation values of S2 for the cases where correlation switches ground states in the third shell. The state labeled “Ground
state” is the ground state according to second-order MBPT while the state labeled “Excited state” is the ground state according to Hartree-
Fock but an excited state according to second-order MBPT.

# e−

��=5 meV ��=7 meV

Ground state Excited state Ground state Excited state

E �meV� �S2� E�meV� �S2� E �meV� �S2� E �meV� �S2�

8 HF 212.33 0.00 210.69 2.70 272.20 0.00 270.66 2.30

2nd-ord MBPT 204.40 0.00 205.23 2.58 263.70 0.00 263.82 2.22

Exact 0 2 0 2

10 HF 310.64 0.00 309.27 2.21 397.20 0.00 395.72 2.08

2nd-ord MBPT 300.00 0.00 300.49 2.15 385.76 0.00 385.92 2.05

Exact 0 2 0 2

11 HF 364.49 0.77 363.72 0.99 465.57 0.758 464.77 0.82

2nd-ord MBPT 353.19 0.76 353.66 0.93 453.43 0.755 453.47 0.79

Exact 0.75 0.75 0.75 0.75

0 5 10 15 20 25 30

0.75

0.8

0.85

0.9

0.95

1

1.05

<S2>

Potential Strength [meV]

7 electron system

<S2> − ground and excited state

<S
HF
2 > − ground state

<S
MBPT
2 > − ground state

<S
HF
2 > − excited state

<S
MBPT
2 > − excited state

FIG. 9. �Color online� �S2� ac-
cording to Hartree-Fock and
second-order MBPT calculations
as functions of the potential
strength for the seven electron
ground and excited state.
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comparisons between theoretical and experimental addition
energy spectra.

2. Spin contamination in the third shell

Figure 9 shows the expectation value of the total spin,
�S2�, according to Hartree-Fock and second-order MBPT cal-
culations as functions of the potential strength for the seven
electron ground and excited state. The figure depicts the
drastic onset of spin contamination for weak potentials.
While especially the correlated results, but also the HF re-
sults, converge towards the correct value for potentials
�10 meV the situation is worse for weaker potentials. We
see that for the ground state the examined confinement
strengths in this paper ���=5 or 7 meV� lie on the onset of
the spin density wave. It is hard to say how much this spin
contamination affects the energy values but when compared
with the conclusions drawn from Figs. 2 and 4, the energy
should not be overestimated with more than a couple of per-
cent due to spin contamination. For the excited state the spin
contamination is so small �for the 5- and 7-meV calcula-
tions� that it should not affect the conclusions from this
work. Moreover, we see that, as expected, correlation im-
proves the value of �S2�.

Table II presents the spin contamination for the systems in
the third shell where correlation switched the ground state,
namely the 8, 10, and 11 electron systems. We see that the
ground states, according to our correlated results, are not
spin contaminated to any relevant magnitude. All the excited
states are, however, spin contaminated. As shown in Fig. 4,

spin contamination can lower the HF energy and raise the
second-order MBPT energy. The ground state energy
switches could thus be an artifact of our starting point. En-
ergywise, however, the correlated energies should lie much
closer to the true values than the HF energies.

V. CONCLUSIONS

We have shown that the addition of second-order correla-
tion improves the Hartree-Fock description of two-
dimensional few-electron quantum dots significantly. Our re-
sults indicate that details in the addition energy spectra often
attributed to 3D effects or deviations from circular symmetry
are indeed sensitive to the detailed description of electron
correlation on more or less the same level. Without precise
knowledge of the many-body effects far reaching conclu-
sions about dot properties from the addition energy spectra
might not be correct.

As a next step we want to include pair correlation to
higher orders to be able to determine energies with quantita-
tive errors below 0.1 meV. We will then use several different
starting potentials to be able to address also weak confining
potentials where the Hartree-Fock starting point fails.
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V. Popsueva,1 R. Nepstad,1 T. Birkeland,2 M. Førre,1 J. P. Hansen,1 E. Lindroth,3 and E. Waltersson3

1Department of Physics and Technology, University of Bergen, N-5020 Bergen, Norway
2Department of Mathematics, University of Bergen, N-5020 Bergen, Norway

3Atomic Physics, Fysikum, Stockholm University, S-106-91 Stockholm, Sweden
�Received 10 January 2007; revised manuscript received 19 April 2007; published 3 July 2007�

The energy levels of laterally coupled parabolic double quantum dots are calculated for varying interdot
distances. Electron-electron interaction is shown to dominate the spectra: In the diatomic molecule limit of
large interdot separation, the two nearly degenerate singlet and triplet ground states are followed by a narrow
band of four singlet and four triplet states. The energy spacing between the ground state and the first band of
excited states scales directly with the confinement strength of the quantum wells. Similar level separation and
band structure are found when the double dot is exposed to a perpendicular magnetic field. Conversely, an
electric field parallel to the interdot direction results in a strong level mixing and a narrow transition from a
localized state to a covalent diatomic molecular state.
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I. INTRODUCTION

Coupled quantum dots typically containing a few “active”
electrons have set a new scene for research in molecular
physics and have, in many contexts, been named “artificial
molecules.”1 Electron tunneling from one well to another
typically occurs on nanosecond time scales, which opens for
precise manipulation and measurement of electronic states.2

Two coupled quantum dots containing two electrons thus de-
fine a two-dimensional analog to the H2 molecule. The sys-
tem allows for fundamental quantum experiments not acces-
sible in real molecules with the further prospect of quantum
control of the electronic properties. Such devices may thus
serve as building blocks for future quantum processors.3

Since the discovery of single-dot shell structures,4 elec-
tronic properties and many-body effects of electrons con-
fined in two-dimensional parabolic quantum dots have been
studied from many different theoretical perspectives and
with a great variety of methodological approaches.5 The first
calculations which uncovered the role of the electron-
electron interaction were performed in a single dot as early
as 1990 and 1991.6,7 Coupled quantum dots have recently
received increasing attention triggered by the experimental
verification of controlled qubit operations induced by elec-
tromagnetic switches.3,8 The parabolic coupled quantum dot
systems were introduced by Wensauer et al.9 and used for
calculating energy levels with the spin-density-functional
theory. Based on exact diagonalization techniques, it was
later shown that the two-electron ground state exhibits a
phase transition from a singlet to a triplet state at finite
magnetic-field strengths10,11 and for interdot distances up to
10 nm. Recently, the stability diagram of a one- and two-
electron double quantum dot was calculated for much larger
interdot separations �30 and 60 nm� in a related exponential
double-well potential.12

In this work, we describe the electronic structure of a
laterally coupled two-electron quantum dot molecule for dif-
ferent confinement strengths and for varying interdot separa-
tions and external electromagnetic fields. The energy spectra
and the associated eigenstates are obtained from exact diago-

nalization of the Hamiltonian in a Hermite polynomial basis
set. Some advantages of these basis states are that they form
an orthonormal basis set, all matrix elements can be calcu-
lated analytically, and the Hamiltonian matrix becomes rela-
tively sparse. Convergence is ensured by comparison with a
cylindrical basis expansion method as well as a Fourier split-
step operator method based on imaginary time propagation
of the four-dimensional Schrödinger equation.12 The behav-
ior of the spectra when the system is exposed to electric and
magnetic fields is then investigated. In the next section, we
outline the theoretical methods. The results and their impli-
cation for experiments are discussed in Sec. III followed by
concluding remarks in Sec. IV.

II. THEORY

The Hamiltonian describing two electrons parabolically
confined in a two-dimensional double quantum dot is written
as

H = h�r1� + h�r2� +
e2

4��r�0r12
, �1�

with the single-particle Hamiltonian h�ri� given as

h�x,y� = −
�2

2m*�2 +
1

2
m*�2 min��x −

d

2
�2

+ y2,�x +
d

2
�2

+ y2� +
e2

8m*B2�x2 + y2�

+
e

2m*BLz + g* e

2me
BSz + eEx . �2�

Here, ri= �xi ,yi�, i=1,2, are the single-particle coordinates in
two dimensions, r12��r1−r2�, m* is the effective mass of the
electron, � is the confining trap frequency of the harmonic
wells, and d is the interdot separation. Furthermore, E is an
electric field applied parallel to the interdot axis and B is a
magnetic field applied perpendicular to the dot. In the
present work, we apply GaAs material parameters with m*
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=0.067me, relative permittivity �r=12.4, and an effective g
factor g*=−0.44. The potential in Eq. �2�, used also in pre-
vious studies,9–11 has a cusp for x=0. We have also tested a
more realistic smooth barrier and found that no significant
changes occur.

It is worth noting that for d=0 and in the absence of
external fields, the two-electron Hamiltonian can be written
in center-of-mass, R= 1

2 �r1+r2�, and relative motion, r= �r1

−r2�, coordinates as14,15

H = −
�2

4m*�R
2 + m*�2R2 −

�2

m*�r
2 +

1

4
m*�2r2 +

e2

4��r�0�r�

=
1

2
�−

�2�R
2

2m* +
1

2
m*�2��2R2�

+ 2�−
�2�r

2

2m* +
1

2
m*�1

2
��2

r2� +
e2

4��r�0�r�
. �3�

The total wave function then becomes separable as ��r ,R�
=�R

N,M�R��r
n,m�r�, where �R

N,M�R� is an eigenfunction to the
center-of-mass part of Eq. �3� and �r

n,m�r� is an eigenfunc-
tion to the relative motion part of Eq. �3�, and each is further
separable in a radial and an angular part with quantum num-
bers n�N� and m�M� referring to the radial and angular de-
grees of freedom, respectively. A state is thus characterized
by the four quantum numbers �N ,M ,n ,m� with �n ,N
=0,1 , . . . � and �m ,M =0, ±1, . . . �, and the total energy can
be written as

E�N,M,n,m� = �2N + �M� + 1��� + �2n + �m� + 1���

+ Er�n,m� , �4�

where the first term originates from the center-of-mass part
of Eq. �3�, the second term originates from the harmonic
oscillator part of the relative motion in Eq. �3�, and Er�n ,m�
accounts for the electron-electron interaction contribution to
the energy. The spatial symmetry of the total wave function
under exchange of particle 1 and particle 2 is given by the
parity of �r

n,m�r�, and thus the spin singlets �triplets� will
have even �odd� m. For a more complete description, see,
e.g., Taut14 and Zhu et al.15 In the following, the different
calculational schemes used here are outlined.

A. Calculation in Cartesian coordinates

The fact that a large part of the one-electron Hamiltonian
	Eq. �2�
, without external fields, is diagonal in a harmonic
oscillator basis set,

h�x,y��i�x,y� = ���nx + ny + 1 +
m*�

2�
�d

2
�2��i�x,y�

±
m*�2

2
xd�i�x,y� , �5�

suggests that a basis representation consisting of products of
such one-electron states will be a convenient basis in the
diagonalization procedure. We therefore expand the spatial
wave function in symmetrized states, which can be associ-
ated with the spin singlet and triplet states as

���r1,r2�� = �
j	i

nmax

cij�ij� � �S� , �6�

where

r1,r2�ij� = � 1
�2

	�i�r1�� j�r2� + �− 1�S� j�r1��i�r2�
 , i � j

�i�r1�� j�r2� , i = j ,
�

the cij’s are the expansion coefficients, and �S� denotes the
spin singlet or triplet state, i.e., �0�, �1�. Operating with Eq.
�1� on Eq. �6� and projecting onto a specific total spin lead to
the matrix equation Mc=Ec. The coupling matrix elements
related to the basis 	Eq. �6�
 with the Hamiltonian 	Eq. �2�

then become a sum of analytical one-electron matrix ele-
ments defined by Eq. �5� and matrix elements involving the
two-electron interaction,

MK,L = �Ki
�Kj

�
1

r12
��Li

�Lj
� . �7�

To solve this integral for arbitrary quantum numbers, we first
express the electron-electron interaction as the Bethe
integral,17

1

r12
=

1

2�2 � d3s

s2 eis·r1e−is·r2. �8�

We carry out the integration in the sz direction and thereafter
put z1=z2=0,

1

r12
=

1

2�2 � d2seis·�r1−r2��
−





dsz
eisz�z1−z2�

s2 + sz
2

=
1

2�
� d2s

s
eis·r1e−is·r2, �9�

where the scalar products �including s2� now refer to the
two-dimensional space. The integral of Eq. �7� can thus be
expressed as

MK,L =
1

2�
� d2s

s
� d2r1�Ki

�r1��Li
�r1�eis·r1

�� d2r2�Kj
�r2��Lj

�r2�−is·r2. �10�

Introduction of the scaled Hermite polynomials Hn�x�
=2n/2Hen��2x� and the scaling s̃=s�2��−1/2 gives each of the
four Fourier transforms the generic form18

�
0




dvHen�v�Hen+2m�v�e−v2/2 cos�s̃v�

=��

2
n!�− 1�ms̃2me−s̃2/2Ln

2m�s̃2� ,
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�
0




dvHen�v�Hen+2m+1�v�e−v2/2 sin�s̃v�

=��

2
n!�− 1�ms̃2me−s̃2/2Ln

2m+1�s̃2� , �11�

with La
b a Laguerre polynomial and v= �2��1/2x. Here, x de-

notes any of the variables x1, y1, x2, and y2 and s̃ denotes
s̃x , s̃y. When the operations described by Eqs. �7�–�11� are
carried out for four arbitrary one-electron basis states, the
result is a combination of four Laguerre polynomials,

MK,L =
1

2�
� d2s

s
� d2s̃

s̃
s̃x

2�Ki+Li�s̃y
2�Kj+Lj�

�La1

b1�s̃x
2�La2

b2�s̃y
2�La3

b3�s̃x
2�La4

b4�s̃y
2�e−v2

. �12�

In total, this shows that the integral is a sum of terms of the
form

MK,L �� d2s̃

s̃
s̃x

ns̃y
me−s̃2

= �
0




ds̃s̃n+me−s̃2�
0

2�

d� cosm � sinn � ,

�13�

which are well-known integrals.
By collecting all �-dependent terms of the potential and

the basis functions, one can easily show that the integral
scales with the confinement strength as �1/2. The one-
electron integral, cf. Eq. �5�, has one term linear in � �the
first diagonal term�, one quadratic in � �the second diagonal
term�, and one term that depends on �3/2 �the nondiagonal
term�. All matrix elements are thus calculated only once for
�=1 and rescaled for every step in the diagonalization pro-
cess.

In order to compute the field-dependent matrix elements,
we need to recall some of the basic properties of Hermite
polynomials. To compute the matrix elements for the
case with the electric field along the x axis, we need
to evaluate single-particle contributions of the form
nxmy�Ex�nx�my��. Remembering that our single-particle basis
functions are �setting �=1, m*=1� given by ��x ,y�
=

��

�1/2�n!m!2n2m Hn���x�e−�/2�x2+y2�Hm���y�, we readily obtain

nm�Ex�n�m�� =�n� + 1

2�
Em,m�n,n�+1

+� n�

2�
Em,m�n,n�−1. �14�

These contributions from each of the two electrons are sub-
sequently added together. For magnetic fields, we take into
account both the narrowing of the confining potential arising
from the diamagnetic term �

1
8B2r2 and the Zeeman term

�BLz. The matrix elements for the Zeeman term are com-
puted similarly to those for the electric field,

nm�Lz�n�m�� = − i�n�m + 1�
B

2
m,m�−1n,n�+1

+ i�m�n + 1�
B

2
m,m�+1n,n�−1. �15�

To account for the diamagnetic term, we notice that the con-
finement strength of the harmonic oscillator changes from �
to �ef f =��2+�C

2 , where �C is the cyclotron frequency eB
2m* .

By making the substitution �→�ef f in the basis functions,
we obtain the correct energy for the case with B�0. Thus,
the diagonal term scales as �ef f, the electron-electron inter-
action term scales as ��ef f, and the d-dependent term scales
as �2 /��ef f. For GaAs parameters, the gyromagnetic ratio is
rather small and thus only the Sz=0 terms are shown in the
results for clarity.

B. Calculation in cylindrical coordinates

To validate the calculations, we have also treated the
single quantum dot with an alternative method where the
radial wave functions are expressed in the so-called B
splines. The solutions to the single-particle Hamiltonian 	Eq.
�2�
 with d=0 and E=0 can be written as

��nmms
� = �unmms

�r���eim���ms� , �16�

where the radial parts of the wave functions are expanded in
B-splines,19

�unmms
�r�� = �

i=1
ci�Bi�r�� , �17�

on a so-called knot sequence and they form a complete set in
the space defined by the knot sequence and the polynomial
order.19 Here, we have typically used 40 points in the knot
sequence, distributed linearly in the inner region and then
exponentially further out. The last knot, defining the box size
to which we limit our problem, is placed at a distance of
about 400 nm from the center. The polynomial order is 6 and
combined with the knot sequence this yields 33 radial basis
functions unmms

�r� for each combination �m ,ms�. The basis
functions associated with lower energies are physical states,
here thus two-dimensional harmonic oscillator eigenstates,
while those associated with higher energies are determined
mainly by the box. The unphysical high-energy states are,
however, still essential for the completeness of the basis set.
Equations �16� and �17� imply that the Schrödinger equation
can be written as a matrix equation Hc=�Bc, where Hij
= Bie

im��h�Bje
im�� and Bij = Bi �Bj�. This equation is a gener-

alized eigenvalue problem that can be solved with standard
numerical routines. The integrals are calculated with Gauss-
ian quadrature yielding essentially no numerical error since
B-splines are piecewise polynomials.

The eigenstates of the matrix equation form a complete
orthogonal basis set for each pair of quantum numbers m, ms
which can be used to diagonalize the two-particle Hamil-
tonian 	Eq. �1�
. We then get matrix elements of the form
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Hij = �ab�i�h�1� + h�2� +
1

r12
��cd� j� , �18�

where the last term refers to the last term in Eq. �1�. Each
single-particle state is of the form of Eq. �16�, and we use the
multipole expansion suggested by Cohl et al.20 to get an
explicit expression for the last term,

ab�
1

r12
�cd� =

e2

4��r�0
ua�ri�ub�rj��

Qm−1/2���
��rirj

�uc�ri�ud�rj��

�eima�ieimb�j� �
m=−





eim��i−�j��eimc�ieimd�j�

�ms
a�ms

c�ms
b�ms

d� . �19�

Here, Qm−1/2���, with �=
r1

2+r2
2+�z1−z2�2

2r1r2
, are Legendre functions

of the second kind and half-integer degree. We evaluate them
using a modified21 version of software DTORH1.F described
by Segura and Gil.22 The matrix is diagonalized for a given
value of ML=m�1�+m�2�, including up to �m��6, and MS

=ms�1�+ms�2�. For zero magnetic field, the S=0,1 states are
characterized by symmetric and antisymmetric spatial wave
functions, respectively. The dimension of the matrix to diag-
onalize is, with the choice of 40 points in the knot sequence,
up to �14 000�14 000. To compare with the solutions in
Cartesian coordinates, we limit the number of basis states in
the same way as in the Cartesian case, but we have also
compared these results to what is obtained when the com-
plete B-spline basis set is used.

C. Imaginary time propagation

To provide yet another reference value for the singlet
ground-state energy, we have also performed a calculation
based on imaginary time propagation.13 Consider the formal
solution to the time-dependent Schrödinger equation for a
time-independent system expanded in the eigenstates,

���t�� = e−iHt/����0�� = �
j

cje
−iEjt/��� j� . �20�

When the substitution �=−it is performed and ������ is
propagated in a standard time propagator, all states with
higher energy than the ground state will be damped expo-
nentially compared to the ground state. Therefore,
������ /����� ������ will converge toward the ground state.
Furthermore, when the solution has converged, the ground-
state energy is obtained from

E0 = −
1

2��
log� ��� + ������� + ����

���������� � , �21�

where �� is the time step used in the propagation. In the
calculations, a four-dimensional Cartesian Fourier split-step
propagator is used, with which convergence was found em-
ploying a grid of size �100�50�� �100�50�, 8 nm grid
spacing, and propagation time step ��=44 fs. By applying
this method, we obtain the singlet ground-state energy as a
function of dot separation d.

D. Validation of method

A weakness of all single-center expansions is the large
number of basis states required to describe the spectrum ac-
curately for large interdot distances. As a convergence check,
we show in Fig. 1 a comparison between the distance-
independent imaginary time method and various basis sizes
of the Cartesian basis for a double well with confining
strength ��=3 meV. Increasing d is seen to require increas-
ing nmax to obtain convergence of the ground state: While for
nmax=5 the calculation breaks down already at 60 nm, nmax
=10 is seen to work satisfactory up to 100 nm. In the fol-
lowing, the calculations are thus based on nmax=10 with
some selected control calculations with nmax=15. The latter
amount to a 50 625�50 625 matrix, which is diagonalized
with an ARPACK sparse matrix solver.23 With the nmax=15
basis, the truncation error is kept small for interdot distances
up to about 140 nm when considering the lower part of the
energy spectrum ���=3 meV�.

For the case of noninteracting particles, we have tested
the effect of having a smooth potential barrier between the
coupled dots, see Fig. 2. The inset gives a close-up view of
the barrier for d=52 nm, either in form of a cusp or in a
smoother version. The ground-state energies for both cases
are also shown, and they can hardly be distinguished. Figure
2 also shows the ground state as a function of d. As expected,
the difference in ground-state energy is largest when the en-
ergy level is close to the barrier height �around d=50 nm�,
but still it is everywhere on the subpercentage level. We con-
clude that the qualitative properties of the coupled dots will
not be affected by the cusp and a better modeling is only
justified when experimental information on the barrier is
available.

The spectra of the cylindrical and Cartesian basis calcu-
lations have also been compared, and the results for d=0 are
shown in Tables I and II for B=0 and B=3 T, respectively.
For d=0, we note that in both cases, the energy spacing
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FIG. 1. Ground-state energy for different Cartesian basis sizes
as function of interdot distance compared with the results from
imaginary time propagation. Dotted line: nmax=5. Dashed-dotted
line: nmax=7. Full line with crosses: nmax=10. Circles: nmax=15.
Solid black line: Imaginary time propagation. The confinement
strength ��=3 meV.
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between the two lowest states equals �� for the singlet as
well as for the triplet series. The first-order energy contribu-
tion is identical for the two lowest singlets and the two low-
est triplet states, which implies that the energy spacing be-
tween the lowest levels to first order is exactly ��. This is
the expected spacing for confinement strengths �� larger
than 1 meV when the energy level ordering is largely deter-
mined by the harmonic potential. For weaker confinement
strengths, the electron-electron interaction will play a larger
role, and the �� splitting will no longer be observed.15

The tabulated Cartesian coordinate values are calculated
with nmax=10. With the cylindrical coordinate method, both
�m�max and the number of radial basis functions �nr� are ad-
justed to include the same physical states as used with the
Cartesian coordinate method. For this, we use the relations
nr=nx+ny −max�nx ,ny� and m=nx−ny. The energies are in
very satisfactory agreement, with a relative difference of less
than 1% for all considered levels. With the B-spline basis, it
is also possible to saturate the radial basis set and compare
the results to the truncated ones. We then use �m��6 and the
full set of 33 radial basis functions �for a knot sequence of 40
points�. The ground state then changes from
11.147 to 11.140 meV, and the last tabulated state changes
from 15.4069 to 15.4065 meV, which shows that the basis-
set expansion is indeed converged to within less than 1%.

III. RESULTS

A. Field-free case

Figure 3 shows the 12 lowest-energy levels as a function
of interdot distance in the case of two noninteracting par-
ticles �with ��=3 meV� and in the case of interacting elec-
trons with three different confinement strengths, ��=1, 3,
and 6 meV. The spectra with and without electron interac-
tion are seen to differ strongly: In the case of ��=3 meV,
the ground-state energy increases from 6 to 11.15 meV for
d=0 and to 7.5 meV for d=80 nm. Comparing the spectra
for the three confinement strengths, we discover some com-
mon features. At d=0, the first excited energy level consists,
for the case of noninteracting particles, of four degenerate
states, i.e., two singlet and two triplet states. However, when
the particle interaction is taken into account, the singlet and
triplet levels split in energy in the same manner as the energy

FIG. 2. �Color online� The ground-state energy for a single elec-
tron in a double dot ���=3 meV� as a function of interdot distance
d. The solid �red� line shows the result with a sharp boundary be-
tween the two dots, while the dashed �black� line shows the result
when the boundary is smoothed. The difference in ground-state en-
ergy is largest when the ground-state energy is close to the barrier
height, around d=50 nm, but still it is everywhere on the subper-
centage level. The inset shows the sharp �solid red line� and the
smoothed �dashed black line� barrier for d=52 nm with the corre-
sponding ground-state energies indicated by the horizontal lines.

TABLE I. Ten lowest-energy levels �given in meV�, azimuthal
quantum number, and total spin for the confinement strength ��
=3 meV, d=0, and B=0.

Energy
�meV� State

Cartesian basis Cylindrical basis ML S

11.155 11.147 0 0

12.408 12.407 1 1

12.408 12.407 −1 1

14.158 14.149 1 0

14.158 14.149 −1 0

14.682 14.681 2 0

14.682 14.681 −2 0

15.409 15.407 −2 1

15.409 15.407 2 1

15.408 15.407 0 1

TABLE II. Twelve lowest-energy levels �given in meV�, azi-
muthal quantum number, and total spin for the confinement strength
��=3 meV, d=0, and B=3 T. At this field strength, the total spin
is still an approximately good quantum number and each state can
be assigned a specific total spin.

Energy
�meV� State

Cartesian basis Cylindrical basis ML S

13.262 13.261 −1 1

13.774 13.740 −2 0

14.063 14.052 0 0

14.635 14.634 −2 1

14.670 14.670 −3 1

15.147 15.146 −3 0

15.440 15.427 −1 0

15.732 15.732 −4 0

16.009 16.007 −3 1

16.043 16.042 −4 1

16.520 16.519 −4 0

16.817 16.803 −2 0
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levels of atomic helium split into parahelium �singlet� and
orthohelium �triplet� levels, with the triplet state always lying
lower in energy than the corresponding singlet state. The first
excited state becomes a degenerate triplet state, correspond-
ing to cylindrical basis states with conserved quantum num-
bers M = ±1. For a more detailed discussion of the spectrum
of the two- and three-dimensional harmonic oscillator con-
taining two electrons, we refer to Zhu et al.15 and Drouvelis
et al.16

At finite d�0, the rotational symmetry is broken and,
correspondingly, the first excited doubly degenerate triplet
level split, with one level gradually decreasing in energy
toward the singlet ground-state energy and becoming virtu-
ally degenerate with it at large inter-dot distances. This gives
rise to a ground-state energy band. In Table III, we list the 32
lowermost states in groups for d=80 nm. Above the nearly
degenerate ground-state level, there is a group of eight ex-
cited states that are seen to constitute a narrow band of sin-
glet and triplet states for large interdot distances. The energy
spacing between the ground-state band and the second band
is seen to be of the order ��.

In Fig. 4, the configuration interaction �CI� one-electron
probability density ��r1�=�d2r2���r1 ,r2��2 is shown for the
ten lowest states at d=80 nm and ��=3 meV. These are

obtained from a straightforward analytical integration �to
unity or zero� of the basis multiplied with the relevant weight
of each eigenvector component. The ground states are domi-
nantly described by combinations of two ground states of
each harmonic oscillator, representing one electron in each
well. The states of the excited band is seen to consist of
combinations of dipolar two-center states oriented parallel or
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FIG. 3. Energy spectrum as a function of d for the two lowest bands of states and for varying confinement strengths ��. Full lines:
Singlet states. Broken lines with crosses: Triplet states.

TABLE III. Energy levels �given in meV� and spin �in paren-
theses� of the 32 lowest states for d=80 nm and ��=3 meV,
grouped into five bands.

Band number Energy �spin�

1 7.3127�0� 7.3124�1�
2 10.253�0� 10.253�1� 10.313�0� 10.313�1�

10.376�0� 10.404�1� 10.507�0� 10.530�1�
3 11.240�0� 11.245�0�
4 12.413�1� 12.416�1� 12.417�1� 12.450�1�
5 13.205�0� 13.205�1� 13.253�0� 13.253�1�

13.313�0� 13.313�1� 13.331�0� 13.354�1�
13.377�0� 13.403�1� 13.425�0� 13.442�1�
13.508�0� 13.530�1� 13.515�0� 13.672�1�
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perpendicular to the interdot direction. Very little differences
in shape of the singlets vs triplets are observed. The energy
ordering is, however, different between the singlets and the
triplets.

The upbuilding of the two lowest bands at large d’s are
readily understood in terms of a Heitler-London ansatz: The

two states in the first band are constructed from the spatially
symmetric and antisymmetric combinations of single-
electron ground states in each well,

�±�r1,r2� � �00�r1L��00�r2R� ± �00�r2L��00�r1R� , �22�

forming the so-called covalent states. The subscripts on the
vectors refer to particle number and well, i.e., riL=ri+

1
2d and

riR=ri−
1
2d, i=1,2. The energy of these two states is asymp-

totically given as E0=2��+ e2

4��r�0

1
d , since the exchange en-

ergy will vanish, and the wave function in each well be-
comes pointlike when observed from the other well. Within
this model, the contribution from the Coulomb energy
amounts to about 1.5 meV at 80 nm and the total energy
would then be 7.5 meV for a ��=3 meV double dot. Thus,
this simple model generates an energy within 3% of the CI
energy of 7.3 meV �see Table III�. Such a model of the two
lowest-energy states was also considered by Wensauer et
al.,9 where the energy expectation value was calculated using
perturbation theory.

Continuing the procedure of Eq. �22�, we now build up
the states in the second band from excited two-center har-
monic oscillator states, with one electron located in each dot,

�ij�r1L��kl�r2R� , �23�

where one of i, j, k, and l is equal to 1 and the others zero.
These product states are combined to yield correctly symme-
trized wave functions, with even or odd parity. This gives
rise to totally eight different states, of which four are singlets
and four are triplets. For example, the first excited singlet
state in the energy spectrum, which has odd parity, would be

��r1,r2� � �10�r1L��00�r2R� + �00�r1L��10�r2R�

+ �10�r1R��00�r2L� + �00�r1R��10�r2L� ,

�24�

with the energy asymptotically given by E=3��+ e2

4��r�0

1
d .

In Fig. 5, the CI one-electron probability density is ex-
posed in more detail for the first excited singlet state �left
column, second row� of Fig. 4. Also shown is the corre-
sponding one-electron density corresponding to the ansatz
state of Eq. �24�, as well as one-dimensional slices or condi-
tional densities11 of the respective wave functions. These are
produced by finding the maxima of the wave function and
evaluating it there for all but one degree of freedom. The two
curves in panels 3 and 4 depict one out of the four maxima in
the wave function, evaluated for both electrons. The overall
agreement between the model and the CI densities is in gen-
eral, very good. This is also the case for any of the other
states of the first excited band. We clearly see that the two
electrons indeed occupy separate wells. In addition, we ob-
serve in the CI figure a small probability for the electrons to
be situated in the same well, a feature not present in the
model figure.

In contrast to the two lowest bands, the third band con-
taining two singlet states has a high probability of having
both electrons in the same well, forming the so-called ionic
states. The energy of these states will, with increasing inter-
dot distance, converge toward the single-dot two-electron

FIG. 4. �Color online� CI single-particle electron probability
density distributions for the two lowest-energy bands at d=80 nm.
Singlet states are in the left column, triplets in the right. The states
are ordered with energies increasing from top to bottom.
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ground state. When considering higher bands, we see that the
situation becomes more complex which is due to the fact that
the states approach the cusp energy and are thus a complex
mixture of states with two electrons in a single well and one
electron in each well. At even higher energies far above the
cusp, the spectrum will gradually approach the level struc-
ture of a single harmonic oscillator.16

The present results can be compared to previous studies
with spin-density-functional theory �SDFT�.9 For larger dot
separations, the results obtained there differ from those pre-
sented here; the band structure found here cannot be inferred
from the results in Ref. 9, and, in addition, the SDFT calcu-
lation yields a triplet ground state for dot separations larger
than �45 nm while the present ground state is of the ex-
pected singlet symmetry for all distances. It is argued in Ref.
9 that the polarized ground state is an artifact of the self-
energy within the SDFT scheme, i.e., that it stems from the
unphysical interaction of a single electron with its own Cou-
lomb field. According to the results shown in Figs. 3 and 4 of
Ref. 9, this affects the long-range energies of a ��=3 meV
double dot at least on the 1 meV level. The approximate

exchange and correlation used in DFT calculations is appar-
ently not enough to ensure correct separation energies of the
two dots, and the fact that the band structure is not found in
Ref. 9 is thus probably due to this deficiency.

An interesting aspect is to what extent the present band
structure is general for all two-center potentials, and whether,
for example, quadratic or exponential double-well potentials
will also reproduce similar upbuilding. This is a relevant
issue with respect to the very simple level structure behind
the modeling applied by Petta et al.2

B. Structure with electromagnetic fields

The response of the electronic structure and dynamics to
magnetic fields has been studied in a number of recent
works.5,10,11,24 We show in Fig. 6 the lowest part of the en-
ergy spectrum as a function of magnetic-field strength for
three different values of d. The upper figure for d=0 shows
virtually identical results with those of Helle et al.11 and also
the singlet-triplet ground-state transition at around B=2 T,
which was pointed out by these authors. In addition, we note

CI: Model:

FIG. 5. �Color online� The CI one-electron probability density exposed in more detail for the state on the left column, second row of Fig.
4. Also shown is the corresponding one-electron density of the Heitler-London model. The lower panels show the conditional densities of
each electron and their positioning relative to the potential �dotted line�.
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the strong variation of the energy levels with magnetic-field
strength following from the competition between the linear
�Zeeman� and quadratic �diamagnetic� terms in Eq. �2�: For
strong enough field strengths, the diamagnetic term gives rise
to a linear increase in the energy as it modifies the effective
confinement strength �→��2+ 	eB / �2m*�
2. At weak fields,
the Zeeman term dominates which effectively modifies each
state energy by e�B /2m*M. Thus, states with negative �posi-

tive� M quantum number decrease �increase� in energy with
increasing B field which, in total, leads to a series of
�avoided� crossings until the diamagnetic term becomes sig-
nificant.

In the middle and lower parts of the panel, we plot the
energy spectrum for d=30 and d=60 nm. At these distances,
the Zeeman term is less pronounced, since angular momen-
tum is not conserved. Each state consists of several angular
momentum components which contribute differently to the
energy and tend to wash out a strong dependence. However,
the states of the first excited band groups have a positive or
negative angular momentum expectation value. Thus, the
eight state bands split into two subbands each containing
four states. The band structure is, however, not destroyed by
the magnetic field, and thus, in some sense, magnetic effects
are less pronounced at large interdot distances than at small
distances. At higher field strengths, the diamagnetic term is
seen to cause an increase in energy for all levels, but level
ordering is determined by the Zeeman term.

Several recent experiments2,8 apply electric fields to guide
the electron loading into one of the dots as well as to steer
the electron between selected quantum states. In this context,
controlled dynamics requires understanding of the nature of
the time evolution of the quasiadiabatic states and potential
avoided crossings with respect to the switching times,24 as
well as various couplings to the environment, such as spin-
spin coupling between the electron spins and the �106

nuclear spins from the surrounding material, typically
GaAs.2

In Fig. 7, we display the energy spectrum as a function of
electric-field strength for an electric field directed along the
interdot axis. For all panels, we observe a nondegenerate
singlet state as ground state for large fields since the Pauli
principle prevents a two-electron one-center triplet ground
state. At d=0 �top panel�, the electric field is seen to only
shift the spectrum up or down, i.e., the energy differences
between states are not influenced by the electric field. At
larger interdot distances, the situation, in contrast to the mag-
netic case, becomes more complex. The bottom of both po-
tential wells will now be shifted spatially and changed in
energy. One will be lifted and shifted toward the origin,
while the other is lowered and shifted away from the origin,
depending on the sign of the electric field. When the electric
field becomes very strong, there will, in effect, be only one
well centered far away from the origin. Consequently, the
spectrum approaches that of two interacting electrons in a
single harmonic oscillator potential. This can be seen by
comparing the lowest panel in Fig. 7 with Fig. 3.

As an example, we plot in Fig. 8 the single-particle elec-
tron probability density for the lowest singlet state at d
=60 nm for selected field strengths. Around �E �
�−0.1 mV/nm �upper panel�, the electronic density distri-
bution is seen to be localized in one of the wells. At E
=−0.05 mV/nm �middle panel�, we see a small fraction of
the density occupying the second well. Finally �bottom�, a
fully delocalized two-center state is shown for E=0. The
transition from a one-well state to a two-center state goes
through a single or a series of avoided crossings. In experi-
ments where an initial electric field is applied to load two
electrons into a single-well ground state, followed by a fast
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FIG. 6. Energy spectrum as a function of B, for interacting
electrons, with d=0 nm �upper�, d=30 nm �middle�, and d
=60 nm �lower�. ��=3 meV in all panels. Full lines: Singlet states.
Full lines with crosses: Triplet states.
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switch of the field, there may thus be a sizable probability for
transfer from the lowest to the first excited singlet state while
the system traverses avoided crossings. The part of the sys-
tem which follows the ground state is shown by Petta et al.2

to mix strongly with the triplet state through spin-spin cou-
plings with the surrounding nuclei. By alternatively applying
electromagnetic switches which guide the system via diaba-
tic transitions, the singlet-triplet mixing may be suppressed.

IV. CONCLUDING REMARKS

In the present paper, we have developed a method for
diagonalizing the Schrödinger equation of two electrons in a
parabolically confined two-center quantum dot. The method
is verified by comparison with related basis-set and grid-
based calculations. The particular analytical properties of the
Cartesian basis method allow for rapid and accurate calcula-
tion of energy spectra of the quantum dot two-center system
with basis sizes above 50 000states.

Diagonalization of the Hamiltonian for increasing well
separation shows that above the degenerate singlet and triplet
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FIG. 7. Energy spectrum as a function of electric-field strength
E for the two interacting electrons with d=0 nm �top�, d=30 nm
�middle�, and d=60 nm �bottom�. The confinement strength ��
=3 meV in all panels. Full lines: Singlet states. Full lines with
crosses: Triplet states.

FIG. 8. �Color online� Single-particle electron probability den-
sity for three different electric-field strengths E=−0.08 mV/nm
�top�, E=−0.06 mV/nm �middle�, and E=0 �bottom�. The confine-
ment strength ��=3 meV, and d=60 nm.
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ground states, there is a narrow band of four singlet and four
triplet states. The energy spacing between the ground state
and the first excited band scales directly with the confine-
ment strength of each quantum well. From symmetry consid-
erations, this structure is expected for any two-dimensional
two-center potentials which are asymptotically spherical and
with similar relative strength of the electron-electron interac-
tion. Calculations of the energy levels for large interdot dis-
tances in the presence of magnetic fields show that this band
structure dominates for any magnetic-field strength. In con-
trast, an electric field parallel to the interdot direction results
in strong level mixing, and the transition from a localized

“ionic” state to a covalent state occurs in a narrow range of
electric-field strengths.
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I. INTRODUCTION

Quantum gates based on entangled states have in recent
times been proposed in several exotic physical systems, e.g.,
in ion traps1,2 and in cold Rydberg atoms.3 For a solid-state
realization, it has been suggested to represent qubits through
the electron spin confined in so-called quantum dots.4 Con-
trolled operations in a network of quantum dots have subse-
quently been demonstrated5 and more recently also achieved
in dot molecules.6 A major challenge in such systems is de-
coherence through interactions with the environment such as
hyperfine interaction with the surrounding bath of nuclear
spins or coupling to bulk phonon modes.7,8 In this respect,
operations based on laser driven transitions between the in-
volved states9–11 may have certain advantages as they can be
performed much more rapidly than those induced by
microwaves.12,13

Quantum dot experiments have now shown that manipu-
lations of single spins as well as state to state electronic
transitions are feasible and the technology is continuously
improving.14,15 Progress regarding so-called quantum rings
has developed in parallel, theoretically16–18 as well as
experimentally.19,20 A qualitative understanding of the elec-
tronic structure is already well established21–23 and studies of
correlated few-electron rings have been performed �see, e.g.,
Refs. 24–28�.

Some progress toward quantitative operational quantum
gates has been made through suggestions for controlled per-
sistent ring current schemes29 and numerical demonstrations
of fast coherent control in a one-electron quantum ring.30,31

In the present paper we have instead analyzed a strongly
correlated two-electron quantum ring. For the design of
quantum gates in the time domain, a characterization includ-
ing both electron-electron interactions and realistic system
parameters is a prerequisite, and the understanding of the
spectrum of excited states is of utmost importance. With such
knowledge, it is possible to design an electromagnetic pulse
to optimize transitions, as recently shown in the case of a
two-electron quantum dot molecule.9 For this purpose, we
perform an exact diagonalization of the two-electron quan-
tum ring Hamiltonian with realistic model parameters. From
the results, we characterize the wave functions in terms of

conserved quantum numbers, probability densities, and prob-
ability currents. Based on this analysis, we propose an alter-
native form for quantum information storage and show that a
controlled two-bit operation can be performed with almost
100% fidelity.

II. THEORY

A. One electron

The Hamiltonian of one electron confined in a two-
dimensional �2D� quantum ring, modeled by a displaced har-
monic confinement rotated around the z axis, can be written
as

ĥs =
p̂2

2m�
+

1

2
m��0

2�r − r0�2, �1�

where m�=0.067me is the effective mass of GaAs, �0 corre-
sponds to the potential strength, r is the radial coordinate,
and r0 is the ring radius. In polar coordinates, the radial
equation then reads

� �2

2m��−
�2

�r2 +
ml

2

r2 � +
1

2
m��0

2�r − r0�2 − E�unml
�r� = 0, �2�

where ml is the angular quantum number and unml
�r� is the

radial function.
Throughout this work r0=2 a.u.��19.6 nm and ��

=10 meV have been used. These potential parameters corre-
spond well to what has been measured in experiments.32

Note that we here use the abbreviation a.u.� for effective
atomic units, i.e., atomic units that have been rescaled with
the material parameters m� and �r.

The one-particle wave functions are then found by the
single-particle treatment described in Sec. II A in Ref. 33.
Here, however, we use a knot sequence that is centered
around r0 and where the knot points are distributed using an
arcsine function.

B. Two electrons

The two-electron Hamiltonian is written as
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Ĥ0 = ĥs
1 + ĥs

2 +
e2

4��r�0r̂12

, �3�

where �r=12.4 �GaAs�. The corresponding eigenvalues are
found by exact diagonalization in a basis set consisting of

eigenstates to ĥs
1+ ĥs

2, as explained in Ref. 33. The basis set is
truncated at n=13 and �ml�=12, yielding matrix sizes in the
order of 5000�5000.

To visualize the many-body states we calculate the prob-
ability density � and probability current j and integrate out
the coordinates of one of the electrons,

��r1� =	 dr2���r1,r2��2, �4�

j�r1� = R�	 dr2���r1,r2��−
i�

m�
�1��r1,r2��� . �5�

Similarly we calculate the relative probability density �̃ and
the relative probability current j̃ by the coordinate transfor-
mation 	1→	rel=	1−	2,

�̃�r1,	rel� 
 ��r1,	1 − 	2� , �6�

j̃�r1,	rel� 
 j�r1,	1 − 	2� . �7�

Since there is no preferred angle 	 this is equivalent to freez-
ing one electron at 	=0 and calculating the probability den-
sity �current� of the other one.

III. STRUCTURE OF THE STRONGLY CORRELATED
QUANTUM RING

Figure 1 shows the energy-level scheme. The full blue
�dark gray� lines represent spin singlets �S=0� and the
dashed red �light gray� lines represent spin triplets �S=1�.
We observe large singlet-triplet splittings, e.g., between the

first and second excited ML=0 states, caused by the electron-
electron interaction representing �30% of the energy.

Figure 2 depicts the probability densities and probability
currents �Eqs. �4� and �5� for a set of different states. The
lowest energy states for each ML symmetry are all ring
formed and the expected properties—increasing probability
currents with increasing �ML� and sign-dependent direction of
the probability current—are clearly shown. Moreover, both
the first and second excited ML=1 states are ring formed
while the third excited state shows a more dotlike behavior
with a relatively large probability density at the center of the
system.

In Fig. 3 the relative probability densities and relative
probability currents �Eqs. �6� and �7� of the six lowest lying
ML=2 states are shown. The lowest lying state has one rela-
tive current-density peak, the first-excited state has two
peaks, etc., up to the third excited state. These vibrational
excitations are expected in a quantum ring.21 The fourth and
fifth excited states, however, do not continue this quantum
ring pattern, indicating that these more energetic states are

FIG. 1. �Color online� Energy levels as functions of the absolute
value of the total angular momentum �ML�. The full blue �dark gray�
lines correspond to singlets and the dashed red �light gray� lines to
triplets. The states used to realize the CNOT gate are labeled using
the notation �SML�.

FIG. 2. �Color online� Probability densities and currents of the
two-electron ring plotted in the coordinates of the first electron �see
Eqs. �4� and �5�. The left column depicts the lowest energy states
�EXC=0� for ML=0, 1, and −2 counting downward. The right col-
umn depicts the first, second, and third excited states �EXC=1, 2, and
3� with ML=1, also counting downward. Here the ring radius is set
to r0=2 a.u.��19.6 nm.
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more dotlike. For the relative probability current, however,
signs of deviation from ring behavior are seen earlier. While
for a large �or quasi-one-dimensional �quasi-1D� ring, the
radial component of the relative probability currents would
approach �be� zero, the currents here show a rich structure.
Already at the first-excited state, and even more clearly in
the higher lying states, we see complete departure from this
circular shape. Even probability current vortices can be seen,
i.e., between the peaks in the third excited state. Hence, we
are here in a region of strongly correlated electrons that still
exhibit ringlike behavior.

IV. CONTROLLED–NOT OPERATION

The conservation of the total spin �S� and angular mo-
mentum �ML� suggests the possibility to apply these two
variables for storage of quantum information, such that one
qubit is represented by S and another multivalued “quMbit”
is stored in ML. Single qubit operations involving the latter

may then be performed by carefully optimized spin conserv-
ing electromagnetic interactions.9 Controlled spin manipula-
tion will in general be more complicated but can be per-
formed by various schemes involving inhomogeneous
magnetic fields.19,20 The control of the time scale of the two
single-qubit operations will be a matter of magnetic field
inhomogeneity vs size of the quantum ring: experimentally,
the degree of inhomogeneity is allowed to increase with the
ring size, thereby decreasing the spin-flip period. The transi-
tion period between electronic states, which for small radii
are much shorter, will on the other hand increase with the
ring radius. At some point, both of these single-qubit opera-
tions can be performed at comparable time scales.

The critical and remaining question is thus whether two-
qubit operations can be performed in such a way that a
change in an initial �S ,ML� can take place for a conditional
value of S. The relatively strong electron-electron interaction
can here play a constructive role as it changes the electronic
energy shift between internal singlet and triplet states �cf.
Fig. 1�. In this way, the ring size can be used as a parameter
to tune the energy spectrum. Figure 4 depicts the quotient
between E�10�−E�11� and E�01�−E�00� �see Fig. 1� as a function
of the ring radius r0. Starting at unity for r0=0, this quotient
decreases to a minimum at r0�3 a.u.� and then increases
again for larger ring radii. To realize a conditional operation
we want this quotient to be as far from unity as possible.
However, to protect the controlled-NOT �CNOT� against deco-
herence we want the absolute value of both energy differ-
ences to be large. These energy differences decrease mono-
tonically with the ring radius �see inset of Fig. 4�, yielding
better protection for smaller radii. Weighing these two things
together, a ring radius of �2 a.u.� seems a close to optimal
choice.

A. Interaction with the electromagnetic field

We now examine transitions induced by a circularly po-
larized electromagnetic pulse

FIG. 3. �Color online� Relative probability densities and cur-
rents �see Eqs. �6� and �7� of the ML=2 system. The left column
depicts singlets and the right triplets, starting with the lowest lying
singlet �triplet� at the top left �right� corner, continuing with the
first-excited singlet �triplet� in the middle left �right� panel, and so
on, compare Fig. 1. The label EXC=0 is used for ground states, EXC

=1 for the first-excited state, etc. Here the ring radius is set to r0

=2 a.u.��19.6 nm.

FIG. 4. �Color online� The quotient between 
Etriplet=E�10�
−E�11� and 
Esinglet=E�01�−E�00� �see Fig. 1� as a function of the ring
radius r0. The inset shows the absolute value of 
Etriplet and

Esinglet as a function of the same. Here the effective Bohr radius
=1 a.u��9.8 nm.

CONTROLLED OPERATIONS IN A STRONGLY… PHYSICAL REVIEW B 79, 115318 �2009�

115318-3



E�t� = E�t��cos��Lt�x̂ � sin��Lt�ŷ ,

where �L is the central frequency. The electric-dipole inter-
action then couples neighboring ML states �
ML=1�. The
envelope E�t� is taken as E�t�=E0 sin2��t /T�, which defines
a pulse that lasts from t=0 to t=T. Here we set T
=500 a.u.��28 ps and E0�0.01 a.u.� corresponding to an
intensity of �2.4�102 W /cm2. We solve the time depen-
dent Schrödinger equation in the full basis of eigenstates
obtained from the previous diagonalization. The Hamiltonian
then becomes

Ĥ�t� = Ĥ0 + eE�t� · �r1 + r2� . �8�

It is then readily shown that the time dependent Schrödinger
equation can be written as a coefficient equation including
the transition matrix elements from �the two-particle� state
�j� to state �i�,

ċi�t� = − i�
j

cj�t�eE�t� · �i��r1 + r2��j� . �9�

B. Realization of the CNOT

Figure 5�A� depicts the time development of the popula-
tions of the different states when the pulse central frequency,
�L, corresponds to the energy shift between the two lowest
states in the singlet system 
��SML�=��01�−��00��3.8 meV.
The driving laser frequency would then be �L /2�
�0.9 THz. With the initial state being �SML�= �00�, we ob-
serve a nearly complete transition to �01�, with a small
amount of unwanted population. Also shown is the time de-
velopment of the population of an initial �10� which is seen
to be nearly constant. Thus a CNOT is realized, as clarified in
the truth table of Fig. 5�B�. It clearly depicts how the elec-
tromagnetic pulse transfers �97.5% of the spin singlet popu-
lation while leaving 99.9% of the triplet population
unchanged.

V. DECOHERENCE, ADVANTAGES,
AND POSSIBLE IMPROVEMENTS

The natural lifetime of the excited state is dominated by
phonon relaxation and is at least a few orders of magnitude
longer than the time for the induced transition studied here.34

As shown recently, the pulse induced transition time may
then be decreased by a factor 10–100 through quantum op-
timization field control methods optimized to almost any
fidelity.9,31 Transition times will also be drastically reduced
by increased confinement strength which will lead to consid-
erably higher central frequencies, �L. In the present work,
however, we wanted to examine a region of confinement
strengths that is already accessible in experiments.32

The present proposal has certain advantages compared to
single-quantum-dot qubit systems.14 First, the energy differ-
ence between the spin states prohibits unwanted transitions
up to the order of 10 K. In the quantum molecule qubit, the
energy differences are typically 103 times smaller.7 Further-
more, by taking advantage of a long array of accessible ML
levels, one may develop much more powerful algorithms for
certain operations than systems with only two levels.

VI. SUMMARY AND CONCLUSIONS

In conclusion we have shown that quantum controlled op-
erations defining a conditional two-bit transition can be real-
ized in a two-electron quantum ring. This has been achieved
through a detailed analysis of energy levels and properties of
the wave functions. The electron-electron interaction has
been utilized to effectively store quantum information simul-
taneously in the total spin and total angular momentum. We
have shown that with realistic model parameters it is possible
to find a regime where the singlet and triplet splittings differ
such that an electromagnetic pulse can transfer population of
one spin state to a higher energy level while leaving the
population of the other spin state intact. This opens for type
of solid-state quantum information device, which is an alter-
native to previously proposed devices based on spin and
charge, and which may be conveniently implemented in
quantum rings.

FIG. 5. �Color online� Upper panel: the time development of the
populations of the different states when the central frequency, �L, of
the pulse corresponds to the energy shift between the two lowest
states in the singlet system, 
��SML�=��01�−��00��3.8 meV imply-
ing a laser frequency of 0.9 THz. The population of the state
�SML�= �00� is almost completely transferred to �01�, while the
population of the �10� is seen to be nearly constant. The inset shows
the x component of the electromagnetic pulse. Lower panel: the
truth table shows just a small amount of unwanted population. The
pulse length was chosen to be T=500 a.u��28 ps.
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We demonstrate that conditional as well as unconditional basic operations which are necessary for universal
quantum gates can be performed with almost 100% fidelity within a strongly interacting two-electron quantum
ring. Both sets of operations are based on a quantum control algorithm that optimizes a driving electromagnetic
pulse for a given quantum gate. The demonstrated transitions occur on a time scale much shorter than typical
decoherence times of the system.
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Quantum computing requires a set of fundamental single
qubit operations which can address and manipulate each qu-
bit regardless of the state of the others. In addition at least
one conditional operation must be defined which can address
any chosen qubit based on the status of another.1 This poses
a major challenge in all logical devices composed of strongly
interacting single particle qubits: the interaction then creates
entangled multiparticle states which hide the single particle
character completely, e.g., regarding the energy spectrum or
the spatial particle distribution. Nevertheless, several basic
operations and quantum information algorithms have been
demonstrated, in nuclear magnetic resonances,2 trapped
ions,3 and coupled superconducting Josephson junctions,4

but scalability and decoherence remain severe obstacles in
taking experiments from a demonstration level to manipula-
tion of a large number of qubits.

The original idea to build gates from coupled quantum
dots by Loss and DiVincenzo5 was based on single electron
spin states interacting in neighboring dots. Recently Petta et
al.6 demonstrated single qubit control using the total spin
state of a two-electron quantum dot molecule. Conditional
operations in coupled quantum dots have also been experi-
mentally demonstrated,7 where excited states are a part of the
information carrier. Another suggestion has been to include
two qubits in a single quantum dot molecule with the total
spin as one qubit and charge localization as the other.8

Relative to coupled quantum dot-molecules and quantum
dot arrays, the quantum ring structure possesses a high-
degree of symmetry, implying the existence of conserved
quantities, e.g., persistent currents,9 related to the conserva-
tion of total electron angular momentum. The use of con-
served quantities for the buildup of a quantum processor may
be advantageous, compared to, e.g., charge localized states,
since the former are time independent as long as weak deco-
herence mechanisms, such as spin-orbit or hyperfine interac-
tions, can be neglected. In compliance with this we recently
proposed the two-electron quantum ring total angular mo-
mentum and total electron spin as a pair of independent
qubits.10 Since the total angular momentum is truly multival-
ued, ML=0, �1, �2, . . . we coined this system a “quMbit.”

In this Brief Report, we show that the total orbital angular
momentum and the total electron spin in the two-electron
quantum ring, in spite of the strong electron-electron inter-
action, can be coherently and independently manipulated and
that the intended quantum state is obtained with almost

100% probability. Hereby successful gate operations are
achieved, for both the unconditional �NOT� and the condi-
tional �CNOT� inversion operation. An alternative route to
scalability can then be foreseen since the information content
of each quantum ring increases with the number of control-
lable states. After a short introduction we demonstrate con-
ditional and unconditional manipulations of the angular mo-
menta and finally the unconditional manipulations of the spin
are outlined.

The confinement of an electron in a two-dimensional
quantum ring is modeled by a displaced harmonic potential
rotated around the z axis, giving a two-electron Hamiltonian

Ĥ0 = �
i=1,2

pi
2

2m�
+

1

2
m��0

2�ri − r0�2 +
e2

4��r�0r12
. �1�

Here m� is the effective mass �m�=0.067me for GaAs�, �0
determines the confinement strength, ri is the radial coordi-
nate for each particle, r0 is the ring radius and �r is the
relative dielectric constant ��r=12.4 for GaAs�. We have var-
ied the ring parameters around the values used in
experiments11 to optimize the gate performances and settled
for r0=2.5 a.u.��24.5 nm and a potential strength of ��0
=15 meV, which have been used throughout this work. The
eigenvectors and eigenvalues of the Hamiltonian �1� are
found by exact diagonalization.12 Figure 1 shows the energy
spectrum �left�, where red dashed lines denote triplet states,
S=1, and blue solid lines denote singlet states, S=0. The
right panel shows the two pairs of �S�ML�� states that consti-
tute our gates and the transitions to be controlled: The NOT
gate is a logical negation operation which inverts �switches�
the state of the qubit. Solid gray arrows indicate such a
switch of the orbital angular momentum independently of the
spin state. The controlled NOT �CNOT� gate is indicated by
a single black �dashed� arrow. It changes the orbital angular
momentum state for a spin triplet state, but leaves it unaf-
fected for a singlet. Hence, for this operation, the spin state is
the control bit and the angular momentum is the target bit.

To induce the needed transitions between the different
eigenstates of Eq. �1�, the ring is exposed to an electromag-
netic pulse, an adiabatically varied homogeneous magnetic
field in the z direction, B0�t�= �0,0 ,B0�t��, and a weak inho-
mogeneous magnetic field, Bs�r , t�,
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Vext�r,t� = − eE�t� · r +
e2

8m�
B0

2�t�r2

+
e

2m�
�Bs�r,t� + B0�t�� · �g�Ŝ + L̂� , �2�

resulting in a time-dependent Hamiltonian Ĥ�t�= Ĥ0
+Vext�r , t�. The electric field drives the angular momentum
CNOT and NOT gate operations, while the two magnetic
fields are needed to perform the unconditional spin flip. The
inhomogeneous field is typically several orders of magnitude
weaker than B0 and is omitted in the diamagnetic term.
Through quantum control algorithms,13,14 the electric pulse E
can be optimized with respect to the desired gate operation.

Numerical solutions of the time dependent Schrödinger
equation were recently used to show that a CNOT operation
could be realized with 	97% fidelity for a �ML=1
transition.10 For this a circularly polarized electric-field
pulse, E�t�=E�t��cos��Lt�x̂�sin��Lt�ŷ� was driving the
transition between the two qubit levels, cf. Fig. 1. The tran-
sition was realized with a central frequency, �L, correspond-
ing to the energy difference between the active ML states,
within a transition time T=500 a.u.�	28 ps and with an
intensity E0�0.01 a.u.�	2.4·102 W /cm2. By optimizing
the transition using two independent electric fields in the x
and y direction we obtain a significant improvement in fidel-
ity as well as a shorter transition time. The electric field is
defined as a set of piecewise constant functions on the di-
vided time interval, 
Eti

� and ti� �0, t1 , . . . ,Tfinal�. During the
time propagation of the system wave function, ��t�, the field
components are adjusted at each step according to a first
order scheme,15 e.g., for the x component

Eti
I+1x̂ = −

Im�	I�ti��e�x1 + x2���I+1�ti��



x̂ , �3�

and similarly for the y component. In Eq. �3� I is the iteration
number and 	I�t� is the solution to the Schrödinger equation
with termination condition 	I�T�= �� f��� f ��I�T��. We want
to maximize the projection �the yield�, ��� f ��I�t���2. The
only constraint in this simple scheme is an energy penalty

given by the parameter 
 favoring low intensity fields. Ad-
ditional penalties on the structure and derivative of the con-
trol fields can be implemented to increase the fidelity even
further.16 Here we utilized this possibility for the CNOT.
Through optimization with respect to final states for both the
singlet and the triplet systems simultaneously, we are in ad-
dition able to achieve very high yields for the complete
CNOT gate as well as for the unconditional angular momen-
tum flip. The optimization in the former case is done starting
in the ML=0 triplet and singlet states, �0= �00��10�, and us-
ing the combined target state, � f = �00��11�. Similarly for the
unconditional angular momentum flip; we start in the singlet
and triplet ML=0 states and optimize with respect to the
target state �01��11�. This requires complete transitions for
two separate energy differences, implying a more complex
driving field, with at least two central frequencies.

Figure 2 shows the transition dynamics with initial ML
=0 population for the two operations, the controlled NOT
gate to the left, and the unconditional NOT gate to the right.
The upper figures show the population of the qubits during
the pulse. For the CNOT operation the initial state �S�ML��
= �10� is seen to steadily decay transferring probability to the
�11� state, and eventually we observe a complete transition.
The initial singlet state, �00�, on the other hand is transiently
coupled to other states but recovers its initial population at
the end of the pulse. Correspondingly, the upper right panel
shows a nearly complete transition from ML=0 to �ML�=1
for both spin states. An important gate condition is that the
operations should work also in the opposite directions, e.g.,
for the CNOT operation the same pulse should transfer initial
population in �S�ML��= �11� to �S�ML��= �10� while leaving the
singlet state population unaltered. The lower panels of Fig. 2
show the truth tables after the completed operation for both

FIG. 1. �Color online� The lower part of the energy spectrum of
the two-electron quantum ring, cf. Eq. �1�, as function of angular
momentum, �ML�. Red dashed lines denote triplet states and solid
blue lines denote singlet states. The transition routes for the NOT
transitions are highlighted in the right panel. Solid arrows denote
the unconditional NOT gate and the dashed arrow denotes the con-
trolled NOT gate.

FIG. 2. �Color online� Optimized qubit operations for the angu-
lar momentum transition, ML=0↔ �ML�=1. Left: two qubit condi-
tional CNOT where the transition takes place or not depending on
the value of the spin qubit. Right: single qubit NOT, where it al-
ways takes place. Depicted is an initial population in �S�ML��
= �00� �solid, black� or �10� �short dashed, red� being transferred to
�01� �dotted, black� or �11� �long dashed, red�. Lower: CNOT �left�
and NOT �right� gate truth table at Tfinal.
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initial conditions. The transition yields are seen to be 99.1%
for the NOT gate and 99.8% for the CNOT gate, within
transition times as short as 25 and 17 ps, respectively, i.e., at
least an order of magnitude faster than the inverse of the
typical electron-acoustical phonon scattering rate in one-
electron rings.17 For the opposite transitions the yields are
slightly lower but all still �98.3%. For other linear combi-
nations, e.g., an initial entangled state ��00�+ �11�� /2, im-
perfections are found to be less than 4%. These results are
achieved within as few as 10 iterations of the type in Eq. �3�.
Figure 3 shows the optimized pulses for the CNOT and NOT
gates decomposed in x and y components. The pulses are
rather simple, with frequency spectra centered on the energy
of the resonance transitions.

Finally, we consider unconditional manipulations of the
spin. This requires inhomogeneous magnetic fields or other
spin-mixing interactions. In principle an optimization algo-
rithm as above could be used, simply switching spin with
angular momentum. However, present technology cannot re-
alistically deliver inhomogeneous fields stronger than the mT
regime across the quantum ring system. We propose there-
fore a two step procedure involving combined homogeneous
and inhomogeneous fields, illustrated in Fig. 4. Consider the
transition from �S�ML��= �00� to �10�, i.e., from the lower sin-
glet state �solid blue curve� to the upper triplet state �dashed,
red curve�. The right panel shows the energy levels in the

presence of a homogeneous magnetic field, obtained by di-
agonalization of the Hamiltonian �1� in the presence of the
B0 terms in Eq. �2�. The field can bring the �00� state adia-
batically to the crossing point with the triplet state �S�ML��
= �11�. Here the spin is flipped by application of an inhomo-
geneous magnetic field over the ring. When the homoge-
neous field is subsequently decreased it is evident that the
transition has been made to the “wrong” triplet state, see Fig.
4. To make the final transition to the required triplet state
�10� we simply apply the unconditional NOT as demon-
strated in Fig. 2. The unconditional spin flip operation thus
becomes,

��S=0/1�t�� = UNOT
ML �t,t��UB0

�t�,0���S=1/0�t = 0�� �4�

where UNOT
ML and UB0

are time evolution operators, of which
the order is arbitrary. If the inhomogeneous magnetic switch
is applied at both avoided crossings �curved arrows� the
scheme will flip the spin state regardless of initial state.

The adiabatic development with homogeneous external
magnetic fields B0 is well known and the detailed dynamics
of the spin flip transition is now outlined: from decoherence
studies it is known that a weak inhomogeneous magnetic
field can flip the spin state of the system. The strength of the
magnetic fields is in these cases typically a few mT.6,18 With
an inhomogeneous magnetic field 	10–100 mT, the spin
flip can be performed on a much shorter time scale than the
natural process. Notably, it has been proposed to selectively
flip the spin by making use of the Aharonov-Bohm effect in
quantum rings.19

The two spin states can, with a circular configuration,

Bs�r� = �Bs sin��x̂ + Bs cos��ŷ , r � r0

0, otherwise,
� �5�

form a local two-level system. In the adiabatic basis the dy-
namics at the avoided crossings is described by,

i�
d

dt
�cS=0

cS=1
� = �0 B

B 0
��cS=0

cS=1
� , �6�

where cS denotes the amplitude of the two �avoided� crossing
spin states and B= �S=1�Bs�r��S=0� is the coupling induced
by the inhomogeneous field. The spin flip is then realized as
a perfect rotation around the z axis �on the Bloch sphere�
within a time frame, �	 �

2B .
In conclusion we have demonstrated conditional and un-

conditional fast high fidelity quantum gates in a strongly
coupled two-electron quantum ring model. We remark that
the fidelity of each gate may be further improved by restrict-
ing the upper intensity of the controlling fields on the ex-
pense of transition times. Alternatively it may be increased
with fixed intensities and reduced system sizes. Storage and
control of quantum information has thus been shown for
two-level spin states entangled with potential multivalued
angular momentum states. An extension of the qubit to a
multibit may be achieved through introduction of higher
excitation levels within each angular momentum number.
The proposal rests on the ability to steer the system between

FIG. 3. �Color online� Optimized pulses; x-�solid, black� and y
electric field components �dashed, blue� for CNOT �top� and NOT
�bottom� gates.

'switch'

FIG. 4. �Color online� �a� Spin flip transitions are indicated by
vertical arrows. �b� The qubit states at zero magnetic field. Uncon-
ditional angular momentum transitions are indicated by diagonal
arrows. �c� The lower part of the energy spectrum as a function of
applied homogeneous magnetic field. Solid lines denote singlet
states and dashed lines triplet states. The qubit states are highlighted
with thick red and blue curves.
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initial and final states with close to 100% transition probabil-
ity. This has indeed been achieved with relatively simple
final pulse shapes.

We acknowledge support from the Norwegian Research
Council, the Swedish Research Council �VR�, and from the
Göran Gustafsson Foundation.
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Performance of the coupled cluster singles and doubles method on two-dimensional

quantum dots.
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An implementation of the coupled-cluster single- and double excitations (CCSD) method on two-
dimensional quantum dots is presented. Advantages and limitations are studied through comparison
with other high accuracy approaches for two to eight confined electrons. The possibility to effectively
use a very large basis set is found to be an important advantage compared to full configuration in-
teraction implementations. For the two to eight electron ground states, with a confinement strength
close to what is used in experiments, the error in the energy introduced by truncating triple exci-
tations and beyond is shown to be on the same level or less than the differences in energy given by
two different Quantum Monte Carlo methods. Convergence of the iterative solution of the coupled
cluster equations is, for some cases, found for surprisingly weak confinement strengths even when
starting from a non-interacting basis. The limit where the missing triple and higher excitations
become relevant is investigated through comparison with full Configuration Interaction results.

PACS numbers: 73.21.La

I. INTRODUCTION

Ever since Tarucha et al.1 experimentally demon-
strated atom-like properties in few electron quantum
dots, in particular the existence of a shell structure, these
systems have attracted a lot of theoretical interest as new
targets for many-body methods. In contrast to the sit-
uation for the naturally occurring many-body systems,
the strength of the overall confinement relative to that
of the inter-particle interaction can here be freely varied
over a large range, at least in theory, and thus completely
new regimes can be explored. When the aim is to study
the performance of a specific many-body method, it is
justified to use a simple model for the confining poten-
tial and most theoretical studies restrict themselves to
the two dimensional harmonic oscillator potential. The
interaction between the dot electrons and the surround-
ing semi-conductor material is further usually modeled
through the use of a material specific effective electron
mass and relative dielectric constant. This model implies
thus a two-dimensional truly atom-like device, on which
calculational methods developed for atoms can be ap-
plied after minor adjustments. Early calculations proved
the model to be adequate. Combined with a reason-
able account for the electron-electron interaction through
methods such as Density Functional Theory (DFT)2–6 or
Hartree-Fock7–10, the two-dimensional harmonic oscilla-
tor confining potential did indeed give a good qualitative
agreement with experiments. In particular the closed
shells forming with two, six and twelve trapped electrons
could be explained, as shown in many studies, see e.g.
the review by Reimann and Manninen11.

Neither the true form of the dot confinement, nor the
extent to which it deviates from being purely two di-
mensional, is easily extracted from experiments. If the
electron-electron interaction could be sufficiently well ac-
counted for, it might be possible to gain further under-
standing of such properties through comparison between

experiment and theory. Some studies in this direction
have been performed, e.g. by Matagne et al.12 who made
quantitative statements about the non-harmonicity of the
confining potential from the comparison between DFT
calculations and experiments. DFT has proven to be
able to account for a large part of the electron corre-
lation, but still it is not really the best choice for such
investigations since it is hard to make an a priori esti-
mate of the obtained error. There are several ways to
account for correlation more systematically. A number
of studies on quantum dots and related structures have
been carried out with Configuration Interaction (CI), see
e.g. Refs.13–22. Full CI is in principle exact and ap-
plicable for all relative interaction strengths. The term
“full CI” refers to a calculation where all Slater deter-
minants, obtained by exciting all possible electrons to
all possible orbitals that are unoccupied in the studied
electronic configuration, are included. It is obvious that
the size of the full CI problem grows extremely fast both
with the number of particles and with the size of the
basis set (used to represent the unoccupied orbitals). It
is well known that truncated CI, i.e. keeping e.g. only
single and double excitations from the leading configu-
ration, lacks size-extensivity. In short this implies that
the method does not scale properly with the size of the
studied system, see for example the review by Bartlett23.
Truncation of the number of excitations is thus not a real
option, and instead all but the smallest systems have to
be calculated with very small basis sets. Recently a thor-
ough investigation of the performance of full CI applied
to quantum dots with a basis set consisting of harmonic
oscillator eigenfunctions was made by Kvaal16 and the
main conclusion was that the convergence with respect
to the size of the basis set was slow and that additional
features such as effective two-body interactions have to
be added for meaningful comparisons with experiments.
An alternative approach for high accuracy calculations
are Quantum Monte Carlo (QMC) methods, which suc-

http://arxiv.org/abs/1004.4081v1
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cessfully have been applied to quantum dots24–32. Here
the computational cost grows modestly with the number
of electrons, and the method provides a very efficient way
to calculate the ground state for a specific symmetry. The
nodal structure of the trial wave function can be used to
impose restrictions on the solutions so that also excited
states can be obtained to some extent, see e.g. the discus-
sion in the review by Foulkes et al.33. Still, calculations
on general excited states are not straightforward and ad-
ditional methods are needed for realistic calculations on
important parts of the quantum dot spectrum.

Most of the methods used on atoms and molecules have
also been applied to quantum dots in several implementa-
tions. The least studied method is however many-body
perturbation theory which has been shown to be very
powerful for the calculation of atomic properties. Calcu-
lations up to second order in the perturbation expansion
have been made by just a few authors34,35, and equally
few coupled-cluster calculations have been presented36,37.
For small to medium sized molecules, as well as atoms,
the coupled-cluster(CC) method is known to success-
fully combine feasibility with accuracy. The coupled-
cluster theory was introduced in 1960 by Coester and
Kümmel38 in nuclear physics, and since then contribu-
tions have been given by many authors. A rather recent
review regarding its performance in quantum chemistry
has been made by Bartlett and Musia l39. We present
here a thorough investigation of how the coupled-cluster
method with single and double excitations (CCSD) per-
forms, in comparison with full CI and Quantum Monte
Carlo-studies, on two-dimensional quantum dots. In sec-
tion II we summarize CCSD and briefly discuss its advan-
tages. In section III our implementation for calculations
on circular quantum dots is outlined. In Section IV we
present results for dots with two to eight electrons and
compare them with those obtained with other methods.
The first question is whether the restriction to single and
double excitations is adequate. It is known to be a good
approximation for atoms, but we expect it to eventually
fail for sufficiently weak confinement strengths. Here, we
try to establish when this happens. The next point is
the feasibility and we show that results converged with
respect to e.g. basis size can be obtained for much larger
systems than is possible for CI calculations. We show for
~ω ∼ 3 meV and the N = 2 to 8 groundstates that the
error relative to Diffusion Monte Carlo results is on the
same level or less than the difference between the energies
given by the Variational and Diffusion Quantum Monte
Carlo methods.

II. THEORY

The formalism used in the present study can be
found in more detail in the textbook by Lindgren and
Morrison40. Here we just discuss the aspects important
for the understanding of the present results. In order to

solve the Schrödinger equation

HΨ = EΨ, (1)

for an N -fermion system, the Hamiltonian is partitioned
as

H = H0 + V, (2)

where the eigenstates of H0 are known and V is the re-
mainder, i.e. it is the perturbation with respect to the
already solved Hamiltonian H0. In the present study H0

is usually the Hamiltonian for the non-interacting sys-
tem, and thus V is the whole electron-electron interac-
tion, but also other choices have been examined as will
be discussed below. We will further assume that H0 is a
sum of N single-particle Hamiltonians with known eigen-
states:

H0 =

N
∑

i

hi,

hi | i〉 = εi | i〉. (3)

With the orbitals, | i〉, we can form a model space suitable
for the state(s) we are interested in. In the following we
will use a one-dimensional model space, P , spanned by
one Slater determinant

α = {abcd . . .N} , (4)

P = | α〉〈α |, (5)

where a, b, c, d . . . , N denote the occupied orbitals, and
the curly brackets denote antisymmetrization. A multi-
dimensional extended model space is also a possibility40,
which though will be left for future investigations. The
model function is the projection of the exact solution,
Eq. (1), onto the model space

Ψ0 = PΨ. (6)

We further assume that the model function, but not the
full wave function, is normalized, a condition usually re-
ferred to as intermediate normalization. It is possible
to define a wave operator, Ω that transforms the model
function into the exact state, i.e. Ψ = ΩΨ0. To separate
the part of Ω that projects onto the model space and
that which brings the solution out of the model space we
write

Ω = 1 + χ, (7)

where χ is sometimes referred to as the correlation op-
erator. The wave operator can be obtained from the
generalized41 Bloch equation42, which we will use in the
form40,41;

[Ω, H0]P = (QV ΩP − χPV ΩP ) , (8)

where Q is the orthogonal space to P , such that P +Q =
1. Eq. (8) is equivalent to the Schrödinger equation, but
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in this form it allows for an iterative solution procedure.
Setting χ on the right hand side initially to zero, one
can obtain a first approximation of χ which then can be
inserted on the right-hand side to get a better approx-
imation and so on until convergence is reached. When
an order by order expansion is carried through, it can be
shown that in each order the so called unlinked diagrams
from the first term in Eq. 8 are canceled by contributions
from the second term. Unlinked contributions are those
that include parts that are surrounded by P -operators, as
theχPV ΩP -term in Eq. 8. This is the so called linked di-

agram theorem, see for example Refs.39,40 and references
therein. It is thus possible to keep only linked contribu-
tions in the expansion. While the exclusion principle is
obeyed for the sum of linked and unlinked contributions,
the cancellation of the unlinked contributions is achieved
only if the exclusion principle is lifted, resulting in ex-
clusion principle violating diagrams also in the retained
linked contributions. It is the linked expansion which will
be the basis for the coupled cluster expansion below.

When Ω has been obtained it can be used to construct
the effective Hamiltonian

Heff = PH0P + PV ΩP, (9)

which gives the exact energies when acting on the model
space40. The total energy can then be written as

E = 〈α|Heff|α〉 = 〈α|H0 + V + V χ|α〉, (10)

where P | α〉 =| α〉 has been used.
Q is the complementary space to P and can formally

be built up from all Slater determinants, β, that differ
from α

Q =
∑

β 6=α

|β〉〈β|. (11)

The space spanned by Q is in principle infinite, but in
practice we use a finite basis set to represent the eigen-
states to h, Eq. (3). This makes also the Q-space finite,
but still it grows rapidly both with the size of the basis
set and with the number of particles. We focus now on
the representation of the Q-space for several particles.
For this purpose we can classify the Slater determinants
belonging to Q with respect to by how many single par-
ticles states they differ from P . For example

αr
a = {rbcd . . . N} , (12)

differs from Eq. (4) only in that a has been replaced by
r, and it is labeled a single excitation, while

αrs
ab = {rscd . . . N} , (13)

differs from Eq. (4) in that a and b have been replaced by
r and s, and it is labeled a double excitation. A complete
calculation on a two-particle system requires single and
double excitations, while such a calculation on a three
particle system also requires triple excitations, and so

on. For a general many-particle system it is necessary to
truncate this series at some point due to both complexity
and computational load. For this truncation there exists
several choices. χ is the part of the wave operator that
lies in the Q-space. It can for example be divided up as

χ = χ1 + χ2 + χ3 + . . . , (14)

where the subscripts denote the number of excitations.
If we truncate this sum after e.g. χ3, we will reproduce
CI with single, double, and triple excitations39. With
the coupled-cluster approach the truncation is made in
an alternative way. First we start from the linked form
of the Bloch equation

[Ω, H0]P = (QV ΩP − χPV ΩP )linked , (15)

where only linked contributions are retained in the itera-
tive procedure. As a second step we define a cluster op-

erator S = S1+S2+S3+ . . ., where each term represents
the connected part of the wave operator for n excitations,
Sn = (Ωn)connected. The term connected denotes that the
wave operator cannot be divided up in parts where the
particles interact independently in smaller clusters, e.g.
two-by-two. The S operator can be shown43 to satisfy a
Bloch type equation

[S,H0]P = (QV ΩP − χPV ΩP )connected . (16)

The wave operator, Ω, can now be written as a sum of
products of Sn-operators. All such terms are generated
through the exponential ansatz:

Ω = {exp (S)} = 1+S1+S2+
1

2!
{S1}2+{S1S2}+

1

3!
{S3

1}

+
1

2!
{S2

2} +
1

2!
{S2

1S2} +
1

4!
{S4

1} + . . . . (17)

The curly brackets denote here that it is the normal or-
dered products of the operators that should be used,
which implies antisymmetrization. We can now identify
all single, double, triple etc excitations accordingly

Ω1 = S1 ,

Ω2 = S2 +
1

2

{

S2
1

}

,

Ω3 = S3 + {S1S2} +
1

3!

{

S3
1

}

,

Ω4 = S4 + {S1S3} +
1

2

{

S2
2

}

+
1

2

{

S2
1S2

}

+
1

4!

{

S4
1

}

,

Ω5 = . . . . (18)

From Eq. 18 it is clear that when truncating after the
S2 cluster, we still include the parts of Ω3 and Ω4 that
can be written as combinations of S1 and S2 operators,
i.e. the terms in boxes above. This is the Couple Cluster
Singles and Doubles method. How these products of S-
operators enter in the expansion will become more clear
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when Eqs. (29-30) are discussed below. See also Ref.44 for
more details. There are two clear advantages of this trun-
cation scheme. First, the probably most important triple
and quadruple excitations are now included in a scheme
that is much less computationally demanding than calcu-
lating full triples and quadruples. Second, and this is in
contrast to the scheme indicated in Eq.(14), the inclusion
of the disconnected products makes the coupled-cluster
method size extensive also in its truncated version.

In the following we will investigate the performance of
the coupled cluster method when including all S1 and
S2 terms in Eq.(18) (the expressions in boxes), i.e. the
CCSD method. Although the practical implementation
is different, the present study includes the same effects
as the implementation for atoms by Salomonson and
Öster44, where more details about the method can be
found.

III. IMPLEMENTATION

A. Single-particle treatment

For a single particle confined in a circularly symmetric
potential the Hamiltonian reads

ĥ =
p̂2

2m∗
+ ûc(r), (19)

where the effective electron mass is denoted with m∗.
With a pure harmonic confinement we have

ûc(r) =
1

2
m∗ω2r2. (20)

This is the confining potential used in all numerical re-
sults in the present study but any circularly symmetric
confinement can be used in the developed computer code.

The single particle wave functions separate in polar
coordinates as

Ψnmlms
(r, φ) = unmlms

(r)eimlφ|ms〉. (21)

We expand the radial part of the wave functions in so
called B-splines labeled Bi with coefficients ci, i.e.

unmlms
(r) =

∑

i=1

ciBi(r). (22)

B–splines are piecewise polynomials of a chosen order k,
defined on a so called knot sequence and they form a com-
plete set for the linear space defined by the knot sequence
and the polynomial order45. Here we have used 40 points
in the knot sequence, distributed by the use of an arcsin-
function. The last knot point, defining the boundary of
the box to which we limit our problem, is scaled with the
potential strength through the harmonic oscillator length
unit

√

~/(m∗ω). For example with ~ω ≈ 11.857 meV
(which corresponds 1 a.u.∗ for GaAs, see Section IV) the
last knot point is located at r ∼ 70 nm. The polynomial

order is 10 and combined with the knot sequence this
yields 29 radial basis functions, unmlms

(r), for each com-
bination (ml,ms). The lower energy basis functions are
physical states, while the higher ones are mainly deter-
mined by the box. The unphysical higher energy states
are, however, still essential for the completeness of the
basis set.

Eq. (21-22) implies that the one-particle Schrödinger
equation, (19), can be written as a matrix equation

hc = ǫBc (23)

where hij = 〈Bie
imθ|ĥ|Bje

imθ〉 and Bij = 〈Bi|Bj〉51.
Eq. (23) is a generalized eigenvalue problem that can

be solved with standard numerical routines. The inte-
grals in (23) are calculated with Gaussian quadrature.
B-splines are piecewise polynomials, and since also the
potential is in polynomial form in Eq. (19), essentially
no numerical error is produced in the integration.

B. The Coulomb interaction

The perturbation V in Eq. (2) will include the electron-
electron interaction not accounted for in H0. It can be
the full Coulomb interaction or the difference between
that and some mean-field approximation. In either case,
we need a suitable way of dealing with the Coulomb inter-
action in two dimensions. As suggested by Cohl et al.46,
the inverse radial distance can be expanded in cylindrical
coordinates (R, φ, z) as

1

|r1 − r2|
=

1

π
√
R1R2

∞
∑

m=−∞

Qm− 1

2

(χ)eim(φ1−φ2), (24)

where

χ =
R2

1 + R2
2 + (z1 − z2)2

2R1R2
. (25)

Assuming a two-dimensional confinement we set z1 = z2
in (25). The Qm− 1

2

(χ)–functions are Legendre functions

of the second kind and half–integer degree. We evaluate
them using a modified52 version of software DTORH1.f

described in47.
Using Eqs. (21) and (24), we can write the electron–

electron interaction matrix element as

〈ab| 1

r̂12
|cd〉 =

e2

4πǫrǫ0
〈ua(ri)ub(rj)|

Qm− 1

2

(χ)

π
√
rirj

|uc(ri)ud(rj)〉

× 〈eima
ℓ φieim

b
ℓφj |

∞
∑

m=−∞

eim(φi−φj)|eimc
ℓφieim

d
ℓφj 〉

× 〈ma
s |mc

s〉〈mb
s|md

s〉. (26)

Note that the angular (φ) integration in (26) yields a
non-zero result only if m = ma

ℓ − mc
ℓ = md

ℓ −mb
ℓ. This
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determines the degree m of the Legendre–function in the
radial part of Eq. (26). It is also clear from Eq. (26)
that the electron–electron matrix element equals zero if
orbital a and c or orbitals b and d have different spin
directions.

C. Alternative single particle potentials

If V in Eq. (2) has to account for the full electron-
electron interaction, as it does when the single parti-
cle Hamiltonian just includes the external confinement
potential, Eq. (20), it might be difficult to obtain con-
vergence of the iterative solutions of Eq. (8). At least
this is expected for weak external confinement and for
many-electron dots. A remedy is then to start from a
Hamiltonian H0 that already includes the bulk of the
electron-electron interaction. Many choices are possible
here and we have investigated two of these. For a sin-
gle Slater determinant the Hartree-Fock approximation
is known to minimize the energy. In this approxima-
tion, each electron moves in the average potential from
the other electrons. The one-particle potential, including
the external confinement, is then

uHF
ji = 〈Bj |ûc(r)|Bi〉

+
∑

a≤N

〈Bja|
1

r̂12
|Bia〉 − 〈Bja|

1

r̂12
|aBi〉. (27)

The last term gives the (non-local) exchange interaction.
One complication with Eq. (27) is that for a situation
where not all electron spins are paired, electrons with
the same quantum numbers n and mℓ but with different
spin directions will experience different potentials. As
a consequence, the total spin S2 = (

∑

i si)
2, does not

commute with the Hartree-Fock Hamiltonian. In spite of
the fact that the full Hamiltonian, Eq.(2), still commutes
with S2, this property might lead to complications, see
Ref.35 for more details, and it might be more practical
to use a starting point where the exchange interaction is
approximated with a local potential. We adopt for this
a traditional Local Density Approximation (LDA) with
a variable amount of exchange

uLDA
ji = 〈Bj |ûc(r)|Bi〉 +

∑

a≤N

〈Bja|
1

r̂12
|Bia〉

− η〈Bj |4a∗B

√

2ρ(r)

π
|Bi〉, (28)

where ρ(r) is the radial electron density and η is the so
called Slaters exchange parameter, which often is set to
one. In Section IV we present results with η = 1.0 and
η = 1.4.

D. Many-Body treatment

Equipped with a finite representation of the Q space it
is possible to construct the Sn-operators, and thus also

the wave operator Ω. We now use the Coupled Clus-
ter Singles and Doubles truncation of the possible ex-
citations, i.e. only the terms in the boxes in Eq. (18)
are kept. We start from Eq. (16) and note that for a
model space built from a single Slater determinant, the
χPV ΩP -term is fully canceled by the unlinked diagrams
from the QV ΩP -term. Only the QV ΩP -term remains
thus on the right-hand side of Eq. (16). Starting with
Ω(1) = 1 and χ(1) = 0, we can write the recursion rela-
tion for the the S1-amplitudes as

〈αr
a|S1|α〉i+1 =

1

ǫa − ǫr
〈αr |V1 + V S1 + V S2

+
1

2!
V {S2

1} + V2{S1S2} +
1

3!
V2{S3

1}|α〉i (29)

and for the S2-amplitudes

〈αrs
ab|S2|α〉i+1 =

1

ǫa + ǫb − ǫr − ǫs
〈αrs

ab|V2+V2S1 +V S2

+
1

2!
V2{S2

1} + V {S1S2} +
1

3!
V2{S3

1} +
1

2!
V2{S2

2}

+
1

2!
V2{S2

1S2} +
1

4!
V2{S4

1}|α〉i, (30)

where only connected contributions should be kept on
the right-hand side. Here V = V1 + V2 is the total per-
turbation, V1 is the part of the perturbation that can be
written as a one-particle operator and V2 is the part of
the perturbation that can be written as a two particle
operator. The index i denotes the iteration number. It
is related, but not equal, to the order in the perturbation
expansion. The quoted figures in section IV are always
self-consistent with respect to Eqs.(29-30). Note that,
e.g. the single excitation cluster, S1 (29), is built from
up single, double and triple excitations. As an example
we note that the included triples are those that can be
be written as disconnected singles connected by a pertur-
bation V2 (the last term on the second line of Eq. (29)),
as well as combinations of singles and doubles connected
by V2 (second term on the last line of Eq.(29)). These
are so called intermediate triple excitations. In a similar
way also intermediate triples and quadruples contribute
to S2.

Finally, it is appropriate to comment on the difference
between the two-dimensional many-body procedure and
the more studied three-dimensional case, especially with
respect to the angular integration. The angular momen-
tum algebra is considerably simplified in two dimensions
compared to three dimensions. In two dimensions an or-
bital is defined by only three quantum numbers. With
polar coordinates these are the radial quantum number,
n, the angular quantum number, mℓ, and the spin di-
rection, ms. The radial functions unmℓms

(r), Eq.(21),
depend on two of these quantum numbers, n,mℓ, while
an additional dependence on ms only arises in case an
external magnetic field is applied to the dot. In three
dimensions the desired total angular momentum has to
be constructed through a linear combination of the dif-
ferent magnetic components of the orbitals. In spite of
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the advanced formalisms (e.g. Racah algebra) developed
in order to avoid explicit summation over magnetic sub-
states, the angular integration often gets rather cumber-
some, at least for general open shell configurations. In
two dimensions there is only place for one particle in each
spatial orbital and any state with maximized total spin
can be treated as a closed shell configuration is handled
in there dimensions.

IV. RESULTS

In our numerical studies we use m∗ = 0.067me and
ǫr = 12.4 corresponding to the bulk value in GaAs.

A. Validation

Table I compares the present results with those ob-
tained by Full Configuration Interaction, Refs.16,17,49,
for 2-6 and 8 electrons when starting from the non-
interacting basis. The purpose of Table I is first to com-
pare with calculations which include exactly the same
physical effects. Such a comparison can in principle only
be done for two electrons due to the truncation of S3-
clusters and beyond in the CCSD method. A second
purpose is to compare the accuracy and basis set conver-
gence for more than two electrons and for confinement
strengths close to the region of interest.

The key parameter here is the strength of the electron-
electron interaction relative the confinement provided by
the harmonic oscillator potential, which can be quanti-
fied, as in Table I, by the length parameter λ,

λ =
~

ωm∗

m∗e2

4πε0εr~2
=

~

ωm∗

1

a∗0
, (31)

where m∗ is the effective mass, ǫr is the relative dielectric
constant, and a∗0 is the effective Bohr radius. We recall

here that
√

~

ωm∗
is the harmonic oscillator length unit.

Larger λ-values correspond to a weaker confinement and
an increased relative importance of the electron-electron
interaction. For Table I we (mainly) choose λ = 2 corre-
sponding to ~ω ≈ 2.964 meV (for GaAs parameters) since
the next available CI-results are either much stronger or
much weaker than this.

For two electrons, N = 2, both the CCSD and the FCI
method take all electron-electron effects into account and
the accuracy is thus only limited by the size of the ba-
sis set and the numerical procedure. When comparing
the N = 2 results produced with identical basis sets in
Table I, we note that our values differ from those pro-
duced by Kvaal16 at most in the seventh digit, while
those by Rontani et al.17 differ in the fifth digit. The
computer code developed by Kvaal16 is bench-marked
to machine precision with exact results and it is reason-
able to believe that its numerical accuracy is the highest.

The leading numerical errors in the present implemen-
tation are due to the precision in the Qm−1/2-functions

produced by DTORH1.f described in47, and their inte-
gration in Eq.(26). For more than two electrons these
numerical errors are much smaller than the errors intro-
duced through truncations, e.g. of basis sets or of S3

clusters and beyond, and are of no significance. For the
the remaining part of Table I we restrict the display of
our results to six digits.

Since coupled-cluster is an iterative and perturbative
method, convergence is never guaranteed. We note that
for N = 2 in Table I, convergence is still obtained for
potential strengths as low as λ = 8 even though the full
electron-electron interaction is here taken as the pertur-
bation. We emphasize that this constitutes a truly non-
perturbative case; the total energy is almost seven times
as large as the strength of the confining potential.

Continuing to N > 2, we conclude that the largest
relative error, calculated as the percentage of the total
energy, arises for N = 3. Still the deviation is never
larger than ∼ 1.5×10−2 in units of ~ω or ∼ 0.1 percent of
the total energy. For 6 and 8 electrons we also increased
the basis set significantly beyond what so far has been
feasible with FCI. It is clear, at least for N ≥ 6 and
the potential strengths studied here, that the error made
by the truncation of the Coupled Cluster expansion to
include only the S1 and S2 cluster operators, see Eq.(18),
is far smaller than the error made by truncating the basis
set in the CI-calculations.

Table I shows only results obtained with the whole
electron-electron interaction as a perturbation. The rea-
son for this is the wish to be able to compare with CI-
calculations. These typically use a non-interacting basis
set, which further is severely truncated. With this start-
ing point, convergence of the coupled-cluster expansion
for weaker confinements than λ = 2, for N > 2 can be
problematic. However, convergence can be obtained for a
much wider range of confinement strengths with a better
starting point: e.g. Hartree-Fock or Local density, but
fair comparison can then only be made with converged
results.

A strict limitation with the CCSD approach is the ne-
glect of true triples, S3 clusters, and beyond. For suffi-
ciently weak confinements this approximation will dom-
inate the error. Table II shows a comparison between
the CCSD and FCI methods for three and six electrons
and for a large range of confinement strengths. The pur-
pose is here to establish how important the limitation to
S1 and S2 clusters is. Confinement strengths as weak as
possible, but still leading to a converged coupled-cluster
expansion with a non-interacting basis have been used.
We note that for λ ≤ 1 the CCSD-method yields re-
sults accurate enough for most practical purposes. For
λ = 2 the error due to the neglected effects in the CCSD-
method is still so small that (keeping table I in mind) the
possibility to use larger basis sets than in a CI calcula-
tion well compensates for the lack of triples and beyond.
For N = 3 and λ = 4 the CCSD did not converge for
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TABLE I: Comparison between the Coupled Cluster Singles and Doubles method starting from the pure one-electron basis
(this work) and Full Configuration Interaction according to the software developed by Kvaal16 and according to Rontani et
al.17. For truncation of the basis set the so called shell truncation parameter R = 2n+ |ml| is used. Energies are given in units
of ~ω and the number of confined electrons is 2-6 and 8. λ is defined in Eq.(31).

CCSD FCI

|2S ML〉 Confinement Strength ~ω(meV ) Basis set This work Kvaal Rontani et al.

N=2 |00〉 λ = 1.0 11.85720 R=5 3.013625 3.013626a

R=6 3.011019 3.011020a

R=7 3.009234 3.009236a

λ = 2.0 2.964301 R=5 3.733597 3.733598a 3.7338

R=6 3.731057 3.731057a 3.7312

R=7 3.729323 3.729324a 3.7295

|21〉 λ = 2.0 R=5 4.143592 4.143592a 4.1437

R=6 4.142946 4.142946a 4.1431

R=7 4.142581 4.142581a 4.1427

|00〉 λ =6.0 0.3293668 R=5 5.784651 5.7850

|00〉 λ =8.0 0.1852688 R=5 6.618102 6.6185

R=6 6.618091 6.6185

R=7 6.618089 6.6185

N=3 |11〉 λ =1.0 11.85720 R=6 6.37600 6.374293b

R=7 6.37293 6.371059b

R=8 6.37069 6.368708b

R=10 6.36773 6.365615b

λ =2.0 2.964301 R=5 8.18306 8.175035b 8.1755

R=6 8.17896 8.169913b

R=7 8.17635 8.166708b 8.1671

N=4 |20〉 λ =2.0 2.964301 R=7 13.635 13.626

N=5 |11〉 λ =2.0 2.964301 R=5 20.3697 20.36

R=6 20.3554 20.34

R=7 20.3467 20.33

N=6 |00〉 λ =2.0 2.964301 R=5 28.0161 28.0330c 28.03

R=6 27.9912

R=7 27.9751 27.98

R=10 27.9529

R=15 27.9390

N=8 |20〉 λ =2.0 2.964301 R=5 47.13801 47.14

R=10 46.70369

R=15 46.67960

aSimen Kvaal16

bSimen Kvaal48, obtained with the software in Ref.16

cPatrick Merlot49 using the software in Ref.16.

the |2SML1〉 = |11〉 ground state. For this weak con-
finement the first excited state is still reproduced well.
Generally we see that this first excited state, which is
not as localized as the ground state, is reproduced better
than the ground state throughout the list of confinements
strengths in Table II . Intuitively this makes sense; true
triple excitations (and all many-body effects) should be
relatively more important for more localized states.

B. Convergence of the basis and the use of

different starting points

Fig. 1 depicts the basis set convergence for the N = 2
ground state using different starting points. The poten-
tial strength ~ω = 3.32 meV, corresponding to λ ≈ 1.89,
is chosen to enable comparison with the Quantum Monte
Carlo results from Ref.27, where it is argued that this
value is close to the actual values in the experiment by
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TABLE II: The importance of S3 clusters and beyond. The present Coupled Cluster Singles and Doubles results are compared
to Full Configuration Interaction16,48,49 results obtained with the same basis sets. For three electrons the basis is for both
methods truncated at R = 2n + |ml| = 7, and with six electrons it is truncated at R = 5. These basis sets are not saturated,
but the comparison unveils the level at which contributions beyond CCSD contribute, as function of the confinement strength.
The values in parenthesis are the differences to the corresponding Full CI-value. Energies are given in units of ~ω.

|2S ML〉 λ ~ω(meV ) CCSD (present) Full CI

N=3 |11〉 0.5 47.42881 5.28660 (+0.00019) 5.28640

0.75 21.07947 5.85048 (+0.00077) 5.84971

1.0 11.85720 6.37292 (+0.00187) 6.37106

1.5 5.269868 7.32169 (+0.00539) 7.31630

2.0 2.964300 8.17635 (+0.00965) 8.16670

4.0 0.7410752 diverges 11.0425

|30〉 0.5 47.42881 5.90815 (+5×10−6) 5.90814

0.75 21.07947 6.34019 (+0.00002) 6.34017

1.0 11.85720 6.75908 (+0.00006) 6.75903

1.5 5.269868 7.56147 (+0.00020) 7.56128

4.0 0.7410752 11.0514 ( -0.00120) 11.0526

N=6 |00〉 0.1 1185.720 11.1979 (+8×10−7) 11.1979

0.5 47.42881 15.5624 (+0.00062) 15.5618

1.0 11.85720 20.2609 (+0.00371) 20.2572

2.0 2.964301 28.0161 ( -0.01687) 28.0330

Tarucha et al.1. Fig. 1 shows that the basis sets begin
to saturate around max(n) = 10 and for the angular
quantum number they saturate to the same extent at
approximately |ml| = 4. The shell truncation param-
eter R = 2n + |ml|, used in most of the previous CI-
calculations, is thus here (N = 2 and ~ω = 3.32 meV)
clearly overemphasizing the need for high |ml|-values in
the basis set, on the expense of n-values. To put it in
other words; it is apparent from the figure that a ba-
sis cut of (n, |ml|) ≤ (10, 4) is a better choice than e.g.
R = 2n + |ml| ≤ 10. For weaker confinements and more
confined particles the behavior is probably different; one
expects then the high |ml| basis functions to be relatively
more important.

Moreover, Fig. 1 shows that for small n the different
starting points give quite a spread in the energy but for
n> 10 the results are virtually independent of the start-
ing point. Again this demonstrates that for the com-
parison with CI-results from Refs.16,17,49, which all are
limited to very few n:s, we are limited to the use of the
non-interacting starting point. This is unfortunate since
the CCSD method can handle much weaker confinement
strengths with a Hartree-Fock or a Local Density Start-
ing point.

It is easy to be mislead by Fig. 1 and draw the con-
clusion that there is no need for other starting points
than the pure harmonic oscillator basis and that Hartree-
Fock is the worst of the tested starting points. However,
the number of needed iterations in Eq.(29 - 30)(∼ orders
in the perturbation expansion) to obtain self-consistency
can differ significantly between the starting points, with

Hartree-Fock often being the fastest of them all. For ex-
ample, with a basis size of (n, |ml|) ≤ (28, 1) and includ-
ing up to second order corrections to the energy, the pure
harmonic oscillator starting point yields 0.9223 a.u.*,
while Hartree-Fock gives 1.0449 a.u.* and the fully con-
verged result is 1.0250 a.u.* (for both starting points).
That is, with the Hartree-Fock basis we start much closer
to the fully correlated situation.

1. Extrapolation and convergence of the basis

Even though much larger basis sets can be used with
CCSD than with CI, the calculation time still grows with
the number of particles and with the size of the basis set.
Extrapolation of the results to infinitely large basis sets is
then often an efficient strategy. Many elaborate strate-
gies can be envisaged here, e.g. adjusting the size of
the basis set during the iterations. One can for example
obtain convergence in a limited basis and then systemat-
ically increase it, or one can filter the contributions and
only keep those that are estimated to contribute over a
certain level. Here we restrict ourselves to a brief discus-
sion of the potential gain of extrapolation.

A first example is shown in Table III, where the full
radial basis is used to investigate the mℓ expansion. The
extrapolated values are obtained through a linear regres-
sion fit assuming the relation

ln [E(|mℓ| + 1) − E(|mℓ|)] = K ln(|mℓ| + 1) + C, (32)

where E(|mℓ|) is the energy with the one particle basis
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FIG. 1: The figure shows the n-convergence of the two-
particle ground state energy for a dot with a confining po-
tential corresponding to ~ω = 3.32meV. The n-convergence
is studied for a variety of starting points in the CCSD-
calculation. The maximum n- value is varied from 1 to
28, while |ml| ≤ 1 for a Hartree-Fock starting point (red),
different Local Density starting points (black), and a non-
interacting starting point (blue with solid circles). The verti-
cal lines with diamonds for max(n) = 9, 14 and 28 show the
|ml|-convergence with max(|ml|) = [1, 10]. For reference we
note that the energy using second order perturbation theory
on top of Hartree Fock is 1.045 a.u.* when using the basis size
(n, |ml|) ≤ (28, 1). The (green) curve with hexagram markers
shows the R = 2n + |ml|-convergence when starting from the
non-interacting basis set.

TABLE III: The |ml|-convergence (using all n, in this case
n ≤ 29) of the two electron ground state energy given in a.u.*.
The extrapolated values are found according to the procedure
described in the text. The extrapolated values agree well
with the values 1.02164(1) and 1.02165(1) by Pederiva et al27

obtained through Variation Monte Carlo and Diffusion Monte
Carlo methods respectively. For each extrapolated value three
points were used in the linear fit.

|ml| E(|ml|) |ml| → ∞ Upper bound Lower bound

1 1.024993 - - -

2 1.022767 - - -

3 1.022196 1.021703 1.022196 1.021210

4 1.021971 1.021667 1.021971 1.021363

5 1.021861 1.021661 1.021861 1.021461

6 1.021799 1.021660 1.021800 1.021520

7 1.021762 1.021660 1.021762 1.021558

8 1.021737 1.021661 1.021738 1.021584

9 1.021721 1.021661 1.021721 1.021601

10 1.021709 1.021662 1.021709 1.021614

cut at max(|mℓ|) = |mℓ| and K and C are the constants
we find from the fit. The fits were made with three con-

secutive differences at a time, which give the list of pre-
dictions displayed in the third column in Table III. It
is clear that this procedure can improve the results sub-
stantially, especially when a rather low maximum |mℓ|
is used. The upper (lower) bound decreases (increases)
monotonically as |ml| increases and the extrapolated val-
ues stabilize around 1.02166 a.u.*. This result agrees well
with those obtained by Pederiva et al27, 1.02164(1) and
1.02165(1) a.u.*, through variational and diffusion quan-
tum Monte Carlo methods respectively.

Table IV shows the convergence of the ground state
energies for two to eight confined electrons as functions
of R = 2n + |ml|. This truncation scheme is a common
choice in numerical studies16,17, and the motivation to
study convergence as a function of this parameter is that
the energy levels of a non-interacting two-electron dot
are given by ǫnmℓ

= (2n + |mℓ| + 1)~ω. The confining
potential corresponds to ~ω = 3.32 meV, a strength that
previously has been studied with Quantum Monte Carlo
Methods27, which are shown in the Table for compar-
ison. A comparison with the two-electron results from
Table III indicates though that the radial convergence
is substantially slower than the angular convergence, at
least for this confinement strength. For more than two
particles the angular convergence slows down due to the
mutual repulsion felt by the electrons and the result-
ing spread of the total wave function. This makes R
a reasonable parameter for the truncation of the basis.
We emphasize that we have used considerably higher R
and/or more confined electrons than used in the available
CI calculations16,17. The error relative to the Diffusion
Monte Carlo method (expected to be the more accurate
of the two27) is ∼ 10−3 and on the same level or below
as the difference between the two different Monte Carlo
methods. For most purposes so far this would, we be-
lieve, be a good enough convergence. We stress that the
complete series of R = [5, 15] for N = 8 still did not
take more than ∼ 24 hours to compute on a standard
desktop machine, which implies that further converged
results can be obtained if necessary.

However, it seems to be very difficult to improve the
R-cut results through extrapolation. All our attempts
so far have resulted in quite unreliable predictions. For
example, the extrapolated values did not stabilize, but
showed a monotonously decreasing behavior. Instead we
have investigated a third possible truncation scheme. In
this scheme we have first used the Aitken’s δ2-process,
see e.g. Ref.50, to speed up the convergence in n. After
that we extrapolate to infinity in |ml| as described at the
beginning of this subsection in connection with Table III.
The results for the two-electron dot are displayed in Ta-
ble V, where values for n = 7, 8 and 9 for each |ml|−value
were used to perform Aitken’s convergence acceleration.
In contrast to the attempted R-extrapolation, the extrap-
olated values do now stabilize, and the obtained value
1.0217 a.u.* is very close to the result obtained in Ta-
ble III using a much larger basis set. The usage of this or
similar extrapolation schemes for more than two confined



10

TABLE IV: The R = 2n + |ml|-convergence for the 2 − 8 electron ground states for a confining potential corresponding to
~ω = 3.32 meV. The results are given in a.u.*

R 2e− 3e− 4e− 5e− 6e− 7e− 8e−

5 1.02544 2.24045 3.72652 5.55317 7.62640 10.0913 12.8065

6 1.02470 2.23924 3.72439 5.54890 7.61942 10.0624 12.7284

7 1.02420 2.23846 3.72210 5.54629 7.61496 10.0541 12.7132

8 1.02383 2.23791 3.72207 5.54454 7.61207 10.0498 12.7067

9 1.02355 2.23750 3.72140 5.54327 7.61000 10.0469 12.7027

10 1.02333 2.23719 3.72089 5.54234 7.60846 10.0448 12.7000

11 1.02315 2.23694 3.72050 5.54161 7.60728 10.0431 12.6979

12 1.02301 2.23674 3.72018 5.54102 7.60633 10.0419 12.6962

13 1.02289 2.23657 3.71991 5.54054 7.60557 10.0408 12.6949

14 1.02278 2.23643 3.71969 5.54014 7.60493 10.0400 12.6939

15 1.02269 2.23631 3.71950 5.53979 7.60438 10.0393 12.6930

QMCa 1.02165(1) 2.2395(1) 3.7194(1) 5.5448(1) 7.6104(1) 10.0499(1) 12.7087(1)

QMCb 1.02164(1) 2.2339(1) 3.7145(1) 5.5338(1) 7.6001(1) 10.0342(1) 12.6900(1)

aVariation Monte Carlo, Pederiva et al.
27

bDiffusion Monte Carlo, Pederiva et al.
27

TABLE V: The ground state energy of the ~ω = 3.32 meV
two-electron dot obtained with an alternative extrapolation
scheme: Aitken’s δ2-process is used on the n = 7, 8 and 9 val-
ues for respective |ml| to accelerate the n-convergence. Sub-
sequently the |ml| → ∞ extrapolation is done as described in
the text. The results are given in a.u.∗.

|ml| E(|ml|) |ml| → ∞ Upper bound Lower bound

1 1.025029a - - -

2 1.022809a - - -

3 1.022232a - - -

4 1.022001a 1.021697 1.021731 1.021658

5 1.021893a 1.021703 1.021719 1.021687

6 1.021839a 1.021734 1.021737 1.021697

aObtained by Aitken’s δ2-process for n = 7− 9.

particles is an interesting topic for future studies.

V. CONCLUSIONS

In conclusion, by comparison with results obtained
with Full Configuration Interaction and two different
Quantum Monte Carlo methods the Coupled Cluster Sin-
gles and Doubles approach is shown to be a very power-
ful method for two to eight electrons confined in a two-
dimensional harmonic oscillator potential. For λ ≤ 1

(~ω ≈ 11.857meV for GaAs material parameters) the
results are for practical purposes exact when compar-
ing with FCI and for λ = 2 (~ω ≈ 2.964meV for GaAs
material parameters) the error is still never larger than
∼ 1.5 × 10−2 in units of ~ω. For N ≥ 6 the possibility
to use much larger basis sets than in FCI-calculations
is shown to be of uttermost importance. The errors in-
troduced by truncating the basis sets in FCI-calculations
are in many cases much larger than the error made by
truncating some of the triple and quadruple excitations
as done in CCSD. Moreover, when comparing with a Dif-
fusion Monte Carlo study, for a potential strength close
to what is estimated from the experiment by Tarucha et
al.1, the errors in the two to eight electron ground states
are shown to be on the same level or less than the dif-
ferences between Variational and Diffusion Monte Carlo
results. This gives promise that the method, in future
studies, can be used for the extraction of reliable infor-
mation from experiments.

Acknowledgments

Financial support from the Swedish Research Coun-
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