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..O f system s possible, if ’tis confest
That W isdom infinite must form the best,
W here all must full or not coherent be,
And all that rises, rise in due degree..

Alexander Pope, An Essay on Man





Abstract

There are several reasons why exotic and artificial atoms attract the interest
of different scientific communities. In exotic atoms, matter and antimatter can
coexist for surprisingly long times. Thus, they present a unique natural labora-
tory for high precision antimatter studies. In artificial atoms, electrons can be
confined in an externally controlled way. This aspect is crucial, as it opens new
possibilities for high precision measurements and also makes artificial atoms
promising potential candidates for qubits, i.e. the essential bricks for quantum
computation. The first part of the thesis presents theoretical studies of resonant
states in antiprotonic atoms and spherical two-electron quantum dots, where
well established techniques, frequently used for conventional atomic systems,
can be applied after moderate modifications. In the framework of Markovian
master equations, it is then demonstrated that systems containing resonant
states can be approached as open systems in which the resonance width de-
termines the environmental coupling. The second part of the thesis focuses
on possible quantum computational aspects of two kinds of artificial atoms,
quantum dots and Penning traps. Environmentally induced decoherence, the
main obstacle for a practical realization of a quantum computer based on these
devices, is studied within a simple phenomenological model. As a result, the
dependence of the decoherence timescales on the temperature of the heat bath
and environmental scattering rates is obtained.
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1. Introduction and outline of the
thesis

This dissertation is based on research I carried out during the time between
November 2006 and March 2010 under the supervision of Prof. Eva Lindroth
in the atomic physics group at Stockholm University. In thischapter, I will
give a brief introduction to the relevant fields and indicatethe contributions of
the thesis to the latter. The computational methods will be given in more detail
in chapter 2, and their application in the thesis will be illustrated in chapter 3.
The last part, chapter 4, summarizes the attached papers and discusses the
scientific results.

1.1 Exotic atoms
By the rather general term ’exotic atoms’ one usually refersto atomic sys-
tems in which an electron is replaced by a heavy negative particle, such as for
example a muon or an antiproton. Such systems are of considerable interest,
since they make it possible to study the dependence of the atomic levels of a
charged particle on its mass with a high precision. Another,perhaps even more
important, aspect of exotic atoms is that they provide a way to confine mat-
ter and antimatter in a single bound system. Since the possibilities to perform
experiments with antimatter are drastically limited by theshort lifetimes of
antiparticles when brought in contact with ordinary matter, exotic atoms are,
in fact, almost the only option for high precision measurments on antiparticles.
For example, the lifetime of antiprotons when trapped in metastable states in
helium increases by six orders of magnitude compared to their lifetime in col-
lisions with ordinary matter. The resulting exotic system consisting of anα-
particle, an electron and an antiproton, usually called antiprotonic helium [1],
was discovered in the 1990s [2, 3] and has since then been subject to exten-
sive experimental [4–6] and theoretical [7–16] studies. Asone of the most
significant achievements in this field, one should mention the new improved
value for the electron-antiproton mass ratio [17], which can be translated into
a determination of the proton-antiproton mass ratio and hence provides a test
of CPT symmetry [18]. Further improvements of the accuracy in antiprotonic
helium spectroscopy, aiming at a measurement of the antiprotonic magnetic
moment, were also recently suggested [19].
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The part of this thesis devoted to antiprotonic atoms does not, however,
focus on high precision measurements in exotic atoms, but rather on the pre-
ceding step, namely the mechanisms by which exotic atoms areformed. The
’standard’ mechanism for the formation of antiprotonic atoms is the replace-
ment of a shell electron by an antiproton in antiproton-atom-collisions. Al-
ternative processes, though, could become relevant in viewof the upcoming
new facilities, such as FLAIR at GSI [20], which will provide antiprotonic
beams of much larger intensities than those available nowadays. In particu-
lar, new features emerge if antiprotons collide with ions [21–24] rather than
neutral atoms, and in this thesis a process involving resonant two-step capture
of antiprotons by highly charged ions is discussed theoretically. This process
has not been experimentally observed yet, although a potential setup in which
such an experiment could be realized was suggested a few years ago [25]. In
our contribution, paper I, we provided a first feasibility estimation for this pro-
cess in the few keV energy region, based on the calculation ofthe Auger and
photoemission rates. We will discuss this topic in more detail in section 4.2.

1.2 Artificial atoms
Besides natural atoms, in which electrons are bound by positively charged
nuclei, there exist nowadays several technological possibilities to confine
electrons artificially. This can be achieved e.g. through semiconductor
heterostructures, giving rise to devices like quantum dots, quantum rings,
quantum wires or quantum wells, or by an appropriate superposition of
electromagnetic fields, so called traps. Such systems are sometimes referred
to as artificial, or, in the case of Penning traps, geonium atoms, since they
exhibit several features similar to conventional atoms andat the same time
allow external control over their parameters. This opens a wide range of
applications, ranging from high precision measurements toimplementation
of quantum computational schemes. Below, a brief introduction to two kinds
of artificial atoms with which parts of this thesis are concerned, quantum dots
and Penning traps, is given.

1.2.1 Quantum dots

Electron-confining semiconductor heterostructures can be fabricated in such
a way that the motion of the conduction band electrons is constrained in a
certain number of dimensions. The commonly used names for such structures
resemble the dimensionality of the electron gas: In a quantum well, the free
electron gas model is valid in two dimensions, in a quantum wire in only one
dimension and, consequently, it is not valid at all in a quantum dot. The ac-
tual number of dimensions in which a confined electron can move may vary
depending on the details of the confining potential. There exist, for example,

14



Figure 1.1: Schematic of a vertical GaAs quantum dot (not in scale)

circular and spherical quantum dots, i.e. zero-dimensional electron gases with
electrons being able to move in a plane (in the former case) oreven in all three
(in the latter case) dimensions. The term ’quantum dot’ simply denotes a sys-
tem which is fully quantized in all dimensions. The actual fabrication methods
of quantum dots (or even quantum dot arrays) are nowadays very refined, the
most common ones being based on growth techniques (e.g. epitaxy) or se-
lective etching (see e.g. [26] for a review). The electron confinement itself is
achieved by arranging several layers of semiconductors with different band
gaps on top of each other, like for example GaAs and AlGaAs, thus creating
a sharp potential barrier for the electrons (see Fig. 1.1 fora schematic). By
applying gate voltages, one is able to control the confinement, to the point of
injecting electrons into the dot one by one, as was demonstrated by Taruchaet
al [27]. This experiment made it possible to unravel the remarkable analogies
between quantum dots and atoms; many characteristic features of the latter,
like electronic shells, magic numbers and level-splittingin external magnetic
fields, are found also in quantum dots. It is thus not surprising that these find-
ings motivated numerous efforts to approach electron interaction in quantum
dots theoretically (a review can be found in [28]). In fact, the similarity to con-
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ventional atoms can be widely exploited in this context, since the well estab-
lished methods used in atomic theory can, to a large extent, be equally applied
to compute quantum dot spectra. Among the most common examples, one can
mention density functional theory [29–31], configuration interaction [32–34],
Hartree-Fock calculations [35–37], quantum Monte Carlo methods [38–40],
variational techniques [41–43] or many-body perturbationtheory [44]. The
necessary modifications are to include the effects of the lattice and to replace
the Coulomb potential of the nucleus by an appropriate modelof the artificial
confinement in the quantum dot, while the electron-electroninteraction can
be approached exactly in the same way. This raises the question how the elec-
tron confinement in the dot should be modelled. The most commonchoice is
a two-dimensional (or, in case of spherical quantum dots, three-dimensional)
harmonic oscillator potential, since the solutions for theone-particle problem
are analytically known and the theoretical results obtained within this model
show a good agreement with the experiments. However, also other confine-
ment models like multidimensional square wells or more complicated poten-
tials which account for possible dot asymmetry or deformation effects are
used. In the vast majority of these models, though, the potentials are infi-
nite and have therefore only bound states. Thus, within this approximation,
no processes involving continuum states can be addressed. So far, there have
been only a few efforts to circumvent this problem by choosing a finite con-
finement [43,45–49], yet the consideration of such processes, like photo- and
autoionization, may open for new applications of quantum dots. For exam-
ple, as argued in Ref. [49], they can be used as efficient photodetectors since
their photosensitivity can be drastically increased by adjusting the dot radius:
The positions and widths of the autoionizing resonances can be controlled in
that manner, and the possiblity to intermediately populatethese resonant states
strongly enhances the photoionization probability, i.e. the photoelectron yield.
One of the contributions of this thesis, paper II, is concerned with that very
application. In particular, we demonstrate additional difficulties which may be
caused by the presence of Coulomb impurities in the dot.

Probably the most prominent application of quantum dots, although not yet
explicitly implemented on a large scale, is their use as qubits. In 1998, Loss
and DiVincenzo [50] suggested a scheme to encode quantum information in
the electrons confined in the dot. As in practically all potential quantum com-
puter implementations, the main obstacle on the way to theirrealization is
given by environmentally induced decoherence, i.e. the loss of the quantum
nature through the interaction with an environment. This very important topic,
to which a large part of the thesis is devoted, will be discussed separately in
section 2.1. In quantum dots, the main sources of decoherence are phonons
(quasiparticles associated with lattice vibrations) and hyperfine interactions
of the electrons with the nuclear spins. Both processes havebeen studied in
depth, mostly during the last decade [51–69]. Their impact onquantum co-
herence was found to depend on additional external parameters, like the tem-
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perature or a magnetic field applied to the dot. Since in the Loss-DiVincenzo
scheme the information is encoded in the electron spins, thevast majority
of the aforementioned decoherence studies focused directly on spin decoher-
ence. In our contribution, paper V, we developed a simple model to analyze
spatial decoherence caused by electron-phonon scattering. Our study is moti-
vated by the fact that, due to the fermionic asymmetry condition, the spatial
part of the wavefunction influences its spin part. In addition, new schemes for
controlled operations in semiconductor heterostructureswhere information is
incoded not only in the spin but also in the total angular momentum, so to say
a ’spatial quantum number’, were recently suggested [70,71].

1.2.2 Penning traps

Penning traps constitute another type of artificial atoms, in which charged par-
ticles are confined purely by a superposition of electric andmagnetic fields.
One of the pioneers in the development of Penning traps, H. G.Dehmelt1,
introduced the term ’geonium atom’, indicating a spatiallylocalized binding
due to an external device on earth. Like with many great ideas,the basic prin-
ciple is simple. Without loss of generality, let us considera charged particle
moving with a certain velocity in thexy-plane. By applying a constant homo-
geneous magnetic field inz-direction, the particle is forced on a circular orbit
in the plane (cyclotron motion), thus it is radially confined. Axial trapping is
realized by an appropriate configuration of electrodes which provides an ax-
ially symmetric quadrupolar confining potential (see Fig. 1.2 for a schematic
view), and that is already all one needs. There are, of course,still demand-
ing experimental challenges, like the isolation of the device from any other
external fields, or cooling of the particles which is essential in many appli-
cations. The underlying principle, though, remains hitherto one of the most
efficient methods for high precision studies on charged particles. Contrary
to quantum dots, Penning traps are not limited to electrons but can be used
to confine charged particles over a wide mass range, from electrons to heavy
ions. Indeed, the list of references reporting most accurate mass measurements
of particles in a Penning trap is impressively long, see e.g.[72, 73] for a re-
view. Also the determination of the g-factor of the electronin a Penning trap
is possible with a very high accuracy [74, 75], which provides a bound on
CPT-violation [76]. However, in the latter case, the precision was recently su-
perceded by the one-electron quantum cyclotron [77,78]. Thestriking success
of precise mass measurements in Penning traps is mostly due to the fact that
the equations of motion for the charged particle resulting from the trap geom-
etry can be solved exactly (a review can be found in [79]). In particular, the
three-dimensional motion can be decomposed into three oscillation modes,
each with a characteristic frequency, called axial, cyclotron and magnetron

1For the development of the Penning trap, he was awarded the Nobel price in physics together
with W. Paul and N. Ramsey in 1989.
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Figure 1.2: Schematic view of a Penning trap. The magnetic fieldB in z-direction
ensures the radial confinement, while the axial confinement is provided by the elec-
trodes (see text).U0 is the voltage applied between the electrodes and the distances
Z0, r0 define the characteristic trap dimensiond as 4d2 = 2Z2

0 + r2
0.

motion. These eigenfrequencies are fully determined by the particle mass and
charge, the magnetic field and the potential applied to the electrodes. The mass
determiation can therefore be translated to the measurement of a frequency,
which is the physical quantity that can be measured with the highest accuracy.
This explains the aforementioned crucial role of particle cooling: It is highly
desirable to reduce the motional amplitude, since deviations from an ideally
harmonic potential governing the particle motion may emerge otherwise. Yet
another advantage is that the uncertainties in the magneticfield strength can
be eliminated if a particle with a well-known mass is used as areference,
since the mass of interest can be determined from a frequencyratio. There are,
however, also other applications of Penning traps beyond high precision mea-
surements. For example, they are used to confine antiprotonsfor a subsequent
recombination of positrons in experiments within the ATRAP and ATHENA
collaborations at CERN aiming for antihydrogen production [80,81]. Another
novel direction is the potential application of Penning traps for quantum com-
putation [82]. The proposals are based on trapped electrons with each mode
cooled to the ground state, and the information can be storedeither in spin and
cyclotron [83] or in spin and axial motion [84–86]. Cold trapped ions can also
be used for quantum computation, which was theoretically suggested by Cirac
and Zoller in 1995 [87] and experimentally demonstrated in a Paul trap [88].
In our contribution, we addressed the spatial decoherence timescale of cold
ions in a Penning trap, using essentially the same model as inthe aforemen-
tioned case of circular quantum dots. We took advantage of a recent work
performed by a group in Mexico [89], in which a class of coherent states for
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a Penning trap was derived within time-independent quantummechanics. In
paper VI, we demonstrate that these states can be used as initial states also
in time-dependent decoherence studies for charged particles in Penning traps,
since their decoherence degree can be monitored in time. Based on this first
result, we studied, in paper VII, the motion of different ions in a Penning trap
when coupled to an environment and estimated their decoherence timescale.
The effects of dissipation are also shown by means of a comparison with ear-
lier results [90] that were obtained from non-dissipative quantum mechanical
calculations.

1.3 Open quantum systems and quantum
decoherence
The time evolution of a non-relativistic quantum system is governed by the
Schrödinger equation. In the Schrödinger picture, its solution provides the
wave function of the system for all times, from which expectation values of
the observables can be determined. Alternatively, the dynamics can also be
formulated in the Heisenberg picture with time-dependent operators and time-
independent wave functions. As is well known, these pictures are equivalent
in the sense that for any physical observable they yield the same results. If
the HamiltonianH of the system is time-independent and Hermitian, the time
evolution of a quantum state|ψ〉 from some initial timet0 to a timet is given
by the operator

Ut,t0 = exp(−iH (t − t0)/h̄) (1.1)

as
|ψ〉(t) = Ut,t0|ψ〉(t0) (1.2)

in the Schrödinger picture, and, equivalently, for an operator A in the Heisen-
berg picture:

A(t) = U†
t,t0A(t0)Ut,t0. (1.3)

For simplicity, we sett0 = 0 here and in the following and use the notation
Ut,0 = Ut . These operators are unitary, i.e. they fulfillUtU

†
t = U†

t Ut = 1, and
they form a group with parametert and generatorH. In particular, the time
evolution is reversible, that is, for each time propagationthere exists a corre-
sponding inverse propagation that restores any state vector to its original state.
Such systems, where the Hamiltonian is a constant of motion (hence the total
energy is conserved) are referred to asclosed. This picture, although theoret-
ically crucial, is not fully realistic, because any kind of dissipative interaction
of the quantum system with its environment is excluded per definition. Let us
consider a classcical example as an illustration: The process by which a body
loses kinetic energy due to friction and heats up the environment is an irre-
versible one. Indeed, it is very unlikely that the environment will cool down
and accelerate the body. On a quantum scale, this implies that a unitary group
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cannot describe irreversible quantum dissipation. Therefore, a modification of
the time evolution for the description ofopenquantum systems is necessary.

A widely used approach to open quantum systems are master equations,
that is, equations governing the time evolution of the density matrix ρ of the
system. They are of the general form

dρ
dt

= L (ρ) (1.4)

whereL is called the Liouville operator (or sometimes superoperator because
it acts on density matrices). The most simple Liouville operator is that of a
closed system

L (ρ) = − i
h̄
[H,ρ ]. (1.5)

This is precisely the von Neumann equation which is the equivalent of the
Schrödinger equation if the description of the quantum system is formulated
with a density matrix instead of a wave function. However, for an open quan-
tum system it may be highly non-trivial (or even impossible)to determine the
exact form of the Liouville operator. An illustrative and rather fundamental
problem which was thoroughly studied in this context is the quantum damped
harmonic oscillator interacting with the environment. In arigorous treatment,
it can be shown that for arbitrary environments no exact Liouville operator
exists [91], but, under certain assumptions, approximate forms can be found.
In the weak coupling limit, the most general form of a master equation was
found and proven by Lindblad [92] in 1976. It will be discussedin detail in
the next chapter. To mention the main idea only briefly, the von Neumann
equation is modified by an additional term which contains operators that sim-
ulate the dissipative interaction with the environment (usually called Lindblad
operators). A problem which often arises if master equations of this type are
used is that the explicit form of these operators can be chosen freely, and the
approach becomes heuristic. Even if appropriate Lindblad operators can be
found, there are still phenomenological constants in the equations of motion
for which numerical values are needed, and it is not clear in general how the
latter can be obtained. This phenomenological aspect represents, in fact, one
of the strongest limitations for a physical interpretationof the results obtained
within the Lindblad formalism. Very recently, a way to circumvent this ambi-
guity by means of so called ’symplectic tomography’ was suggested by Bel-
lomoet al [93]. Other possibilities to approach this limitation are to adjust the
Lindblad operators and the resulting phenomenological constants by fitting to
experimental data or by a comparison to calculations obtained from indepen-
dent theoretical models. This procedure, however, limits inmany cases the ap-
plicability of the Lindblad equation to problems where such data is available.
On the other hand, this limitation can simultaneosly be seenas an advantage,
in the sence that essentially the same model can be used to describe very differ-
ent physical systems, just by changing the involved parameters appropriately.
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Mainly because of this universality, the Lindblad equation is nowadays a well
established framework which has been applied in several areas of physics,
from nuclear [94–96] and particle [97,98] physics over laser physics [99,100]
to solid state [101, 102] and surface [103, 104] physics, andeven in complex
biological systems [105].

The possibility to incorporate dissipation in quantum mechanics by means
of master equations also provides a new way to study how the environment
affects fundamental processes which are possible in quantum mechanics only.
A prominent example for the latter is the tunneling effect, that is, the non-
vanishing probability to find a quantum particle in a classically forbidden re-
gion. The question whether the presence of an interaction with the environ-
ment enhances or suppresses tunneling was addressed withindifferent mod-
els [106–112], among those also the Lindblad equation [113, 114]. The the-
sis contains a contribution to this topic (paper IV) and to another related as-
pect, namely the effect of dissipation on the quantum mechanical arrival time,
where we used the Lindblad model for wave packet tunneling developed in
Ref. [114]. Yet another important quantum process, the decay of a resonance,
is studied in paper III within the framework of open quantum systems. We
argue that the presence of a resonance can be interpreted as ageneral envi-
ronmental effect, thus making it possible to describe the coupling to the con-
tinuum by Lindblad operators. By comparison withab initio time-dependent
Schrödinger equation calculations, the used model allows us to partly resolve
the phenomenological Lindbladian parameters by establishing their connec-
tion to the lifetime of the resonance.

Beyond relaxation and dissipation, however, the interaction with an envi-
ronment has a further crucial effect on a quantum system, called decoher-
ence. In that context, the term denotes the entaglement withthe environment
which may eventually destroy the information encoded in thequantum states.
Such a process presents therefore one of the biggest obstacles to a practical
realization of a large-scale quantum computer. Indeed, while the feasibility
of single qubits has been demostrated for several devices, atrue quantum
computer capable to perform useful operations in practice is still far from
reachable. Because of this detrimental effect on quantum systems, decoher-
ence may also cause a long term classical behavior of systemswhich are
purely quantum initially. This effect is sometimes referredto as the ’quantum-
to-classical transition’ and has attracted the attention of physicists since the
foundation of quantum mechanics, as one of it’s key aspects.By now, exten-
sive reviews [115, 116] as well as whole books [117, 118] havebeen devoted
solely to this very problem. From the practical point of view, one of the cru-
cial questions to be asked is: how should one measure or mathematically ex-
press the degree of decoherence in a quantum system? This question is, at
least for some simple cases, discussed in section 2.1. Basedon a proposal by
Morikawa in 1990 [119], one can introduce a dimensionless time-dependent
quantity which turns out to be a reasonable candidate to measure decoherence.
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It is derived from a given representation of the density operator, the time evo-
lution of which is covered by a master equation accounting for environmental
effects, such as the Lindblad eqaution. Our aforementioned contributions to
the study of decoherence in artificial atoms (papers V,VI andVII) present a
few examples where such an approach was used.
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2. Methods and computational tools

2.1 The Lindblad equation and a measure for
decoherence
2.1.1 General structure

When looking for a modified Liouville operator in Eq. (1.4), i.e. a master
equation which takes into account an interaction with the environment and
thus differs from the von Neumann form (Eq. (1.5)), the first natural question
to ask is: Which properties does one expect from it? First of all, the new time
evolutionΦt,t0 (which replaces the unitary time evolutionUt,t0, Eq. (1.1), in
closed systems) should obey the property

Φt2,t1Φt1,t0 = Φt2,t0, (2.1)

that is, if the system evolves in time fromt0 to t1 and then fromt1 to t2 it should
end up in the same state as if it were directly propagated fromt0 to t2. At the
same time,Φ should be irreversible in order to account for dissipation,in other
words, the system is not allowed to propagate backwards in time. Furthermore,
the Liouville operator should preserve all physically necessary conditions of
a density matrix, such as hermicity, non-negativity andTr(ρ) = 1. As one
can imagine, to unify all these properties mathematically is a very non-trivial
task. An explicit form of such a Liouville operator was found and proven
by Lindblad [92] in 1976. Some of its most important aspects will be given
below (without proof) together with the main result, i.e. the explicit form of
the Lindblad master equation.

The reversibility of the time evolution in closed systems arises formally
from the group condition, i.e. from the existence of an inverse for any element.
For the particular example considered here, the inverse element ofUt is given
by U−1

t = U−t , and it exists since the real group parametert can take any real
value,t ∈ (−∞,+∞). Thus, this condition necessarily needs to be abandoned if
one wants to introduce time irreversibility, but simultaneously the physically
important properties of the density matrix (as previously mentioned) should
be preserved. There exists, in fact, an algebraic structure that fulfills these
conditions, namely so called dynamical semigroups. Without discussing the
mathematics behind, the decisive aspect is that if the time evolution is cho-
sen to be a semigroupΦt with a real parametert, the latter one is allowed
to take positive values only. This is often referred to as the semigroup condi-
tion, which excludes the existence of an inverse element. Physically speaking,
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a preferred direction in time is introduced and hence the system can evolve
only forwards in time - exactly the property required in dissipative systems.
Also the hermicity, the non-negativity and the trace of the density matrix are
conserved under semigroup transformations. The most general form satisfying
these conditions explicitly reads:

L (ρ) = − i
h̄
[H,ρ ]+

1
2h̄ ∑

j

([

Vjρ ,V†
j

]

+
[

Vj ,ρV†
j

])

. (2.2)

The first term is the same as in the von Neumann equation for closed sys-
tems. The second term accounts for dissipative interaction with an environ-
ment and contains a set of so called Lindblad operatorsVj . These operators
can be chosen freely and act on the Hilbert space of the Hamiltonian. Such an
approach is often called reduced dynamics, because the system described by
the Hamiltonian is virtually coupled to a reservoir via the Lindblad operators,
but the resulting equations of motion describe only the dynamics of this re-
duced system and not the one of the reservoir. An important assumption which
is incorporated in the master equation is weak coupling of the reduced system
to the reservoir. This essentially means that the reservoir is assumed to be
very large compared to the subsytem and therefore no memory effects occur.
Hence, Eq. (2.2) presents a Markovian master equation. Its general character
is also confirmed by the fact that several master equations that are found in
literature are particular cases of the Lindblad form, as shown in [120]. It can
be equivalently formulated in the Heisenberg picture for a time-dependent op-
eratorA, which is often a more convenient approach in practical applications:

dA
dt

=
i
h̄
[H,A]+

1
2h̄ ∑

j

(

V†
j [A,Vj ]+

[

V†
j ,A
]

Vj

)

. (2.3)

In the following, this equation will be explicitly solved for a harmonic oscilla-
tor Hamiltonian. This special case is of particular interest, not only as a basis
for some applications in this thesis but also from a fundamental point of view,
since it allows us to investigate several properties of openquantum systems in
a more general context.

2.1.2 A fundamental example: damped quantum oscillator

The first thing that has to be specified in applications of the Lindblad equa-
tion to any physical problem is the explicit form (and number) of the Lindblad
operatorsVj . Qualitatively, a similar choice has to be made also in classical
mechanics, where different types of dissipative effects can occur, e.g. the fric-
tion can depend linearly (Stokes-friction) or quadratically (Newton-friction)
on the velocity. Here, the Lindblad operators will be chosen as a linear com-
bination of the coordinate and momentum operators

Vj = a j p+b jq (2.4)

24



wherea j andb j are complex numbers (henceV†
j = a∗j p+ b∗j q sincep andq

are Hermitian operators). This choice is sometimes referredto as the quantum
mechanical analogon of Hooks law and has the substantial advantage that the
equations of motion for a harmonic oscillator are solvable exactly (similarly
to classical mechanics where a friction term proportional to the velocity is
the easiest and most convenient choice). To the best knowledge of the author,
the form (2.4) is the only one ever used for a harmonic oscillator. The num-
ber of the Lindblad operators follows in this case directly from their form,
because the operators{p,q} give a basis of the linear space of first-order non-
commuting polynomials and, therefore, only two linearly indepent combina-
tions of p andq can be constructed, i.e.j = 1,2 in Eq. (2.4).1

Let us now consider the time dependence of the expectation values of the
canonical operatorsp and q (denoted byσp, σq) for a harmonic oscillator
Hamiltonian

H =
p2

2m
+

1
2

mω2q2 (2.5)

with massm and frequencyω. These are given by the trace of the product of
the density matrix with the corresponding operator

σq = Tr(ρq), σp = Tr(ρ p). (2.6)

Therefore, the time dependence in the Heisenberg picture is

d
dt

σA(t) =
d
dt

Tr(ρA) = Tr

(

ρ
dA
dt

)

, (A = p,q) (2.7)

wheredA/dt in the last term is now given by Eq. (2.3). This means that, to
obtain the equations of motion, one has to insertA = p andA = q together
with the Lindblad operators from Eq. (2.4) into Eq. (2.3) and calculate all
appearing commutators. Using the fundamental relation

[q, p] = ih̄, (2.8)

they are evaluated as

[H,q] = − ih̄
m

p,

[H, p] = ih̄mω2q,

V†
j [q,Vj ] = ih̄(|a j |2p+a jb

∗
j q),

[V†
j ,q]Vj = −ih̄(|a j |2p+a∗j b jq), (2.9)

V†
j [p,Vj ] = −ih̄(a∗j b j p+ |b j |2q),

[V†
j , p]Vj = ih̄(a jb

∗
j p+ |b j |2q).

1This is true for one dimension. In the multidimensional case, the number of linearly indepen-
dent operators increases, and hence also the number of Lindblad operators.
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To write the expressions which involve the Lindblad operators in a more com-
pact form, one can define a phenomenological friction constant

λ = −Im
2

∑
j=1

a∗j b j (2.10)

so that the second term in Eq. (2.3) forA = q, p reads

2

∑
j=1

(

V†
j [q,Vj ]+ [V†

j ,q]Vj

)

= −2h̄λq, (2.11)

2

∑
j=1

(

V†
j [p,Vj ]+ [V†

j , p]Vj

)

= −2h̄λ p. (2.12)

Combining this with the commutators[H,q] and [H, p] from Eq. (2.9) and
inserting the result into Eq. (2.7) yields the following coupled first-order dif-
ferential equations for the expectation values ofq andp:

d
dt

σq(t) = −λσq(t)+
1
m

σp(t), (2.13)

d
dt

σp(t) = −mω2σq(t)−λσp(t). (2.14)

However, for a complete description of the dynamics of a quantum system
not only the first moments (expecation values) but also the second moments
(variances and covariances) are required. For two operators A,B the second
moments are defined as

σAB = σBA =
1
2

Tr(ρ(AB+BA))−Tr(ρA)Tr(ρB). (2.15)

If A = B thenσAA is the variance of the operatorA, while for different oper-
atorsσAB gives their covariance. The derivation of their time dependence is
basically the same as for the first moments, the only difference being that in-
stead of the operatorsq andp the operator productsq2, p2 andpqare inserted
into Eq. (2.3) and the commutators that have to be evaluated become a little
bit more lengthy. To keep this part within reasonable boundaries, the explicit
derivation will not be given here step-by-step. After the operator products are
inserted into Eq. (2.3), their time dependence is obtained from Eq. (2.7) as

d
dt

σqq(t) = −2λσqq(t)+
2
m

σpq(t)+2Dqq,

d
dt

σpp(t) = −2λσpp(t)−2mω2σpq(t)+2Dpp, (2.16)

d
dt

σpq(t) = −2λσpq(t)−mω2σqq(t)+
1
m

σpp(t)+2Dpq

where further abbreviations were introduced:

Dqq =
h̄
2

2

∑
j=1

|a j |2, Dpp =
h̄
2

2

∑
j=1

|b j |2, Dpq = − h̄
2

Re
2

∑
j=1

a∗j b j . (2.17)
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The constants defined above are called diffusion coefficients. They can play
a decisive role in the dynamics of open systems, being directly related
to the preservation of crucial concepts such as the uncertainty relation
or non-negativity of the density matrix. The three coupled differential
equations (2.16) can also be written in matrix form, which isconvenient for
their solution. By defining the matrices

σ(t)=

(

σqq(t) σpq(t)

σpq(t) σpp(t)

)

, Y =

(

−λ 1/m

−mω2 −λ

)

, D =

(

Dqq Dpq

Dpq Dpp

)

,

(2.18)
an equivalent form of Eqs. (2.16) is given by

d
dt

σ(t) = Yσ(t)+ σ(t)YT +2D. (2.19)

With this and Eqs. (2.13),(2.14) the equations of motion are completed, and
their solution is the next task to be accomplished. It shouldbe mentioned that
the presented derivation and the following solution of the above equations of
motion was first introduced in Ref. [121] for the descriptionof damping in
deep inelastic collisions.

Let us first approach the equations of motion for the expectation
values (2.13) and (2.14). In general, two cases have to be considered, namely
overdamped (λ > ω) and underdamped (λ < ω). However, although formally
possible, the overdamped case is somewhat unphysical sinceit violates the
Markovian condition as the coupling to the heat bath becomesstronger than
the characteristic frequency of the reduced system. In all our contributions
based on the model presented here, the Markovian condition is obeyed. Thus,
only the underdamped case will be considered here and in the following.

With Eqs. (2.13),(2.14), we have two first-order differential equations, so
that two boundary conditions are required for a unique solution, that is, the
initial valuesσ0

q = σq(t = 0) andσ0
p = σp(t = 0). Given those, the solutions

can then be written in closed analytical form, which can be verified simply by
inserting it into the initial differential equation:

σq(t) = e−λt
(

cos(ωt)σ0
q +

1
mω

sin(ωt)σ0
p

)

, (2.20)

σp(t) = e−λt (−mω sin(ωt)σ0
q +cos(ωt)σ0

p

)

. (2.21)

As we see, the average momentum and position oscillate with the frequency
ω and the amplitude decreases exponentially in time whereλ is the damp-
ing constant. This picture is very similar to the one known from classical
mechanics and shows that the choice of the Lindblad operatorswas indeed
meaningful.

The solution of the equations of motion for the second momentscan also
be found analytically by making the following Ansatz for thematrix equa-
tion (2.19):

σ(t) = etY(σ0−σ ∞)
(

etY)T
+ σ ∞. (2.22)
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Here, σ0 denotes the initial covariance matrix (i.e. it contains thevalues
σqq(t = 0), σpp(t = 0) andσpq(t = 0)) andσ ∞ its asymptote. The matrixetY

is found by diagonalizingY:

etY = e−λ t

(

cos(ωt) 1
mω sin(ωt)

−mω sin(ωt) cos(ωt)

)

. (2.23)

The asymptotic valuesσqq(∞), σpp(∞) andσpq(∞) can be determined from
the diffusion coefficients if the Ansatz (2.22) is inserted back into the differ-
ential equation (2.19), which leads to the condition

Yσ ∞ + σ ∞YT = −2D. (2.24)

Now, both sides of the above equation are symmetrical2× 2 matrices and
hence it can be rewritten as a system of three linear equations for the elements
of σ ∞. By explicitly writing out the sum of the matrix products on the left
hand side, we arrive at







Dqq

Dpp

Dpq






=







λ 0 − 1
m

0 λ mω2

mω2

2 − 1
2m λ













σqq(∞)

σpp(∞)

σpq(∞)






(2.25)

which can be solved for the elements ofσ ∞:

σqq(∞) =
(mω)2(2λ 2 + ω2)Dqq+ ω2Dpp+2mω2λDpq

2(mω)2λ (λ 2 + ω2)
,

σpp(∞) =
(mω)2ω2Dqq+(2λ 2 + ω2)Dpp−2mω2λDpq

2λ (λ 2 + ω2)
, (2.26)

σpq(∞) =
−λ (mω)2Dqq+ λDpp+2mλ 2Dpq

2mλ (λ 2 + ω2)
.

So far, it was assumed that the phenomenological diffusion coefficients de-
fined in Eq. (2.17) are explicitly known. However, a proper choice of the lat-
ter is a very fundamental problem in quantum diffusion equations, and there
is a considerable amount of papers in which their influence onthe dynam-
ics and conditions that have to be imposed on them were thoroughly stud-
ied [95,122–124]. Thus, only a very brief discussion will be given here.

The definitions of the phenomenological friction constant (2.10) and the
diffusion coefficients (2.17) directly imply the conditions

Dqq > 0, Dpp > 0, DqqDpp−D2
pq≥ λ 2h̄2/4, (2.27)

where the last condition follows from the Cauchy-Schwarz inequality. Apart
from their mathematical necessity, these conditions also contain a deep phys-
ical meaning. In fact, it can be shown that the non-negativity of the density
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matrix is preserved for all times only if these fundamental constraints are sat-
isfied. They are also closely related to the generalized uncertainty relation
(given by the determinant of the matrixσ(t) defined in Eq. (2.18)) which for
any timet reads

σqq(t)σpp(t)−σ2
pq(t) ≥ h̄2/4. (2.28)

A set of diffusion coefficients that obeys the constraints (2.27) is often called
’quantum mechanical’. Also master equations with diffusion coefficients that
do not fulfill the constraint have been used. Such diffusion coefficents are
usually referred to as ’classical’ because the quantum nature of the system
is violated. Nevertheless, physically meaningful resultscan be extracted also
from such diffusion coefficients under certain conditions.A rather common
(though, as pointed out in Ref. [125], somewhat contradictory) approach to
determine the diffusion coefficients is to postulate an asymptotic state, i.e. the
asymptotic variances and covariances become an input parameter and the dif-
fusion coefficients are determined from the latter. For example, if a harmonic
oscillator coupled to a reservoir at some thermodynamical temperatureT is
assumed to approach an asymptotic Gibbs state

ρ(∞) =
e−H/kBT

Tr(e−H/kBT)
, (2.29)

wherekB is the Boltzmann constant, the temperature dependent diffusion co-
efficients are

Dqq =
h̄λ

2mω
coth

(

h̄ω
2kBT

)

,

Dpp =
h̄λmω

2
coth

(

h̄ω
2kBT

)

, (2.30)

Dpq = 0.

In the high temperature limit, these expressions simplify to

Dqq =
λkBT
mω2 , Dpp = mkBTλ , Dpq = 0. (2.31)

In the limit T → 0, however, the diffusion coefficients do not depend on tem-
perature:

Dqq =
h̄λ

2mω
, Dpp =

1
2

h̄λmω , Dpq = 0. (2.32)

After inserting this set into Eq. (2.26), the asymptotic variances and the co-
variance simplify to

σqq(∞) =
h̄

2mω
,

σpp(∞) = h̄mω/2, (2.33)

σpq(∞) = 0.
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These are exactly the uncertainties in position and momentumfor the har-
monic oscillator ground state. As we see, the asymptotic state at zero temper-
ature has ’minimal uncertainty’, i.e. the generalized uncertainty relation (2.28)
becomes an equality:

σqq(∞)σpp(∞)−σ2
pq(∞) = h̄2/4. (2.34)

There is much more that could be said about the role and different choices of
diffusion coefficients, but such a discussion is beyond the scope of the thesis.
Up to this point, we obtained an analytic solution for the entire phase space,
completely covering the dynamics in coordinate and momentum space. Our
analysis of resonance decay, tunneling and arrival times inopen quantum sys-
tems (papers III and IV) is strongly based on this simple model. However,
it allows us an even deeper insight into the time evolution ofopen quantum
systems: the decoherence timescale.

2.1.3 Decoherence degree

Decoherence is a rather abstract term. Although its generalmeaning is often
assumed to be more or less self-explaining, it is hard to constrain its sence to
one all-embracing definition. Even experts in the field sometimes tend to avoid
such a discussion, and in literature decoherence is frequently "explained" to
stand for loss of coherence - hardly the most clarifying statement. In the con-
text of the decoherence studies presented in this thesis, the following quotation
from Ref. [126] is quite to the point: "...the irreversible, uncontrollable and
persistent formation of a quantum correlation (entanglement) of the system
with its environment, expressed by the damping of the coherences present in
the quantum state of the system, when the off-diagonal elements of the density
matrix of the system decay below a certain level, so that thisdensity matrix be-
comes approximately diagonal". The last part of this definition also mentions a
possible measure for decoherence: the relation of the diagonal elements of the
density matrix to the off-diagonal ones. This will be explained in more detail
in the following, since this particular measure for decoherence was adopted in
all decoherence-realted contributions of this thesis. Further examples can be
found in Refs. [119,126,127], and some alternative approaches are presented
in Refs. [125,128,129].

When talking about diagonal and off-diagonal elements of a density matrix,
one needs to specify a basis. Here and in the following, we consider spatial
decoherence; Hence, the appropriate basis is the position basis, in which the
density matrix is given by the following representation of the density operator:

ρ(q,q′, t) = 〈q|ρ̂(t)|q′〉. (2.35)
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For density matrices of Gaussian form,

ρ(q,q′, t) = N (t)× (2.36)

exp

(

−A(t)(q−q′)2− iB(t)(q−q′)(q+q′)−C(t)

(

q+q′

2

)2
)

,

Morikawa [119] suggested the following dimensionless degree for quantum
decoherence:

δQD =
1
2

√

C(t)
A(t)

. (2.37)

This has become a more or less standard definition, which nowadays can also
be found in texbooks [117, 118]. The interpretation behind itis discussed
therein, and here the main aspects will be summarized. The amplitude A(t) in
Eq. (2.36) is related to the extension of the Gaussian along the ’off-diagonal’
directionq= −q′, so that it can be used to quantify the range of spatial coher-
ence in terms of a so calledcoherence length:

l(t) =
1

√

8A(t)
. (2.38)

Correspondingly, the amplitudeC(t) is associated with the width of the Gaus-
sian in the ’diagonal’q = q′ direction. Since, by puttingq = q′ in Eq. (2.36),
one simply obtaines the probability density in coordinate space, the quantity
1/
√

2C is nothing but its spread, sometimes also called ’ensemble width’.
The degree of quantum coherence introduced above is thus justthe ratio of
these two characterstic lengths: if those are equal, the quantum system de-
scribed by the density matrix is perfectly coherent (δQD = 1). If, however,
the coherence length goes to zero, one may say that quantum decoherence
has emerged. If the time evolution of the system is obtained from the time-
dependent Schrödinger equation or the von-Neumann equation, i.e. without
any environment present, the conditionδQD = 1 remains preserved for all
times. By using the Lindblad equation, though, one does indeed observe a
decay of quantum coherence in time. This picture is, in fact, more general
than it may seem at first glance: while the physical interpretation discussed
here is restricted to the coordinate space, the general condition for decoher-
ence that it implies is valid in any representation. This is sobecause the de-
gree of quantum decoherence defined in Eq. (2.37) can be shown to equal a
representation-independent quantityζ , called purity:

ζ = Tr(ρ2). (2.39)

Now, after the measure of decoherence is specified, two essential questions
remain:
1. So far, we considered only the particular case of density matrices having a

Gaussian from. How useful is that in practice?
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2. How does one explicitly compute the decoherence degree asa function of
time?

The first question is answered rather quickly: yes, the special case of Gaus-
sian density matrices is applicable to some physical systems. For example,
the ground state of a circular one-electron quantum dot withharmonic con-
finement is a multidimensional Gaussian state; Also the density matrix assosi-
ated with the Penning trap coherent states derived in Ref. [89] has a Gaussian
form. To address the second question, let us first recall a fewconcepts from
the phase space dynamics in classical analytical mechanics.

Given a one-dimensional classical system with a generally time-dependent
Hamilton functionH = H(q, p, t), the equations of motion for the coordinate
q and the canonically conjugated momentump are given by

q̇ =
∂H
∂ p

, ṗ = −∂H
∂q

. (2.40)

From these relations, one can derive the following equationof motion for the
classical phase space densityρc:

∂ρc

∂ t
= −{H,ρc}, (2.41)

with the Poisson-bracket

{H,ρc} =
∂H
∂ p

∂ρc

∂q
− ∂H

∂q
∂ρc

∂ p
. (2.42)

Equation (2.41) is called the Liouville equation, which is, ina manner of
speaking, the classical version of the von-Neumann equation: The Hamilton
operator is replaced by the Hamilton function, the commutator by the Pois-
son bracket, and the density operator by the classical phasespace density. The
latter one satisfies, for all times, the condition

∫∫

dqdpρc(q, p, t) = 1 (2.43)

and is always non-negative. Therefore, it can be interpretedas a probability
density to find the particle in the positionq with momentump at a certain time
t. Can a corresponding quantity be constructed also in quantum mechanics?
While one can, of course, construct the probability densityin coordinate or
momentum space by choosing the corresponding representation of the density
operator, it is not clear how to obtain a probability densityon the whole phase
space. The best analogon one can get in quantum mechanics is the so called
Wigner distribution function. Given, for example, either the position or the
coordinate representation of the density operator, the Wigner function can be
obtained from either of them:

fW(q, p, t) =
1

2πh̄

∫

dsexp

(

− i
h̄

ps

)

ρ(q+
s
2
,q− s

2
, t) (2.44)

=
1

2πh̄

∫

dk exp

(

i
h̄

qk

)

ρ(p+
k
2
, p− k

2
, t). (2.45)
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The probability densities in position or momentum space, denoted byρ(q, t)
andρ(p, t), respectively, are directly extractable from the Wigner function by
integrating out the conjugated variable:

ρ(q, t) =
∫

dp fW(q, p, t), (2.46)

ρ(p, t) =

∫

dq fW(q, p, t). (2.47)

Consequently, also the following condition is satisfied:

∫∫

dqdp fW(q, p, t) = 1. (2.48)

Although containing information about the probability densities
(Eqs. (2.46,2.47)) and being properly normalized, the Wigner function cannot
be interpreted as a full phase space density since it does not, in general, fulfill
the condition of non-negativity. Still, returning back to the initial purpose of
this discussion, namely the explicit calculation of the decoherence degree,
the Wigner function turns out to be quite useful. According to well known
results [130, 131], an initially Gaussian Wigner function remains Gaussian
for all times, provided that the Hamiltonian of the system isquadratic both
in momentum and coordinate.2 This holds also for the time evolution in the
framework of the Lindblad equation, if the Lindblad operatorsare linear in
coordinate and momentum [120,121,132], and one can show that the explicit
form of the Wigner function is, for any timet, fully determined by the first
and second moments of the quantum system. As the equations ofmotion for
the latter ones were solved in the previous subsection, the density matrix
in position representation as a function of time is obtainedby inverting the
relation (2.44),

ρ(q,q′, t) =

∫

dp exp

(

i
h̄

p(q−q′)

)

fW

(

q+q′

2
, p, t

)

, (2.49)

which yields both the coherence length and ensemble width asfunctions of
the time-dependent momentsσq(t),σp(t),σqq(t),σpp(t) andσpq(t). For ex-
ample, in the case of a one-dimensional harmonic oscillator, the Wigner func-
tion reads

fW(q, p, t) =
1

2π
√

det(σ(t))
× (2.50)

exp

[

− 1
2det(σ(t))

(

σpp(t)(q−σq(t))
2+

σqq(t)(p−σp(t))
2−2σpq(t)(q−σq(t))(p−σp(t))

)]

,

2This is equally true in the multidimensional case.
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where the matrixσ(t) is defined as in Eq. (2.18). By applying the transfor-
mation (2.49) to the expression above, one obtains the following coordinate
representation for the density matrix:

ρ(q,q′, t) =

√

1
2πσqq(t)

× (2.51)

exp

[

− 1
2σqq(t)

(

q+q′

2
−σq(t)

)2

− det(σ(t))

2h̄2σqq(t)
(q−q′)2+

iσpq(t)

h̄σqq(t)

(

q+q′

2
−σq(t)

)

(q−q′)+
i
h̄

σp(t)(q−q′)

]

.

Thus, the ensemble width is simply given by
√

σqq(t) and the coherence
length by

l(t) =
1
2

√

h̄2σqq(t)

det(σ(t))
, (2.52)

which leads to the following analytical expression for the decoherence de-
gree [126]:

δQD(t) =
1
2

h̄
√

det(σ(t))
. (2.53)

If we recall the asymtotic second moments at zero temperature, in particular
the relation (2.34), it is evident that the asymptotic decoherence degree at zero
temperature is equal to unity - in other words, within the adopted model an
initially coherent state remains asymptotically coherentif the reservoir tem-
perature is zero.

To summarize the presented decoherence model, the major steps should
be emphasized: First, the equations of motion for the first two moments of
the system at hand are derived and solved. Second, the Wignerfunction and
density matrix in coordinate representation are obtained as functions of these
moments, and, after rewriting the density matrix in the form(2.36), one ob-
tains the decoherence degree as a function of time. The concrete applications
of this model to quantum dots and Penning traps (papers V,VI and VII) will
be illustrated in section 3.3. Although the expressions occuring in the multidi-
mensional cases are somewhat more lengthy, the basic procedure is the same
and the extension of the calculations to more dimensions is rather straightfor-
ward.

2.2 Complex rotation
The previously introduced formalism of Markovian master equations cov-
ered two out of three main topics of this thesis, dissipationand decoherence.
In what follows, we will present a powerful tool to approach the remaining
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one: resonances. The concept of a resonance was first introduced in classi-
cal physics. The probably most famous example of resonant behavior is the
drastic amplitude increase of a damped harmonic oscillatorbeing subject to a
periodic external force, when the driving frequency approaches the eigenfre-
quency of the oscillator. If the external excitation is switched off, the lifetime
of the oscillations is finite: the oscillation frequency changes from that of the
external force to the internal eigenfrequency, and the amplitude decreases ex-
ponentially with time. We can establish an analogue of that behavior within the
framework of quantum mechanics, where resonances denote quantum states
with a finite lifetime. Such transiently bound states arise in many systems and
are often observed in collisional reactions as peaks in the cross section profile
as a function of the collision energy. Like the amplitude in the classical case,
the population of resonant states decreases exponentiallywith time. There are
different theoretical approaches to quantum mechanical resonances, and we
will introduce one of them below.

The method of complex rotation (also known as complex scaling, dilatation
analyticity or Augilar-Balslev-Combes Theorem) was formally developed in
the beginning of the 1970s [133–135], and has since then beenwidely applied
in atomic and molecular physics (see e.g. [136] for a review). Its formal math-
ematical aspects will not be discussed here, so that we proceed straight to the
practical side. Given a quantum system which exhibits resonances, we focus
on the goal to determine their positions and lifetimes. Here, we will merely
illustrate how complex rotation is used for this purpose andoutline the basic
idea, arguing, for simplicity, within a one-dimensional model and a potential
of the form

V(x) =
N2

∑
n=−N1

αnxn, (2.54)

whereN1,N2 are integer numbers andαn real coefficients. An actual applica-
tion of the method to more complicated real physical systems(such as two
interacting particles in three dimensions) will be shown ata later point (see
section 3.1).

Let us consider the Hamiltonian of the form

H = − h̄2

2m
∂ 2

∂x2 +V(x) (2.55)

and assume that the time-independent Schrödinger equation

Hψ = Eψ (2.56)

is to be solved numerically in a box. To obtain the eigenstates and energies,
a common procedure is to calculate the matrix elements ofH within some
suitable basis so that a Hamiltonian matrix is obtained and subsequently diag-
onalize it. However, resonances, being the poles of theS-matrix in the complex
energy plane, cannot be obtained as eigenvalues of a Hermitian Hamiltonian,
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because the latter ones are real. This is where complex rotation comes into
play: The coordinatex in Eq. (2.56) is replaced byxexp(iθ) whereθ is a
real number0 < θ < π/4, usually called rotation angle. This implies that the
kinetic term is to be multiplied byexp(−2iθ) and the potential terms which
are proportional toxn by exp(inθ). So far, the whole procedure is simply a
coordinate transformation. The eigenvalue equation (2.56), though, requires
boundary conditions that all the solutions must fulfill. Thislast point is cru-
cial: We demand that the solution of the rotated Schrödingerequation

H(xeiθ )ψ(xeiθ ) = Eψ(xeiθ ) (2.57)

vanishes atx = R rather than atx = Rexp(iθ) (whereR is the box size).
A direct consequence of this choice is that the eigenvalues of the complex
scaled Hamiltonian, which is no longer Hermitian, are complex. The eigen-
states of the scaled Hamiltonian can be classified in three major groups: bound
states, pseudo-continuum states and resonances. The eigenvalues correspond-
ing to bound states remain unchanged (hence real), while theones corre-
sponding to pseudo-continuum states are rotated into the complex plane by
the angle2θ . This behavior can be rigorously demonstrated, but to figura-
tively resemble the important aspects the following heuristic considerations
are sufficient. For largex, positive energy solutions behave like∼ sin(kx)
(wherek =

√
2mE/h̄ is the wave number) and hence they fulfill the condi-

tion sin(kR) = 0. After complex rotation is imposed, the boundary condition
becomessin(kRexp(iθ)) = 0, which impliesk → kexp(−iθ). From that it
follows directly (becauseE ∼ k2) that the continuum energies transform as
E → Eexp(−2iθ). As for the bound states, the corresponding wave functions
fall off fast, and for a sufficiently large box the boundary condition is ful-
filled automatically. Hence, bound states are unaffected bycomplex rotation
and the corresponding energies indeed remain unchanged. Thephysical res-
onant states, which are independent of the rotation angle, are obtained as the
eigenvalues of the complex Hamiltonian matrix in the form

E = Er − iΓ/2, (2.58)

that is, the real part of the energy gives the position of the resonanceEr and
the widthΓ is given by twice the negative imaginary part. The lifetimeτ is
connected to the width asτ = h̄/Γ. The resonances can be distinguished from
the pseudo-continuum states because their positions in thecomplex plane are
θ -independent. In practice, the calculation is usually performed with different
values forθ , and the eigenvalues with non-vanishing complex parts which are
unaffected by changingθ are identified as resonances. Summarizing, for a
determination of the positions and widths of resonances by means of complex
scaling, all one needs in a numerical treatment is a suitablebasis set and a
diagonalization scheme. One possibility to take care of theformer aspect will
be discussed in the next section.
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2.3 B-Splines
B-Splines are a class of piecewise polynomial functions which allow us to
contruct a basis set that has several numerical advantages.They are widely
used in physical applications, and here, only a brief introduction and a few
necessary definitions toghether with the most important properties will be
given. For a detailed description, deBoors book [137] can berecommended,
and applications to problems in atomic and molecular physics were reviewed
in [138].
Definition: A finite subset{t0..tn+m+1} ⊂ R is called knot sequence of order
m if

t0 ≤ t1 ≤ .. ≤ tn+m+1 (2.59)

and

t j < t j+m+1, j = 0..n. (2.60)

Definition: For each knott j , its multiplicity µ is defined as the number for
which

t j−1 < t j = .. = t j+µ−1 < t j+µ . (2.61)

Definition: Given a knot sequence{ti}, the B-Splines of orderk are recur-
sively defined as

Bi,1 = 1 if ti ≤ x < ti+1, Bi,1 = 0 else (2.62)

and

Bi,k(x) =
x− ti

ti+k−1− ti
Bi,k−1(x)+

ti+k−x
ti+k− ti+1

Bi+1,k−1(x). (2.63)

Throughout this thesis, B-Splines of orderk = 7 are used and hence the sec-
ond index will be omitted in the following. Among others, some important
advantages of using B-Splines are that
• The knots can be distributed freely inside the box, so that theknot density

can be increased in the regions where the relevant wave functions are ex-
pected to vary rapidly and less knots can be placed in regionswhere the
wave functions are smooth.

• If a scheme is used wherek knots are placed at the origin and at the box
boundary and all other knots appear only once (i.e. the multiplicity of the
first and lastk knots isµ = k andµ = 1 else), the last B-Spline is the only
one which is non-zero on the boundary (in general,Bi,k is non-zero only
betweenti andti+1+k). Hence, the boundary condition is automatically ful-
filled if this B-Spline is removed. Furthermore, in the particular application
to the radial Schrödinger equation, B-Splines are often used to represent the
reduced radial wave functions that vanish at the origin. Thisis ensured if
also the first B-Spline, the only one being non-zero at the origin, is removed
as well.
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• The derivative of a B-Spline of orderk can be recursively expressed in
terms of B-Splines of orderk−1

d
dx

Bi,k(x) =
1−k

ti+k− ti+1
Bi+1,k−1(x)+

k−1
ti+k−1− ti

Bi,k−1. (2.64)

This is helpful when the calculation of the matrix elements ofthe momen-
tum operator is required.

• Numerical integration of B-Splines can be carried out to machine accuracy
if necessary (i.e. no numerical error is produced) if Gaussian quadrature is
used. This is due to the fact that B-Splines of orderk are piecewise poly-
nomials of degreek−1 and Gaussian quadrature withn knots is exact for
polynomials of degree up to2n−1. Of course, this only holds for the eval-
uation of matrix elements of polynomial potentials and doesnot apply for
e.g. the Coulomb potential. Still, the integration is virtually exact also in
that case, provided a reasonable number of Gaussian points is used.

• B-Splines form a finite basis of the linear Spline spaceSm, that is, of the
linear space of piecewise polynomials that are(m−µ) times differentiable
in a knot of multiplicity µ.

• B-Splines are localized functions with compact support. This manifests it-
self in yet another numerical advantage, namely that they give rise to sparce
matrices. Moreover, the condition number of the matrices isbounded, no
matter how many knot points one uses.

It should be mentioned that there are, of course, also other methods for nu-
merical respresentation of the wave functions which are more suitable in some
cases, like e.g. directly on a grid. However, since the B-Spline basis set turned
out to be well suited for the applications with which this thesis is concerned,
it was adopted in all contributions where the Schrödinger equation had to be
solved numerically (papers I,II and III). In the following,we outline the main
steps for the example of a one-dimensional one-particle system, described by
the Hamiltonian (2.55), while the application to a two-particle system in three
dimensions, where the Hamiltonian also may include an interaction term, is
postponed to the next chapter.

We start with the eigenvalue equation

H(x)ϕ j(x) = ε jϕ j(x). (2.65)

The solutions to this equation,ϕ j , can be expanded in B-Splines as

ϕ j(x) = ∑
i

c j
i Bi(x), (2.66)

and the expansion coefficientsc j
i are determined as follows: Eq. (2.66) is mul-

tiplied with Bk(x) and integrated overx. Defining the matrices

Hki = 〈Bk|H|Bi〉 =
∫

dxBk(x)H(x)Bi(x), Bki = 〈Bk|Bi〉 =
∫

dxBk(x)Bi(x),

(2.67)
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we arrive at a generalized eigenvalue equation

Hc = ε jBc (2.68)

wherec = (c j
1..c

j
N)T is the coefficient vector andN the number of B-Splines

used. Although such generalized equations can be solved directly, for numer-
ical reasons Eq. (2.68) is transformed into a common linear equation by mul-
tiplying both sides from the left withB−1. Thus, the problem reduces to the
diagonalization of the matrixB−1H after which both the one-particle ener-
giesε j and the expansion coefficientsc j

i in Eq. (2.66) (and hence the wave
functionsϕ j ) are obtained.
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3. Applications in this thesis

In this chapter, the previously introduced methods will be applied to some
physical problems with which the thesis is concerned. First, the method of
complex rotation, combined with a B-Splines basis set, is used to describe
autoionizing resonances in two different systems: A hydrogenlike ion collid-
ing with an antiproton and a spherical two-electron quantumdot with a finite
confinement. In section 3.2, we discuss one-dimensional model systems to
which the Lindblad equation will be applied in order to approach resonances
as open quantum systems and to study environmental effects on quantum tun-
neling. The application of the decoherence model introducedin 2.1.3 to two-
dimensional quantum dots and to Penning traps is outlined insection 3.3.

3.1 Autoionizing two-particle resonances
Let us consider a system of two interacting particles with massesm1,m2 in
three dimensions, with an additional spherically symmetric one-particle po-
tentialU = U(r). The corresponding Hamiltonian is given by

H =
2

∑
i=1

Hi +W (3.1)

whereW is the interaction term andHi the one-particle Hamilton operators:

Hi =
p2

i

2mi
+U(r i) = − h̄2

2mi
∇2

i +U(r i). (3.2)

Let us furthermore assume that the system described by the total Hamilto-
nian (3.1) exhibits resonances. Combining complex rotation with a B-Spline
basis set, the positions and lifetimes of the resonances canbe determined in
the following way.

First, we approach the three-dimensional one-particle Schrödinger equation

Hiψ(r) = εψ(r). (3.3)

Because of the spherical symmetry, it is convenient to separate it into a radial
and an angular part. As is well known, the one-particle solution ψ can be
expressed through the reduced wave functionφl and spherical harmonicsYlm

(see e.g. [139]) as

ψ(r) =
φl (r)

r
Ylm(θ ,ϕ), (3.4)
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whereφl satisfies the radial Schrödinger equation

(

− h̄2

2mi

∂ 2

∂ r2 +
l(l +1)h̄2

2mir2 +U(r)

)

φl (r) = εφl (r). (3.5)

This equation is, however, exactly of the form (2.55), if we set

V(r) =
l(l +1)h̄2

2mir2 +U(r). (3.6)

Thus, by applying the steps as in Eqs. (2.65)-(2.68), we obtainthe one-particle
eigenfunctions in terms of B-Splines and the one-particle energies.

In the next step, the full two-particle Hamiltonian is set upin the basis of
the products of one-particle eigenfunctions, and so at thispoint one should
specify how the potentialU and interaction termW look like. For a collision
of an antiproton (̄p) with a hydrogenlike ion, we have to set, in Eqs. (3.1)
and (3.2),

m1 =
mNme

mN +me
, m2 =

mNmp̄

mN +mp̄
, (3.7)

U(r i) = − Ze2

4πε0r i
, W =

p1 ·p2

mN
+

e2

4πε0r12
(3.8)

wheremN, me and mp̄ are the masses of the ion nucleus, the electron and
the antiproton andZ the charge of the nucleus. The radiir1, r2 denote the
distances of the electron and antiproton to the nucleus andr12 = |r1− r2| the
relative distance of the electron and antiproton. The kinematics is treated in
the center of mass system, and, besides using the reduced massesm1 andm2

rather than the true massesme andmp̄, one also has to account for the motion
of the nucleus. The latter gives rise to the first term in the above expression
for W, often called mass polarization.

Turning to the other system of interest, a spherical two-electron quantum
dot with a possible Coulomb impurity in its center and a finiteGaussian con-
fining potential, we insert the following parameters in Eqs. (3.1) and (3.2):

m1 = m2 = m∗, U(r i) = −V0e−αr2
i ± ηe2

4πε0εr i
, W =

e2

4πε0εr12
. (3.9)

Here,V0 andα denote the depth and range parameters of the confining po-
tential, η the magnitude of the effective impurity charge andr12 the inter-
electronic distance. Since the quantum dot is embedded intoa semiconductor,
the effects of the medium have to be taken into account. Thus, the dielec-
tric constantε of the semiconductor appears in all Coulomb interactions, and
the effects of the lattice on the electronic dispersion relation are incorporated
through the effective massm∗.

After specifying the explicit form of the termsU andW in the full Hamil-
tonian (3.1), we proceed with the setup of the Hamiltonian matrix. As a basis,
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we choose the products of the eigenfunctions to the one-particle Hamilton
operators, for which the B-Splines expansion was obtained earlier. In the two-
electron case, the wave functions have to be antisymmetric with respect to the
exchange of the electrons as we are dealing with indistinguishable fermions.
For the electron-antiproton wave functions, however, thisis not the case. Since
the one-particle Hamiltonian of the first particle does not act on the one-
particle wave functions of the second particle (and vice versa), the matrix
elements ofH1+H2 are simply given by the sum of the previously calculated
one-particle energies. Therefore, only the elements ofW need to be computed.
This is achieved by separating the matrix elements into radial and angular
integrals. The former ones are evaluated numerically with Gaussian quadra-
ture. In this context, the previously mentioned propertiesof the B-Splines are
exploited. The angular part can be treated analytically by means of angular
momentum graph theory1 [140]. Finally, complex rotation is introduced by
multiplying the kinetic terms withexp(−2iθ) and the Coulomb terms with
exp(−iθ). For the particular case of a Gaussian confinement in a quantum
dot, the real and imaginary parts of the complex scaled potential are com-
puted separately. In the last step, the positions and lifetimes of the resonances
are obtained from the diagonalization of the full complex-scaled two-particle
Hamiltonian.

In both aforementioned systems, the resonances arise due tothe repulsive
interaction between the particles. Since their energies lie above the threshold
of a one-particle bound state, they have a finite lifetime, determined by the
process in which one of the particles is ejected into the continuum and the
other one relaxates to a bound state. Such a process is calledautoionization
and is very well known in atomic physics; In this thesis, it isstudied in con-
nection with antiprotonic atoms and quantum dots. The determination of the
positions and widths of the resonances can be quite important for a proper
description of several processes. We will discuss the results and their physical
implications in sections 4.2 and 4.3.

3.2 Open system approach to resonances and
tunneling
To unravel a possible connection between resonances and open quantum sys-
tems, the following model will be adopted. We consider a potential which,
in a certain region, coincides with a harmonic oscillator but at the same time
exhibits resonances. Such a potential can be realized by a harmonic oscillator
with a smooth cutoff:

Um(q) = Uh(q)

(

1− 1
1+exp(−(q−qB)/τ)

)

, (3.10)

1It is also known as Racah algebra.
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Figure 3.1: The model potentialUm (3.10) (solid line) shown together with a harmonic
oscillator potentialUh (3.11) (dashed line) form = 1.0, ω = 3.9, q0 = 1.833, qB =
3.35, U0 = 7.0, τ = 0.19 (all quantities are given in atomic units).

where

Uh(q) =
1
2

mω2(q−q0)
2−U0. (3.11)

The parameterτ gives the smoothness of the cutoff (in the limitτ → 0 one
obtains the Heaviside step function) andqB is the point at which the latter is
switched on (thus it gives approximately the position of thebarrier). The con-
stant shifts in coordinate (q0) and energy (U0) do not influence the equations
of motion and were introduced purely for convenience. Another advantage of
the chosen potential is that it is given by a closed analytical expression, so
that we are able to apply the method introduced in section 2.3to calculate the
positions and widths of the resonances (see table 3.1). For abetter illustration,
the model potential is shown in figure 3.1 together with a harmonic oscillator
potential.

As a test case, we consider the time evolution of an initiallyGaussian wave
packet in this potential. It will be calculatedab initio by solving the time-
dependent Schrödinger equation and compared to reduced Lindblad dynam-
ics for a harmonic oscillator potential within the region where both potentials
coincide. The crucial point is that, in the Lindblad case, a harmonic oscil-
lator potential can be used because the presence of resonances is virtually
accounted for by Lindblad operators, that is, simply by the fact that the time
evolution is governed by the Lindblad equation. From this comparison, we
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Table 3.1:Bound and resonant states of the model potential, with the potential pa-
rameters as given in the caption of figure 3.1. The positions and widths are given in
atomic units.

State Re(E) −Im(E) = Γ/2

Bound −5.045

Bound −1.155

Resonance 2.62 3.3×10−2

Resonance 6.21 0.44

obtain some conclusions to what extent the continuum that isresponsible for
the resonance decay can be generalized as a heat bath. In addition, we may
even be able to extract more information about the phenomenological con-
stants in the Lindbladian equations of motion from a comparison with theab
initio study.

The Gaussian wave packet which is considered as the initial state has the
following form:

ψ(q, t = 0) =
1

(

2πσ0
qq

)1/4
exp

(

− 1
4σ0

qq
(q−σ0

q)2 +
i
h̄

qσ0
p

)

. (3.12)

In the coordinate representation given above,σ0
q gives the postion around

which the wave packet is centered (i.e. it is the coordinate expectation value)
and, similarly,σ0

p is the momentum expectation value. The initial spread in
position space,σ0

qq, also determines the initial spread in momentum space,
σ0

pp, as
σ0

pp = h̄2/(4σ0
qq), (3.13)

which can be easily shown by means of a Fourier transformation. The
propagation of the wave packet in time within the time-dependent
Schrödinger equation is straightforward: since the Hamiltonian of the system
is time-independent and its eigenfunctionsϕk and eigenvaluesεk were
obtained earlier, the wave function at any timet is given by

ψ(q, t) = ∑
k

dkϕk(q)exp(−iεkt/h̄), (3.14)

where
ψ(q, t = 0) = ∑

k

dkϕk(q), dk = 〈ϕk|ψ(t = 0)〉. (3.15)

Hence, from this wave function, the expectation values and variances of all
observables can be extracted at any time. For the time evolution of the same
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wave packet within the Lindblad equation in a harmonic oscillator potential,
this information is available as well, as demonstrated in section 2.1. The only
thing left to do is to select a suitable quantity for which thecomparison should
be made. For example, the total probability to find the particle in the region
of interestq ≤ qB is not a suitable candidate, since it will decrease due to
tunneling through the barrier in theab initio calculation but remains constant
within the Lindblad model. This is due to the fact that, although incorporating
a coupling to the environment, the Lindblad equation preserves the trace of the
density matrix, hence the total probability is conserved. However, it does not
conserve the energy expectation value because of dissipation, which allows us
to determine a reasonable quantity to be compared within thetwo approaches.
We will discuss the results in section 4.4.

Another related application of the one-dimensional Lindblad model is
demonstrated in paper IV. Therein, we consider the Gaussian wave packet
to approach a parabolic potential barrier of the formU(q) = −mω2q2/2.
The solutions of the equations of motion can be obtained from those of
a harmonic oscillator, given in section 2.1, by substituting ω → iω, as
demonstrated for example in Ref. [114]. Since the Wigner function and the
probability density are analytically known as functions oftime, this model
can be used to study the dependence of the tunneling probability on the initial
energy but also on the environmental coupling strengthλ and the temperature
of the heat bath [113, 114]. We used this model to analyze the influence of
the aforementioned parameters on the quantum arrival time.The latter can
be defined in different ways, and at present the ambiguities of the possible
definitions are still not fully resolved (see e.g. Refs. [1-40] in paper IV). One
possibility to express the quantum arrival time is by means of the probability
density current through a certain point in space, identifying its peak as the
quantum mechanical analogon of the time of arrival. Adopting this definition,
we evaluate the current from the Wigner function of the system, following
the appendix of Ref. [141], and compare the time of arrival distributions for
different values ofλ and T. From the time of arrival distribution, we also
derive an expression for the probability of the particle crossing the barrier and
compare it to earlier results, which allows us to draw certain conclusion about
the validity of the continuity equation in the Lindblad theory. A discussion
will be given in section 4.5.

3.3 Decoherence times in quadratic potentials:
quantum dots and Penning traps
Although, as described in section 1.2, the nature of those two kinds of artificial
atoms is very different, the corresponding Hamilton operators have a very
similar structure. Let us first consider them separately.
Quantum dot:A one-electron quantum dot with harmonic confinement in the
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xy-plane in a perpendicularly applied magnetic fieldB can be described by the
following Hamiltonian:

HQD =
p2

x + p2
y

2m∗ +
1
2

m∗ω2
0

(

x2 +y2)+
e2

8m∗B2(x2 +y2)+
eB

2m∗Lz. (3.16)

Here,ω0 denotes the confinement strength,m∗ the effective mass, andLz =
xpy − ypx the z-component of the angular momentum. The last two terms in
the above expression arise from incorporating the magneticfield B = Bẑ into
the field-free Hamiltonian through the minimal coupling transformation

p → p+eA, (3.17)

where the vector potentialA yields the magnetic field

B = ∇×A. (3.18)

For the particular caseB = Bẑ, the vector potential can be chosen as

A =
B
2
(xŷ−yx̂), (3.19)

so that the square of the transformed momentum in two dimensions indeed
becomes

(p+eA)2 =
p2

x + p2
y

2m∗ +
e2

8m∗B2(x2 +y2)+
eB

2m∗ (xpy−ypx). (3.20)

Eq. (3.16) can be written in a more compact form by introducingthe cy-
clotron frequencyωc = eB/m∗ and the effective confinement frequencyω =
√

ω2
0 + ω2

c/4:

HQD =
p2

x + p2
y

2m∗ +
1
2

m∗ω2(x2 +y2)+
eB

2m∗ (xpy−ypx). (3.21)

Penning trap:The confining electrostatic potential for a particle with chargeq
and massm in a Penning trap is given by

Φ(x,y,z) =
U

2d2

(

z2− 1
2

(

x2 +y2)
)

, (3.22)

whereU is the voltage between the electrodes andd the characteristic trap
dimension (cf. Fig. 1.2). The magnetic field inz-direction is again treated in
minimal coupling as described in Eqs. (3.17-3.18), replacing−eby q. Hence,
the Hamiltonian reads:

HPT =
p2

x + p2
y + p2

z

2m
+qΦ(x,y,z)+

q2B2

8m

(

x2 +y2)− qB
2m

(xpy−ypx) (3.23)

=
p2

x + p2
y + p2

z

2m
+

(

q2B2

8m
− qU

4d2

)

(

x2 +y2)+
qU
2d2 z2− qB

2m
(xpy−ypx).
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Again, we define some characteristic frequencies:ωc = |q|B/m (cyclotron),
ωz =

√

|q|U/(md2) (axial), and

ωxy =

√

ω2
c

4
− ω2

z

2
. (3.24)

Note thatωxy is real and positive since the trapping condition for stableorbits

ω2
c > 2ω2

z (3.25)

is always valid in an experiment. To avoid confusion, it should be stated ex-
plicitly that the frequencies defined above,ωc andωxy, are different from the
reduced cyclotron frequencyω+ and magnetron frequencyω− which, together
with the previously introduced axial frequencyωz, build the three independent
modes of the particle motion in a Penning trap:

ω± =
ωc

2
±ωxy =

ωc

2
±
√

ω2
c

4
− ω2

z

2
. (3.26)

Returning to the Hamiltonian (3.23), it can be written, using the definitions of
ωxy andωz, as

HPT = Hxy+Hz, (3.27)

where

Hxy =
p2

x + p2
y

2m
+

1
2

mω2
xy

(

x2 +y2)− qB
2m

(xpy−ypx), (3.28)

Hz =
p2

z

2m
+

1
2

mω2
z z2. (3.29)

If we now compare the expressions above to the quantum dot Hamilto-
nian (3.21), it is evident that, apart from the additional independent harmonic
motion inz-direction in the Penning trap, the HamiltoniansHxy andHQD have
an identical form, if we identify the correspondence

m∗ ↔ m, ω ↔ ωxy, −e↔ q. (3.30)

In both Hamilton operatorsHQD and HPT, we have from the beginning on
omitted the spin part arising from the coupling to the magnetic field, which is
given by:

HS
QD = g∗µBBSz, HS

PT = gµBBSz, (3.31)

the only difference being that the effectiveg-factor g∗ is used in the quan-
tum dot case (µB is the Born magneton). Formally, this contribution should be
added to the total Hamiltonian, but it has no effect on the equations of motion
for any moments in phase space, because the spin Hamiltoniancommutes with
the total Hamiltonian and with the Lindblad operators which are polynomials
in coordinates and momenta. Summarizing, the Hamilton operatorsHQD and
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HPT can be decomposed in terms all of which are quadratic in the coordinates
and momenta (i.e. all terms are of the from∼ rn

i pm
j wherei, j = 1,2,3 and

n+m= 2). Hence, we can derive the equations of motion for all coordinates,
momenta, variances and covariances from Eq. (2.3) in the sameway as it was
demonstrated for the one-dimensional case in section 2.1. As the initial state,
from which the initial values of the moments are determined,we choose the
quantum dot ground state (which is known analytically), and, respectively, a
Penning trap coherent state, derived in Ref. [89]. Both these states maximize
the decoherence degree; while the quantum dot state is a particular case of a
Glauber coherent state [142], for the Penning trap states wedemonstrated it
explicitly in paper VI. The fact that the dynamics is multidimensional does not
impose any restrictions, and analytical solutions for the equations of motion,
the Wigner function and the density matrix can be obtained inthe same man-
ner as in the one-dimensional case. For example, for the two-dimensional case
it is explicitly demonstrated in Ref. [132]. We impose, though, some simplify-
ing conditions on the environment by demanding that dissipation and damp-
ing in a certain mode do not affect the dynamics in any other mode. In other
words, the coupling of the modes is strictly through the magnetic field and
not through the environment. Consequently, we can assume that the dynamics
in thex andy coordinates is symmetric. This argument allows us to define a
single decoherence degree for the motion in thexy-plane, i.e. for the complete
dynamics in the quantum dot (or, respectively, for the cyclotron motion in
the Penning trap) instead of considering them separately. We investigated the
behaviour of the decoherence degree in time for different temperatures, envi-
ronmental couplings and magnetic fields. The physical conclusions obtained
from this study will be discussed in sections 4.6 and 4.7.
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4. Results and conclusions

4.1 Authors contribution

Before proceeding with the discussion of the results in thischapter, I shall
briefly state my contribution to the attached papers. It is, of course, not easy
to draw a line since the papers resulted from a close collaboration with my
supervisor and, as in the case of papers IV and V, also other members of our
group, so that the following items should be viewed merely asa rough frame.

• Paper I: The main code for the calculation of the positions and widths
of the resonant electron-antiproton states was developed by my supervi-
sor. I performed the runs and also wrote a program to test the main code
for convergence, based on the Fermi Golden Rule approach with Coulomb
functions (see Fig. 3 in the paper). This program was also usedto study,
mostly qualitatively, the angular momentum dependence of the autoion-
ization rates in order to select the total angular momentum at which the
illustrative calculations were carried out (Fig. 2 in the paper). I participated
in the discussions and wrote most parts of the paper.

• Paper II: I modified the same code as in Paper I, initially developed by
my supervisor to treat autoionizing states in atomic heliumlike systems,
in order to study dielectronic resonances in spherical quantum dots and
performed the runs. I suggested the project, participated in the discussions
and wrote the paper.

• Paper III: The numerical wave packet propagation was carried out using a
modified version of the one-particle-part of the code from papers I and II.
I performed the runs and the comparative phenomenological calculations,
participated in the discussions and wrote the paper.

• Papers IV-VII:I suggested the projects, performed the calculations within
the adopted phenomenological model, participated in the discussions and
wrote the papers. The necessary input data for the initial states in paper V,
as well as figures 1 and 3 therein, were provided by Erik Waltersson.
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4.2 Feasibility of resonant capture of antiprotons by
ions (paper I)
When aiming for production of antiprotonic atoms, it is highly desirable to
be able to control the state in which they are formed. For example, if the ex-
otic system is to be used for high-precision studies, such knowledge certainly
presents a considerable spectroscopic advantage. The process by which an-
tiprotonic atoms are formed in present experiments is the replacement of an
electron by an antiproton in collisions with an atomA:

A+ p̄→ [A+ p̄]+e. (4.1)

Such a process is non-resonant, i.e. the continuum energiesof the incoming
antiprotonεp̄ and the emitted electronεe only have to fulfill the condition

εp̄ +Ei = εe+Ef , (4.2)

Ei being the energy of the initial atom andEf the energy of the newly formed
exotic system with the antiproton in a bound state. While certain information
about the final state is available (e.g., in the case of antiprotonic helium it
is known that the antiproton typically occupies orbits withroughly the same
radius as the electron it replaced), the freedom in the choice of the collision
energy restricts the controllability of the reaction. However, if we consider a
collision of an antiproton with an ion rather than with a neutral atom, there
may be further processes for antiproton capture which have not been experi-
mentally observed yet. For example, Ref. [25] mentions a possible experimen-
tal setup to search for a resonant two-step process, in whichthe formation of
antiprotonic atoms occurs through intermediate doubly excited states. In the
first step, these states are formed by simultaneous antiproton capture and the
excitation of a core electron. Therefore, the resonant matching condition

εp̄ = Ed −Ei (4.3)

has to be satisfied, whereEd is the energy position of the doubly excited
state. In the second step, the system stabilizes by emittinga photon or an
Auger electron, which completes the antiproton capture. One may thus for-
mally compare this mechanism to the well known dielectronicrecombination
process, but with the incoming free electron being replacedby an antiproton.
Compared with the non-resonant process (4.1), the energy matching condi-
tion allows for control of the formation state through energy tuning of the
antiprotonic beam. Thus, if such a process was experimentally realizable, the
desirable state-selection could be achieved. Paper I presents a first theoretical
feasibility estimation of this process, which is based on the calculation of the
decay rates of such exotic doubly excited states. An important quantity, which
essentially determines the cross section, is the recombination strength

Sp̄ =
h̄3π2

2µp̄(Ed −Ei)

gd

gi

Ap̄Astab

Ap̄ +Astab
. (4.4)
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In this expression,µp̄ is the reduced mass of the antiproton andEi ,Ed,gi ,gd

are the energies and multiplicity factors of the initial andthe doubly excited
state. The decisive part in this expression is the rate fraction, which is derived
in analogy with dielectronic recombination, arguing that the probability of
the two-step process should be proportional to the product of the rates for
the single steps, normalized by dividing out their sum. For the particular case
considered here, these rates are the antiproton capture rateAp̄ and stabilization
rateAstab:

Astab= Ae+Arad
e +Arad

p̄ . (4.5)

The latter involves the rates of all stabilizing processes, such as the Auger
electron emission (Ae) and photon emission caused by electron or antipro-
ton relaxation (Arad

e and, respectively,Arad
p̄ ). The antiproton capture rateAp̄

should, according to the principle of detailed balance, equal the rate of the
inverse process when the doubly excited state decays by ejecting the antipro-
ton into the continuum and simultaneous electron relaxation to a lower state.
Hence, we end up with the necessity to calculate the energy positions of the
doubly excited states and the rates for the following decay channels, schemat-
ically represented below in terms of approximate one-particle quantum num-
bersne, le,np̄, l p̄:

|nelenp̄l p̄〉∗∗ → |n′el ′enp̄l p̄〉+ γ , (4.6)

|nelenp̄l p̄〉∗∗ → |nelen
′
p̄l ′p̄〉+ γ , (4.7)

|nelenp̄l p̄〉∗∗ → |n′el ′e〉+ p̄, (4.8)

|nelenp̄l p̄〉∗∗ → |n′p̄l ′p̄〉+e. (4.9)

The rates for the two first channels (4.6) and (4.7) are calculated within the
dipole approximation using the Fermi Golden Rule, i.e. by computing the ab-
solute square of the matrix element of the dipole transitionoperator between
the initial and the final state|ψi〉 and|ψ f 〉. The positions of the doubly excited
states as well as the rates for the processes (4.8) and (4.9) are obtained by the
previously introduced method of complex rotation. An approximate separa-
tion of the electron and antiproton emission channels was achieved by trun-
cating the basis set: If, for example, low lying antiprotonic states are excluded
from the basis set, the resonances become virtually stable against Auger elec-
tron emission since in this case there are virtually no states into which the
antiproton could relaxate by transferring energy to the electron. Similarly, to
isolate the channel of electron emission, all configurations that include the
electronic1sstate are removed from the basis set. The consistency of such an
’artificial’ truncation and the numerical convergence (seeFig. 3 in the paper)
was doublechecked by validating Fermi Golden Rule calculations with analyt-
ically known Coulomb wave functions. Another independent benchmark for
the reasonability of the isolation of the partial widths is simply to compare
their sum to the total width. In case the agreement between those is satisfac-
tory, the approach can be seen as justified. Our illustrativecalculations were
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Figure 4.1: Energy positions of doubly excited electron-antiproton states in the vicin-
ity of the 1s threshold of Ca19+. The numbers to the right indicate the electronic and
antiprotonic one-particle orbitals with dominant contribution. Dashed lines denote
resonances withne = 2 and solid lines those arising from higher electronic orbitals
(ne = 3,4). The latter ones (arising from the 3-45 and 4-44 configurations) lie very
densely and could not be resolved. All energies are given in atomic units.

performed for the collisions of antiprotons with the hydrogenlike ion Ca19+.
The choice of the ion was motivated by the following considerations. On the
one hand, from the computational point of view it is advantageous to deal
with a system in which the electron-antiproton interactionis much weaker
than the interaction of the particles with the nucleus. On the other hand, rela-
tivistic effects cannot be neglected in very heavy ions. Hence, a medium heavy
ion seems to be a reasonable test case. The ion is assumed to be prepared in
its ground state prior to the collision, so that the energy region of interest is
above the1s-threshold. The positions of the resonances in this energy region
are shown in Fig. 4.1. Although some states lie very densely,certain reso-
nances could be resolved. The electronic radiative transitions were found to
be the dominating stabilization channel of the doubly excited states, while
the process of antiprotonic autoionization is significantly slower. This implies
that the latter rates are the ones which essentially determine the magnitude of
the recombination strength, since it is proportional to theproduct of the rates
divided by their sum, and, consequently, to theslowerrate:

S∼ Ap̄Astab

Ap̄ +Astab
≈ Ap̄ if Ap̄ ≪ Astab. (4.10)

Assuming the cross section to be given by a Lorentz profile witha total width
Γ as a function of the energy of the incoming antiprotonεp̄, it can be estimated
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from the recombination strength. Since the latter is nothing but the integrated
cross section,

S=

∫

σ(εp̄)dεp̄, (4.11)

the Lorentz profile satisfying this relation is given by

σ(εp̄) =
1
π

S
Γ/2

(Ed −Ei − εp̄)2 + Γ2/4
. (4.12)

Such a parametrization is a rather good approximation for isolated resonances
(i.e. resonances having a width which is significantly smaller then the distance
to the threshold or another resonance), which applies e.g. to the2−49 reso-
nance group in Fig. 4.1. In the considered energy regionεp̄ ≈ 150eV, the cross
sections were found to be of the order of a few kbarn. The obtained results can
to some extent also be generalized to ions in other charge states. It should be
emphasized that the different decay rates depend on the nuclear chargeZ in
different ways. The radiative rate scales asZ4, while the antiproton emission
rate is, to a first approximation, independent of the nuclearcharge. Hence, as
long as the former one is much larger than the latter, the relation (4.10) re-
mains valid, and so similar behavior can be expected for neighboring ions as
well. However, for significantly lighter systems this may nolonger be the case.
If the antiproton emission rate and the radiative rate are about the same size,
the approximately linear dependence of the recombination strength on the an-
tiproton emission rate is disturbed. Much heavier systems,however, cannot be
treated non-relativistically even approximately. Moreover, even QED effects
have to be considered. For the element we chose to study here,they play a
role but should not be crucial. AlsoLS-coupling of angular momenta, which
breaks down for highZ, can be adopted. Thus, we may conclude that the pre-
sented approach is meaningful in the intermediateZ region. Let us now return
to the main purpose of this study: What do the results tell us about the actual
feasibility to observe the resonant capture process in an experiment? The es-
timated absolute values for the recombination strengths and cross sections are
sufficient from an experimental point of view. Nevertheless, an experimental
observation is not guaranteed: If competing processes of larger probability are
present, the resonant process will vanish in the background. Such a competing
process can arise from non-resonant capture of antiprotonsby ions where the
initially bound electron is scattered into the continuum. Theoretical calcula-
tions of the cross sections for this process were carried outin Refs. [23,24] for
collisions of antiprotons with He+ and in Ref. [22] for several singly charged
ions. The cross sections in the center of mass energy region ofabout 1 a.u. are
of the order ofa2

0 (wherea0 is the Bohr radius), that is, a few Mbarn, which is
much larger than the cross sections we found here. However, the cross sections
from Refs. [22–24] are total (i.e. summed over all angular momenta and an-
tiprotonic final states) while in the present calculations the cross sections are
partial, in other words, only one specific final quantum stateat fixed angular
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momentum is considered. Therefore, it is not clear which process (resonant or
not) will dominate the formation of the exotic system. Ref. [23] also estimates
that the resonant process should give a significant contribution, but the latter
can possibly arise from an overlap of many resonances in an energy region
where they lie very densely. Such a region is not suitable if the aim is to con-
trol the state into which the antiproton is captured, which is another reason to
focus on highly charged ions since the energy difference between differentn-
manifolds is larger. A further aspect that should be mentioned in this context
is the possible interference between the resonant and non-resonant processes.
Strictly speaking, this interference can arise if the initial and final state for
both processes are the same. This is the case if, in the resonant process, the
doubly excited state decays by electron emission. For all other decay channels,
the system ends up in a different charge state than in the non-resonant case.
However, recalling that the decay of the resonances treatedhere is dominated
by radiative transitions such interference effects do not seem very likely. The
situation can, of course, be different for resonances whereautoionizing pro-
cesses are equally important as photoemssion. Summing up, we may say that
from the theoretical estimations presented here the exoticresonant process
with antiprotons does not seem to be completely out of reach,but possible
interference effects with non-resonant processes need to be studied more thor-
oughly for a definite conclusion.

4.3 Autoionizing resonances in two-electron quantum
dots (paper II)
In section 3.1, we presented a numerical method to find autoionizing dielec-
tronic resonances in a spherical quantum dot with a screenedCoulomb im-
purity. Such resonances are of interest, since, as recentlydemonstrated in
Ref. [49], their appearence can result in a significant increase of the photo-
sensitivity of the dot. The underlying reason for this behaviour is that the
excited states with a finite lifetime can be intermediately populated in the
photoionization process. Thus, external control over the positions and widths
of these resonances opens possibilities for further practical applications of
quantum dots, for example as efficient photodetectors. This raises the ques-
tion how such control can be achieved, and which possible difficulties may
occur in the practical realization. The answer to the first part was demostrated
in the aforementioned reference: it turns out that, depending on the confine-
ment range of the dot, two-electron states may cross the threshold of a bound
one-electron state and hence acquire a finite lifetime, governed by the autoion-
ization process. Paper II is devoted to an investigation of the second part of
the question, more specifically to a possible impact of charged impurities on
the controlled steering of the resonaces. To study this aspect, the spectrum of
the bound and resonant two-electron states is computed for different screen-
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Figure 4.2: Impurity-induced threshold crossings in a spherical Gaussian two-electron
GaAs quantum dot. Energy positions (upper panel) and halfwidths (lower panel) of the
states (thin lines) and the position of the 1s-threshold (thick black line) as function of
the screening strength for a donor impurity, shown for states with 1S symmetry. As
the position of the second state crosses the threshold, it becomes a bound state and its
width vanishes. The range parameter was taken asβ = 0.21(a∗0)

−2, wherea∗0 ≈ 9.8nm
is the effective Bohr radius andβ is related to the range parameterα from Eq. (3.9)
as β = (meε/m∗)2α. The potential depth (see. Eq. (3.9)) isV0 = 3.0Ha∗, with the
scaled Hartree unit 1Ha∗ ≈ 11.857meV. The energies and halfwidths are given both
in scaled Hartree units (left axis) and meV (right axis) withmaterial parameters of
GaAs:m∗/me = 0.067,ε = 12.4.
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ings, i.e. different values of the effective chargeη in Eq. (3.9). We observe
that, depending on the screening strength and the type of theimpurity, bound
states can cross the threshold and become autoionizing (hence they acquire
a finite lifetime) and vice versa. An example is shown in Fig. 4.2. This im-
plies that the controlled efficiency of quantum-dot based photodetectors can
be severely compromised by the presence of donor impurities, as the steer-
ing of the positions and lifetimes of the resonances is counteracted. Once a
resonant state is turned into a bound one, the channel of photoionization via
the two-step process of photoexcitation into an autoionizing state and subse-
quent autoionization is no longer open, which leads to a decrease of the total
photoionization rate. Acceptor impurities, however, havethe opposite effect
as they can turn bound states into resonances. This could leadto interesting
features in transport processes through quantum dot arrays. As an illustra-
tion, let us consider a setup as in Ref. [143], namely a quantum dot chain
with each dot containing a single electron. If an electronicwave packet is to
be propagated from one end of the chain to the other, the impurity-induced
resonances can give rise to an additional propagation channel: the incoming
electron could be captured into the doubly excited state andremain there for
a time span comparable to the lifetime of the resonance before it is released
back into the continuum. This mechanism could possibly even compete with
the major transport process of tunneling through coupled dots, giving rise to
interference effects between the propagation paths and enhance the transport
properties of such semiconductor heterostructures. As an outlook for future
investigations of resonances in quantum dots, one can mention them as a can-
ditate to search for so called exceptional points. Such points originate when
complex eigenvalues of a non-Hermitian Hamiltonian coincide, which is why
the phenomenon is sometimes also referred to as resonance coalescence. Its
occurance for specific values of external control parameters has been theoret-
ically discussed [144–149] and even predicted in some processes, like molec-
ular photodissociation [150] or scattering of nuclei [151], and also in systems
like Bose-Einstein condensates [152], waveguides [153], and atoms coupled
to external fields [154–156]. So far, however, their existence could be veri-
fied experimentally only in microcavities [157–159]. One ofthe interesting
aspects of exceptional points is that they can provide robust control of the
population transfer between quantum states, that is, one which is stable with
respect to small external perturbations of the system at hand. The conditions
under which such transfer can take place, though, may be rather extreme and
not easily realizable in an experiment. The fact that, contrary to atoms and
molecules, quantum dots can be taylored at will, could be a significant ad-
vantage in providing milder conditions for resonance coalescence. Since the
method we introduced here allows us to monitor the behavior both of the posi-
tions and widths of the resonances depending on the dot parameters, it presents
a suitable tool to search for exceptional points, perhaps even making it pos-
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sible to determine an experimentally feasible configuration of a quantum dot
allowing for resonance coalescence.

4.4 Resonances as open quantum systems (paper III)
The approach to this study was outlined in section 3.2: We compare the time
evolution of a wave packet in a harmonic oscillator potential within the Lind-
blad equation with anab initio propagation in a model potential with reso-
nances (see Eq. (3.10), Fig. 3.1 and Table 3.1 for the details). Here and in the
following, the wave packet is initially prepared to be centered at rest around
the potential minimumq0 with a moderate spread, i.e. we set in Eq. (3.12)
σ0

q = q0, σ0
p = 0 andσ0

qq = 0.25 (in atomic units). Let us first consider the
probability to find the particle in the region to the left of the barrier as a func-
tion of time, i.e.

P(t) =

∫ qB

−∞
|ψ(q, t)|2dq. (4.13)

By analyzing the time evolution of this quantity, we may drawa first conclu-
sion about the dynamics of the system, namely that in the low-energy regime
it is only the lowest resonance that plays a role. This is depicted in Fig. 4.3:
the population decay is almost perfectly described by an exponential factor
where the widthΓ of the lowest resonance is the decay constant. The asymp-
totic population is given by the initial population of the two bound states, that
is, by the projection of the initial wave packet onto the latter:

PB = |d1|2 + |d2|2, (4.14)

where the coefficientsdi are defined as in Eqs. (3.14) and (3.15). Due to the
moderate spreadσ0

qq, the initial wave packet satisfies the conditionP(t = 0)≈
1, so that the overall time evolution of the norm in the region of interest should
behave as

P(t) = (1−PB)e−Γt +PB, (4.15)

which is confirmed by explicit calculation (see Fig. 4.3). However, the exam-
ple of the population only illustrates the dominant role of the lowest resonance
and cannot be used for a comparison to the Lindblad case, because all mas-
ter equations of the Lindblad form are trace-preserving. Hence, in the next
step, we look for a quantity to be compared with its appropriate analogon in
the Lindblad dynamics. The most intuitive choice is to consider the energy
expectation value, as it is expected to decrease in both aforementioned cases.
Since the dynamics is restricted to the region(−∞,qB] (whereqB is the posi-
tion of the barrier, cf. Eq. (3.10)), the following definitionis adopted for the
ab initio propagation:

〈E〉(t) =
1

2P(t)

∫ qB

−∞
(ψ∗(q, t)Hmψ(q, t)+ (Hmψ(q, t))∗ψ(q, t)) dq, (4.16)
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Figure 4.3: Time evolution of the population. The figure illustrates theagreement of
the calculated time evolution of the populationP (crosses) with the formula given in
Eq. (4.15) (dashed line). The slight deviation at the beginning is most likely due to the
fact that the initial wave packet has small components whichare energetically above
the barrier and are therefore classically allowed outside the regionq< qB. Hence, they
can leave this region directly without tunneling. The time is given in atomic units.

whereHm is the model Hamiltonian

Hm =
p2

2m
+Um(q), (4.17)

with the model potentialUm from Eq. (3.10)). Note that this definition en-
sures the energy expectation value to be real, since the expression (4.16) is the
sum of a number and its complex conjugate. It is indeed necessary to use this
general definition rather than

1
P(t)

∫ qB

−∞
ψ∗(q, t)Hmψ(q, t) =

1
P(t) ∑

k

|dk|2εk

∫ qB

−∞
|ϕk(q)|2 dq

+
1

P(t) ∑
k6= j

d∗
j dkεke

i(ε j−εk)t/h̄
∫ qB

−∞
ϕ∗

j (q)ϕk(q)dq, (4.18)

because the basis functionsϕ j are only pairwise orthogonal with respect to
the scalar product

∫ +∞

−∞
ϕ∗

j (q)ϕk(q)dq = δ jk. (4.19)
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If, however, the integration is carried out only from−∞ to qB, the last term
in Eq. (4.18) does not vanish and we end up with a complex energyexpec-
tation value. This is avoided by adopting the more general definition (4.16)
instead. Even prior to the explicit calculation of its time evolution, we may
qualitatively outline some expected features. First of all, the previous result
obtained for the population implies that the decay will be essentially governed
by the lowest resonance with the widthΓ. Second, since the wave packet is
practically entirely located in the region where the potential coicides with a
harmonic oscillator, the initial expectation value shouldbe very close to the
expectation value of the wave packet in a true harmonic oscillator potentialE0,
shifted by the constant termU0 from (Eq. 3.11), which is known analytically:

E0−U0 =
1

2m
(σ0

pp+(σ0
p)

2)+
1
2

mω2(σ0
qq+(σ0

q)2)−U0. (4.20)

Finally, the energy expectation value must asymptoticallyapproach the energy
contained in the two bound states:

E∞ =
|d1|2ε1 + |d2|2ε2

|d1|2 + |d2|2
=

|d1|2ε1 + |d2|2ε2

PB
. (4.21)
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Altogether, this suggests the following time-evolution:

〈E〉(t) = (E0−U0−E∞)e−Γt +E∞, (4.22)

which, indeed, is quite convincingly confirmed by theab initio calculation,
see Fig. 4.4. Turning back to the energy expectation value ofthe wave packet
in a harmonic oscillator, governed by Lindbladian time evolution, the solu-
tions of the equations of motion given in section 2.1 with thediffusion co-
efficients (2.32) lead, after some algebraic simplifications, to the following
analytical expression:

EL(t) =

(

E0−
h̄ω
2

)

e−2λ t +
h̄ω
2

−U0. (4.23)

Here, we included the constant shift in energyU0 and also used the previously
mentioned fact that a quadratic Hamiltonian preserves the Gaussian form of
the wave packet for all times. Now, if we compare the expressions (4.22)
and (4.23), we observe that they areidentical in case the following equali-
ties hold:

E∞ =
h̄ω
2

−U0 and λ =
Γ
2
. (4.24)

The first equality is approximately valid if the initial wave packet has a sig-
nificant overlap with the ground state, sinceh̄ω/2−U0 is nothing else but the
ground state energy of the harmonic oscillator shifted byU0 andE∞ the bound-
state energy component of the initial wave packet. If we compare the bound
state energies of the model potential (cf. Table 3.1) with the ones of a har-
monic oscillator, we see that they indeed lie very close to each other. Hence,
in the low-energy case the first condition in Eq. (4.24) is approximately sat-
isfied. For example, in the case of a wave packet at rest in the potential min-
imum considered here, we obtainE∞ = −5.03 vs. h̄ω/2−U0 = −5.05. The
second condition presents the actual main result of this study. Not only does
it show that resonancescanbe described as open quantum systems, but it also
partly resolves the phenomenological nature of the Lindbladequation since
it clearly relates the phenomenological friction constantλ to a physical (and
often experimentally accessable!) quantity: the width of the resonance.

4.5 Arrival time in open quantum systems (paper IV)
The list of papers discussing how to properly define the quantum arrival time
is quite extensive (see e.g. Refs. [1-40] in the paper and thereferences therein).
Nevertheless, hardly any efforts were undertaken so far to address its behavior
when the quantum system is coupled to an environment. Some results con-
cerning this topic will be presented below.

We consider a situation where a wave packet of the same form asin
Eq. (3.12) is approaching a parabolic potential barrier witha certain
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momentum. Without loss of generality, we will furthermore assume that the
potential barrier has its maximum at the origin, and that thewave packet is
approaching it from the right, i.e.σ0

q > 0, σ0
p < 0. As the quantum mechanical

time-of-arrival distribution, the probability denisty current through the origin
will be used. In one dimension, the operator associated withthe current
through a certain pointx0 is given by [160]

j(x0) =
1

2m
(pδ (x−x0)+ δ (x−x0)p) . (4.25)

The corresponding expectation value can be extracted from the Wigner func-
tion of the system. For the time-dependent case studied here, with x0 = 0 and
σp(t) < 0, the expression is given in e.g. Ref. [141]:

j(0, t) = −
∫ +∞

−∞
dp

p
m

W(0, p, t). (4.26)

Using the Wigner function of a quadratic Hamiltonian, Eq. (2.50), the integral
above can be carried out analytically, and consequently oneobtains the time-
of-arrival distribution purely in terms of the first and second moments of the
system:

j(0, t) =
σq(t)σpq(t)−σp(t)σqq(t)

√

2πm2σqq(t)3
exp

[

− σq(t)2

2σqq(t)

]

. (4.27)

To investigate the effect of the environment on such a distribution, we com-
pute the expression above for different values ofλ and for different temper-
atures, the latter being incorporated into the dynamics viathe diffusion co-
efficients (2.30). It should be mentioned that this approachcannot be strictly
justified, since the diffusion coefficients used here were derived under the as-
sumption of the existence of an asymptotic state, while the parabolic potential
barrier is not bounded from below. However, as long as the dynamics is lo-
calized in the vicinity of the origin, this heuristic choiceof the diffusion coef-
ficients should be at least qualitatively meaningful. The observed behavior is
quite intriguing: purely classically, one would expect that damping delays the
time of arrival. In the quantum mechanical picture, though,a coupling to the
environment appears to have the opposite effect (see Fig. 4.5). Nevertheless,
the total probability of the arrival atany time,

P(0, t) =

∫ t

0
j(0, t ′)dt ′, (4.28)

decreases. In other words, as the environmental coupling becomes stronger,
the particle is less likely to arrive at the origin, but, in case it doesarrive, it
is more likely to happen earlier than in the case of environment-free propa-
gation. Another conclusion obtained from this study concerns the validity of
the continuity equation in open quantum systems. In the caseof unitary time
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Figure 4.5: Time-of-arrival distributions (upper panel) and total arrival probabilities
(lower panel) as functions of time for different strengths of environmental effects,
the latter expressed through dimensionless parametersξ = λ/ω andε = h̄ω/(kBT).
The following values (in atomic units) were used in the calculations:ω = 3.0, m =
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evolution, the total arrival probability (4.28) at the origin can be equivalently
obtained from the probability densityρ(q, t) as

P̃(0, t) =
∫ 0

−∞
ρ(q, t)dq, (4.29)

which is a direct consequence of the continuity equation. However, if both
expressions (Eqs. (4.28) and (4.29)) are independently computed in the pres-
ence of an environment, we observe a noticable deviation forthe case of high
temperatures and strong dissipation. Since the probability density is nothing
but the position representation of the density operator, this deviation can be ex-
plained by the Lindbladian term appearing in the master equation. The magni-
tude of the coefficientsa j ,b j in the Lindblad operators (2.4) is directly related
to the temperature-dependent diffusion coefficients and the coupling strength,
and hence the deviation becomes more pronounced as the temperature and
dissipation increase. It should be emphasized that the observed behavior by
no means implies a violation of probability conservation, since the Lindblad
equation is trace-preserving. Rather, it is merely an indication that the defini-
tion of the current in terms of the Wigner function, Eq. (4.26), and the cor-
responding definition of the probability density, Eq. (2.46), do not satisfy the
common continuity equation but the one including the Lindbladian term. This
is, in fact, not obvious since the time evolution of the Wigner function itself is
already obtained with the environment being taken into account. Our results
show, however, that this alone is not sufficient and that the continuity equation
indeed has to be modified. Another interesting aspect is thatthe two consid-
ered expressions differ not only quantitatively but also qualitatively, regarding
their dependence on the initial energy of the wave packet andthe environment.
A detailed analysis of the asymptotic behavior of the probability defined in
Eq. (4.29) was carried out in Ref. [114]. Among the main conclusions, the
authors found that at low energies (i.e. when the wave packetis classically
forbidden to cross the barrier), the asymptotic probability increases with in-
creasing dissipation, in other words, dissipation enhances tunneling. Turning
to the probability defined in Eq. (4.28), in our work the same behavior is ob-
served at energies sufficiently lower than in the previouslymentioned work,
while at medium energies dissipation is found to suppress tunneling. We can
conclude that, in the presence of an environment, the aspects of the quan-
tum arrival time and quantum tunneling turn out to be somewhat ambiguous,
since the fundamental behavior of the quantum system variesdepending on
the adopted definitions and environmental modelling. In particular, the use of
the Wigner function as a quasi phase space distribution may not be the best
choice in such studies, since the probability density and the current which can
be extracted from it (Eqs. (4.26) and (2.46)) lead to qualitatively and quanti-
tatively different arrival and tunneling probabilities.

65



4.6 Decoherence timescale in circular quantum dots
(paper V)
In order to apply the previously introduced decoherence model to quantum
dots, we have essentially to specify two things: the initialconditions and the
phenomenological parameters. Let us consider the initial state first. Omitting
the spin part, the wave functions to the quantum dot Hamiltonian (3.21) can
be shown to separate into a radial and an angular part as

ψnml (r,ϕ) = unml (r)e
iml ϕ , (4.30)

wherer =
√

x2 +y2, ϕ the polar angle andn, ml the main and the angular
quantum number. Among the eigenstates, the only one that maximizes the
decoherence degree is the ground state|ψ00〉. Since it is desirable to start from
a perfectly coherent state, the quantum dot is assumed to be prepared in the
ground state att = 0. Hence, the initial first and second momentsσ0

x , σ0
xx etc.

are calculated using the wave functionψ00. For example, the varianceσ0
xx is

evaluated via

σ0
xx =

∫∫

|u00(r)|2r3 cos2 ϕ dr dϕ −
(

∫∫

|u00(r)|2r2 cosϕ dr dϕ
)2

. (4.31)

Next, we consider the environment. With the restrictions imposed on the lat-
ter (we demand that dissipation and damping in a certain degree of freedom
do not affect the dynamics in any other and that the environment is uniform),
there remains a single unspecified phenomenological parameter λ , which has
to be assigned to the rate of a certain kind of system-environment interactions.
It is a natural choice to relate these interactions to electron-phonon scattering,
as it is considered to be one of the major processes causing decoherence in
semiconductor heterostructures. An additional advantageis that the order of
magnitude of such rates is known [161–164], so that they can be used as an
input parameter. The typical rates are small compared to the characteristic fre-
quency of the system (i.e. the confinment frequency), so thatthe Markovian
approximation is obeyed. Figure 4.6 shows the decoherence degree as a func-
tion of time for different phonon scattering rates, temperatures and magnetic
fields. The main features we observe are that the temperature essentially de-
termines the asymptotic value, while the scattering rate influences the pace at
which this value is approached. For GaAs, the decoherence timescale is about
100 ps. However, typical experimental setups aiming for controlled operations
in semiconductor devices often operate at temperatures as low as a few mK,
so that the temperature range considered here is relativelyhigh. From the pre-
sented estimation, we can thus conclude that for a single qubit processing in
the mK regime, spatial decoherence is most probably negligible. Neverthe-
less, it can become significant in a large scale implementation of a quantum
processor based on quantum dots at non-cryogenic temperatures.
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Figure 4.6: Time evolution of the decoherence degree for three different phonon scat-
tering ratesλ . The solid curves correspond to a temperature ofT = 25K, the dashed
curves toT = 50K and the dotted curves toT = 100K, while the different magnetic
fields are indicated by symbols:B = 1T (circles),B = 3T (squares) andB = 7T (tri-
angles).

Before concluding the discussion, we briefly point out another remarkable
aspect of quantum dots in the context of the present investigation. Most quan-
tum systems obey the thumb rule signifying that the decoherence timescale is
orders of magnitude shorter than the relaxation timescale.The characteristic
quantities to be compared here [118] are the enesemble width, typically given
by the square root of the characteristic variance of the system, and the thermal
de Broglie wavelength

LdB =
h̄√

2mkBT
, (4.32)

wherem is the particle mass andT the temperature. The ratio of the relaxation
and decoherence timescalesτr andτd is then approximately given by

τr

τD
≈
(√

σxx

LdB

)2

. (4.33)

For macroscopic systems, this ratio becomes astronomically large, but even
in quantum mechanical systems both times tend to differ by several orders
of magnitude. Quantum dots, however, present one of a few exceptions to
that rule: inserting some typical values into Eqs. (4.33) and(4.32), e.g.σxx ≈
h̄/2mω and T ≈ 25K where h̄ω ≈ 5meV andm = m∗ = 0.067me gives a
ratio of the order of unity. In other words, the termal de Broglie wave length
in quantum dots can become comparable to the spatial spread of the electron
distribution.

67



4.7 Decoherence timescale in Penning traps
(papers VI and VII)
It is mentioned in section 3.3 that, due to the similarity of the Penning trap
Hamiltonian to the one of a circular quantum dot, the decoherence timescale
can be estimated in the same way as in the previous section. Hence, we face
exactly the same issues: the determination of an initial state and a way to
choose the phenomenological constants. As we can directly see from the struc-
ture of the Hamiltonian (Eqs. (3.27-3.29)), an initial statewhich maximizes
the decoherence degree can be obtained by combining the analogon of the
quantum dot ground state with the ground state of a harmonic oscillator in
z. However, as recently demonstrated in Ref. [89], there exists not only this
particular state but a whole class of Penning trap coherent states. In this ref-
erence, such states were derived algebraically by constructing an appropri-
ate displacement operator and an extremal state (the latterbeing nothing else
than the aforementioned product of the quantum dot ground state analogon
and the ground state of a harmonic oscillator inz). It is important to note
that this state is not a proper ground state, since the spectrum of the Penning
trap Hamiltonian is not bounded from below. The coherent states are then ob-
tained through the action of the displacement operator on the extremal state,
and each displacementξ = (ξ1,ξ2,ξ3) defines the three generally complex
quantum numbers of the state|ξ1,ξ2,ξ3〉. In analogy with Glauber coherent
states [142], which are the eigenstates of the harmonic oscillator annihilation
operator, the states obtained in that manner were denoted bythe authors as
coherent because they are the eigenstates of the Penning trap annihilation op-
erators, also introduced in that reference. It is thereforenot really obvious that
the decoherence degree is maximized by these states. To demonstrate that it
is nevertheless so, was the purpose of paper VI. This is achieved by comput-
ing the Wigner function and the position representation of the density matrix
corresponding to the Penning trap coherent states, from which the coherence
length and the spread in position are obtained. Indeed, we demonstrated that
the decoherence degree equals unity for any set of quantum numbersξ , and,
since the Gaussian form of the density matrix remains preserved in time, the
decoherence in the trap can be dynamically monitored through this quantity.
Thus, the problem of finding an appropriate initial state is solved. It remains to
determine the nature of the environmental interactions responsible for dissipa-
tion and decoherence. Compared to the timescale defined by the cyclotron fre-
quency, the rates of radiation damping and coupling to an external circuit are
safely negligible [79], especially for heavy particles such as ions. Therefore,
we consider scattering off residual gas atoms as the main source of decoher-
ence in the trap. Unfortunately, we were not able to obtain reliable rates for this
process, so that heuristic values in the range compatible with the Markovian
condition had to be adopted in the calculations. We comparedthe dissipative
time evolution of the second moments with earlier results which were obtained
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environmental scattering rate was set to 10−3ωc (ωc being the cyclotron frequency) at
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within a unitary picture, and estimated the decoherence timescales of several
ions using parameters from recent experiments (see Fig. 4.7and Table 4.1). In
spite of the uncertainty in the scattering rates, the results still provide an in-
sight into the decoherence picture, because they illustrate its qualitative behav-
ior and also because the asymptotic decoherence degree is mainly determined
by the temperature. We note furthermore that contrary to quantum dots, the
motion of an ion in a Penning trap perfectly fits into the thumbrule regarding
the ratio of the relaxation and decoherence timescales, with the former one be-
ing about five orders of magnitude longer. This observation isconsistent with
the intuitive expectation, since the ratio of these timescales tends to increase
as the system becomes more macroscopic, and, indeed, here weare dealing
with much more massive particles and much larger spatial extensions than in
quantum dots. Of course, this does by no means rule out an application of Pen-
ning traps in quantum computation, especially if the temperature can be kept
very low. The main conclusion, though, is essentially the same as in the case
of quantum dots: collisional decoherence presents a considerable obstacle for
an implementation of qubits on a large scale at above-cryogenic temperatures.
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Table 4.1:The table summarizes the description of the curves (1)-(8) in Fig. 4.7, show-
ing the ions for which the calculations were performed and the experiment from which
the input paramters, i.e. the frequencies and magnetic fieldstrengths, were taken.

Curve (1) (2) (3) (4) (5) (6) (7) (8)

Ion 4He2+ 6Li+ 18O+ 24Mg11+ 32S+ 40Ca19+ 87Rb2+ 129Xe5+

B [T] 6.0 7.0 8.5 4.7 8.5 4.7 8.5 8.5

Exp. [165] [166] [167] [168] [169] [170] [171] [172]

4.8 Concluding remarks and outlook
In this thesis, three major aspects were considered: Autoionizing two-particle
resonances in an antiprotonic atom and in a spherical quantum dot with finite
confinement, the processes of tunneling, quantum arrival and resonance decay
in the framework of open quantum systems, and the dissipation and decoher-
ence timescales in a parabolic quantum dot and in a Penning trap. Below, we
will briefly review the main conclusions and discuss the outlook on future
perspectives.

In antiproton-ion-collisions, the resonant states could play a considerable
role as intermediate steps in the process of the formation ofantiprotonic
atoms. Both the calculated decay rates and a qualitative estimation of the
interference effects with direct antiproton recombination suggest that the
resonant two-step capture process could have a significant contribution to
the total yield of bound antiprotonic systems in the final state. From the
theoretical point of view, a more detailed estimation of therelevance of such
a recombination channel can be for example obtained throughcalculations
which are carried out for a wide range of angular momenta and energies,
similar to the way it was done in Refs. [23, 24] for thēp+He+ → p̄He2+ +e
reaction. The ultimate conclusion whether antiproton capture through
formation of resonant states is feasible can, of course, be only deduced from
an experimental observation (or, respectively, the absence of the latter). Here,
future facilities such as FLAIR could provide the answer in a few years.

The control over the positions and widths of dielectronic resonances in
spherical quantum dots can be exploited to sufficiently increase the photo-
sensitivity. We demonstrated that donor impurities can compromise this con-
trol as they can cause resonant-to-bound transitions, in the sense that the en-
ergy positions of these states cross the one-electron ground state threshold and
consequently the lifetime of the states becomes infinite. Onthe contrary, the
presence of acceptor impurities can give rise to additionalresonances, which
can have an impact on the transport properties. Thus, electrons can possibly
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be captured into such metastable states and remain trapped for a timespan
comparable to the lifetime of the resonance, before they re-autoionize into
the continuum. Considering the sensitivity of such resonances to the external
parmeters, a direction for future investigations could be the search for excep-
tional points in quantum dots, aiming to steer population orcharge transfer
processes through resonance coalescence.

The presence of a dissipative environment can have a significant impact
on fundamental quantum processes. In the framework of the model adopted
in this thesis, dissipation was shown to be able to either enhance or decrease
quantum tunneling, and to speed up the quantum arrival time.Moreover, some
well known processes can actually be partly simulated by thepresence of an
environment, as we demonstrated in the case of resonance decay. Acknowl-
edging the importance of open quantum systems as such, it should be stated
that this very wide field is constantly being investigated inthe framework of
different models, which in some cases lead to ambigous, contradictive or even
mutually exclusive results. This makes it very difficult to point towards the
most promising research direction and to draw definite conclusions. For these
reasons, we will refrain from formulating an outlook at thispoint.

The emergence of decoherence in artificial atoms with harmonic confin-
ment is crucially determined by the temperature of the environment, where
the latter is to be compared to the characteristic frequencyof the system. If
the ratioh̄ω/(kBT) becomes very small, our model predicts a fast decay of
quantum coherence. While for quantum dots temperatures need to be typi-
cally below 50 K in order to prevent decoherence, for heavy ions in Penning
traps one would require mK-regime. Interesting future prospects would be to
investigate on what timescale spin decoherence and spatialdecoherence may
possibly affect each other, and also whether further decohrence processes oc-
cur due to coupling of single oscillators into a chain. Firststeps to model
such a situation were undertaken recently [173], and it is not too speculative
to claim that without large-scale decoherence studies, reliable estimations of
the decoherence timescales can hardly be made. After all, apractically useful
quantum computer needs to consist of a large number of qubits, and hence
simulations involving many qubit-qubit couplings need to be performed.
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Abstract. Recently, an experimental setup was proposed by Lapierre et al. [Physics with ultra slow
antiproton beams, AIP Conference Proceedings (2005), Vol. 793, p. 361] which would allow antiprotons
and highly charged ions to collide repeatedly in an electron beam ion trap (EBIT) due to a nested trap
configuration. As mentioned by the authors, such a setup may open the possibility to study antiproton
capture into well-defined states through a resonant process which involves simultaneous electron excitation.
In the present work, we give some theoretical estimations of the feasibility of that process.

PACS. 36.10.-k Exotic atoms and molecules (containing mesons, antiprotons and other unusual particles)
– 32.80.Zb Autoionization

1 Introduction

Exotic atoms are fascinating systems where the param-
eters determining the properties of ordinary matter can
be tuned and investigated in completely new regimes. As
a consequence these systems can often be used as test
benches for fundamental constants and symmetries. For
example, the studies of metastable states in antiprotonic
Helium recently lead to a new and much improved value
for the electron-antiproton mass ratio [2,3]. That value can
be translated to a determination of the proton-antiproton
mass ratio, i.e. to a test of CPT symmetry. The antipro-
tonic systems studied so far [4–17] are produced when an-
tiprotons are stopped in liquids or gases. A slow antiproton
can then replace one of the atomic (A) electrons (occupy-
ing the main quantum number ne) through the process
A + p̄ → A+p̄ + e, where it will enter into a state with
main quantum number n ≈ ne

√
μp/μe.

With the planned Facility for Low-Energy Antiproton
and Ion Research (FLAIR) at GSI, Germany, cooled an-
tiprotonic beams of an intensity many orders of magnitude
larger than available today will be provided. This might
open new possibilities for the production of antiprotonic
exotic systems. As mentioned in [1], a nested trap con-
figuration, e.g. based on the electron beam ion trap at
the Max Planck Institute in Heidelberg, Germany (HD-
EBIT), would eventually, if combined with an antiproton
source of sufficient intensity, allow to search for a pro-
cess that can be seen as the antiprotonic analogon of the
resonant process of dielectronic recombination. If, in an
antiproton-ion collision, the energy of the antiproton εp̄ is

a e-mail: genkin@physto.se

tuned such that the resonant condition is fulfilled, a tar-
get electron can be excited and a doubly excited electron-
antiproton state may form

Aq+ + p̄→ [Aq+p̄]∗∗ (1)

where q is the charge of the ion A. The doubly excited
electron-antiproton state can subsequently decay by elec-
tron, antiproton or photon emission, and the different
decay rates will essentially determine the cross section
for antiprotonic capture. This process would, if probable
enough, provide an excellent possibility for high precision
spectroscopy of antiprotonic ions, since the capture occurs
in a well defined state that can be controlled by tuning
the collision energy. In this work, we aim to investigate
the formation and decay channels of such a state in or-
der to obtain a theoretical estimation of its feasibility. For
simplicity, we restrict ourselves to collisions with highly
charged hydrogenlike ions with the electron being in the
ground state.

The present article is structured as follows. In Sec-
tion 2, we schematically describe possible decay channels
for resonant antiproton capture and present a way to es-
timate the cross section. The computational methods are
given in Section 3 and some illustrative calculations for an
example ion are shown in Section 4. In the last section,
the validity and restrictions on the chosen approach are
discussed, followed by some concluding remarks. Atomic
units are used throughout unless stated otherwise.
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2 Theory

2.1 Decay channels

The doubly excited state [Aq+p̄]∗∗(nl)e(n′l′)p̄ formed in
the collision (1) is lying above the ground state of Aq+. We
now give a qualitative description of its decay channels:

[Aq+p̄]∗∗(nl)e(n′l′)p̄ → Aq+(1s)e + p̄ (2)

referred to as antiproton ejection in the following,

[Aq+p̄]∗∗(nl)e(n′l′)p̄ → [A(q+1)+p̄](n′ −Δn′ l′ −Δl′)p̄ + e
(3)

referred to as Auger electron emission, and finally also
electronic and antiprotonic radiative dipole transitions:

[Aq+p̄]∗∗(nl)e(n′l′)p̄ → [Aq+p̄](n−Δn l ± 1)e(n′l′)p̄ + γ,
(4)

[Aq+p̄]∗∗(nl)e(n′l′)p̄ → [Aq+p̄](nl)e(n′ −Δn′ l′ ± 1)p̄ + γ,
(5)

here and in the following n, n′, l, l′ denote the approxima-
tive one particle quantum numbers. Note that the forma-
tion of the doubly excited state (1) is the time reverse of
antiproton ejection (2) and hence the rates should be the
same according to the principle of detailed balance. While
the process (2) leads to the loss of the antiproton, Auger
electron emission and radiative transitions can be seen as
stabilization channels since the antiproton is bound in the
final state. Finally, we remark that the additional process
of direct radiative capture can be neglected in the present
context since it results dominantly in antiproton capture
into low lying states (this can be seen for example from
Kramers formula [18]) close to the nucleus. This would
lead to fast annihilation of the antiproton so that no pre-
cise spectroscopy of the exotic system can be performed.

2.2 Estimation of the cross section

In dielectronic recombination calculations it is common
to describe the cross section of an isolated resonance by a
Lorentz profile as in e.g. [19,20]:

σ(ε) =
1
π
S

Γ/2
(Ed − Ei − ε)2 + Γ 2/4

, (6)

where Ed is the energy of the doubly excited state, Ei the
initial energy of the target ion (simply given by the 1s
orbital energy in our case) and ε the positive energy of
the incoming particle. This description is known to be ad-
equate for resonances with a width much smaller than the
distance from the nearest threshold. Clearly, the profile
has its maximum at ε = Ed−Ei. The width of the doubly
excited state is denoted by Γ and S is the recombination
strength of the process, i.e. the integrated cross section

S =
∫
σ(ε)dε. (7)

Since the described mechanism for antiprotonic capture
is very similar to dielectronic recombination, there is no
reason to abandon this picture. Some modifications, how-
ever, are indeed necessary. The dielectronic recombination
process usually denotes the complete two-step mechanism,
where a continuum electron is captured by simultaneous
excitation of a core electron to form a doubly excited state
(first step), and subsequent stabilization by photoemission
(second step) to complete the recombination. The recom-
bination strength can be expressed through the autoion-
ization rate Aa of the doubly excited state (which is the in-
verse process of its formation) and the total radiative rate
Ar (i.e. the sum over all possible radiative channels) and
is proportional to S ∼ AaAr/(Aa +Ar) because the emis-
sion of a photon is the only possible stabilization channel
when the particles are indistinguishable. Furthermore, if
the rates differ by some orders of magnitude, the faster
one can be neglected in the fraction and S is simply pro-
portional to the slowest rate (this is often the case in light
systems, where S ∼ Ar). In the present case, the first
step is very similar to dielectronic recombination, but the
stabilization is more complex. When the system decays
by particle emission, we have to differentiate between an-
tiproton, equation (2), and electron emission, equation (3)
in the doubly excited state, and since the electron emis-
sion provides an additional stabilization channel it should
be included in the expression for S, which with all factors
reads

S =
�

3π2

2μp̄(Ed − Ei)
gd

gi

Aa

∑
Astab

Aa +
∑
Astab

. (8)

Here, the sum over all stabilization channels,
∑
Astab, in-

cludes now the total radiative rate and the rate for all elec-
tron emission channels and Aa is the antiproton ejection
rate which corresponds to autoionization in dielectronic
recombination. The weight factors gd and gi stand for the
multiplicity of the doubly excited state and of the initial
ion respectively. We can conclude that for a quantitative
treatment of the process the calculations of the rates of
the different decay channels is indispensable.

3 Computational methods

Essentially, one has to calculate the positions and widths
of the resonances as well as the radiative transition rates.
The widths occur due to the coupling to the continuum
through the electron-antiproton interaction and can be de-
termined together with their positions by means of com-
plex rotation. The radiative rates can be obtained within
the dipole approximation, as briefly described below.

3.1 Complex rotation

The technique of complex rotation has proven to be a pow-
erful tool for the description of resonances in atomic sys-
tems during the last decades. It has also recently been ap-
plied to antiprotonic helium [21]. Its advantage, obtained
by rotating the Hamiltonian eigenvalue problem into the



M. Genkin and E. Lindroth: Possibility of resonant capture of antiprotons by highly charged hydrogenlike ions 207

complex plane, is that it allows a simultaneous calculation
of the positions, Er , and the widths, Γ , of the resonances
from the complex eigenvalues, E, of the complex symmet-
ric Hamiltonian matrix

E = Er − iΓ/2. (9)

The non-relativistic three-body Hamiltonian of the system
in the center of mass frame reads

H =
p2

e

2μe
+
p2

p̄

2μp̄
+

pe · pp̄

mN
− e2

4πε0

(
Z

re
+
Z

rp̄
− 1
r12

)
, (10)

where Z is the nuclear charge, μe and μp̄ denote the re-
duced masses of the electron and antiproton (and mN the
mass of the nucleus), re and rp̄ their distance to the nu-
cleus and r12 = |re − rp̄| the distance between them. The
kinetic energy of the nucleus is accounted for through the
use of reduced masses in the first two terms and the in-
clusion of the term pe ·pp̄/mN , referred to as mass polar-
ization in the following.

We set up the Hamiltonian matrix in a basis of hydro-
genlike product wave functions

|φSLπ
ab 〉 = |{nalanblb}SLπ〉, (11)

where S is the total spin, L is the total angular momentum
and π is the parity. The one-particle hydrogenlike orbitals
can be obtained efficiently through B-Splines, which are
piecewise polynomial functions defined on a given set of
points, referred to as a knot sequence, distributed in a
certain interval. B-Splines have several desireable proper-
ties [22] and are widely used in physical applications (see
e.g. [23] for an overview). The solutions to the hydrogen-
like one-particle Hamiltonian,

h(r) = − �
2

2μ
∂2

∂r2
+
l(l + 1)�2

2μr2
− Ze2

4πε0r
, (12)

are expanded as

Pnl(r) =
∑

i

ciBi(r), (13)

where the coefficients ci are obtained by solving the eigen-
value equation given by the projection of the Hamiltonian
in equation (12) onto the B-Spline set. Complex scaling
of the radial coordinate (r → r exp(iθ) with a real rota-
tion angle 0 ≤ θ ≤ π/4) is introduced in equation (12) by
multiplying the kinetic energy term with exp(−2iθ) and
the potential energy term with exp(−iθ).

The two-particle Hamiltonian (10) can be written as

H = he + hp̄ + h12 (14)

where he and hp̄ have the form as in equation (12) (with
r = re, rp̄, μ = μe, μp̄) and

h12 =
pe · pp̄

mN
+

e2

4πε0r12
(15)

where the contributions to the kinetic and potential en-
ergy are scaled as before. Now each matrix element of

H in the basis (11) can be calculated, yielding a complex
symmetric Hamiltonian matrix. After diagonalization, the
energies of the resonances are obtained in the form given
in (9). The whole procedure follows closely that of refer-
ences [24,25].

3.2 Radiative transitions

We use the first order perturbation approach in the dipole
approximation where the radiative rate Ar for a transition
from an initial state |ψi〉 to a final state |ψf 〉 is in first
order given by

Ar =
1

4πε0
4

3�4

(
ΔE

c

)3

|〈ψf |E1|ψi〉|2, (16)

here, ΔE is the energy difference between the initial and
the final state and E1 is the dipole transition operator.
The final state |ψf 〉 is approximated by a product state of
the antiprotonic and electronic one-particle orbitals. For
a highly charged ion this gives sufficient accuracy. Even
in light exotic systems such as aniprotonic helium this
approximation can be used [26], although corrections to
the energy clearly become more important [27].

4 Illustrative calculations

As an illustration, we will investigate a few chosen res-
onances in a collision of antiprotons with a medium
heavy hydrogenlike ion, Ca19+. The high charge simpli-
fies the calculations, since the correlation between the
electron and the antiproton is rather weak in this case.
(This does not hold for very light systems – antiprotonic
helium shows strong molecular features where e.g. a Born-
Oppenheimer treatment is suitable [28].) On the other
hand, the ion is light enough so that a non-relativistic
treatment is meaningful. The decisive quantity for the pro-
cess studied here is, as will be shown later, the capture
rate into the doubly excited state which to a first approx-
imation is independent of nuclear charge. The results pre-
sented can thus be generalized to neighboring ions, at least
for a qualitative picture. The calculated structure of the
positions of the resonances for a total angular momentum
of L = 12 (see below) is schematically shown in Figure 1.
All resonances arising from the ne = 2, np̄ = 48 configura-
tions lie below the 1s threshold, apart from one. The latter
one, however, lies very close to the threshold. Such reso-
nances are known to be very hard to describe numerically,
and no reliable results for the width were obtained in this
work. The resonances arising from the ne = 3, np̄ = 45
and ne = 4, np̄ = 44 configurations lie very densely and
could not be resolved properly. The isolated resonance ap-
proach (6) may not be valid in this case. Further, if the
aim is to be able to control which state the antiproton is
captured into an isolated resonance is more appropriate.
Thus, we focus on resonances with their main contribution
from the ne = 2, np̄ = 49 configurations in the following
illustrative calculations.
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Fig. 1. (Color online) Calculated structure of the electron-
antiproton resonances in hydrogenlike calcium at fixed total
angular momentum L = 12 (this choice will be motivated
in Sect. 4.1). The dashed lines indicate resonances arising
from contributions with ne = 2, while solid lines denote reso-
nances from higher electronic states (ne = 3, 4). The numbers
44, 45, 48, 49 are the main quantum numbers of the contribut-
ing one-particle antiprotonic orbitals np̄. The 1s threshold of
Ca19+ is at –200 a.u.

4.1 Angular momentum dependence and validation

The described combination of complex rotation with
B-Splines and subsequent diagonalization of the complex
matrix (also known as complex scaled configuration inter-
action CSCI) has already been applied to multiply excited
electronic states (see e.g. [25]). However, when applying
the same method to doubly excited electron-antiproton
states one is confronted with some practical difficulties
due to the fast oscillations of the high-n antiprotonic
states and the different extensions of the antiprotonic and
the electronic wave functions. To handle this situation we
work with different knot sequences for the two particles.
The number of knot pointsNe

k used for the electronic func-
tions is Ne

k = 45 with a box size of 2.0 a.u. and two dif-
ferent choices were tested for the antiprotonic functions
(N p̄

k = 275 and N p̄
k = 325) with a box size of 0.2 a.u. The

electronic knot sequence is linear in the beginning and ex-
ponential further out. This is a scheme that is well tested.
The distance between the knots in the antiprotonic se-
quence is on the other hand slowly and steadly increasing
to obtain roughly the same number of knots between the
nodes in the n = 49 states for the full extension of the
wave function. The needed number of B-Splines is esti-
mated through comparison of the numerically calculated
energies of the relevant hydrogenlike one-particle orbitals
with the analytical values, that is, N p̄

k is increased until
a sufficiently good agreement is achieved. For example,
the analytical value of the antiprotonic n = 49 orbital
is E = −149.1940989 a.u., and the numerically obtained
values are E = −149.194087 a.u. (with N p̄

k = 275) and
E = −149.1940985 a.u. (with N p̄

k = 325).
In order to further check the method for numerical

stability, we calculate now some relevant quantities with

analytical wave functions and compare those with the cor-
responding result obtained with our method. This also al-
lows us to analyze the role of the total angular momentum,
as will be discussed below.

As the next step in the validation procedure we cal-
culate the antiproton ejection rate for a single product
state in the framework of the Fermi golden rule and com-
pare with the one obtained with complex rotation. In the
framework of the former, a decay rate A (or the corre-
sponding width Γ = �A) for a transition from an initial
state |ψi〉 to a final state |ψf 〉 caused by an interaction U
is given by

Γ = 2πρ|〈ψf |U |ψi〉|2, (17)

where ρ denotes the density of states. For the antiproton
emission from a doubly excited electron-antiproton state,
U can be approximated by the Coulomb interaction be-
tween the particles (U = (r12)−1 in atomic units). For
further simplification, we represent the final state by a
single product wave function of the electronic 1s orbital
and the antiprotonic regular Coulomb function with an
energy ε and angular momentum L which is also the total
angular momentum of the system

|ψf 〉 = |{1s εL}L〉. (18)

The initial doubly excited state can be represented in the
basis (11), and since the total spin and parity are unaf-
fected by the Coulomb interaction we can write

|ψi〉 =
∑

a,b

cab|{nalanblb}L〉 (19)

where a, b run over all fixed parity combinations for which
la and lb can be coupled to L. The main contribution will
come from the dominating basis functions (with na = 2
and nb = 49), that is, from the matrix elements of the
form

〈{1s εL}L|(r12)−1|{2s 49L}L〉, (20)
〈{1s εL}L|(r12)−1|{2p 49L± 1}L〉.

They can be explicitly written as

〈{nalaεlb}L|(r12)−1|{nclcndld}L〉 = (21)
∞∑

k=0

Rk(−1)lb+lc+L

{
la lb L
ld lc k

}
〈la‖ Ck ‖lc〉〈lb‖ Ck ‖ld〉

where we introduced the standard notation for Wigner
6j-symbols and reduced matrix elements between spheri-
cal tensor operators Ck [29], representing the angular part,
while Rk stands for the radial part of the integral

Rk =
∫

dr1dr2Pnala(r1)F lb
εp̄

(r2)
rk
<

rk+1
>

Pnclc(r1)Pndld(r2)

(22)
where we denote the Coulomb wave with energy ε and an-
gular momentum lb by F lb

ε and by Pnl the bound state
reduced radial wave function, which are all known ana-
lytically. For a stable implementation of Coulomb func-
tions, Barnetts algorithm was used [30]. To investigate
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Fig. 2. Multiplicity scaled squared matrix element A =
2π|〈{1s εL}L|(r12)

−1|{2s 49L}L〉|2 converted to inverse time
units as a function of the total angular momentum L at fixed
energy ε = 4.95 a.u. (see text for further details). The energy
equals approximately the difference between the 1s threshold
at –200 a.u. and the position of the considered resonances.
However, it should be stated that for slightly different energies
the matrix elements are practically identical.

the angular momentum dependence we restrict ourselves
to the first matrix element in (20) with la = lc = 0 and
lb = ld = L (see (21)). Here, the angular part equals unity
and only the k = 0 term in the sum contributes. The re-
sults of the calculation are shown in Figure 2. It turns out
that the squared matrix element is indeed very sensitive to
the total angular momentum and can vary by several or-
ders of magnitude (similar behaviour is also found for the
other matrix elements listed in (20)). If we also account for
the multiplicity, the recombination strength (8) is propor-
tional to gdAa and has its maximum around L = 12. This
motivates our choice of angular momentum (cf. caption of
Fig. 1).

We can now compare the transition rate calculated
with Fermi golden rule and analytical wave functions for a
single product state with the width obtained as the imag-
inary part of the complex scaled second-order energy con-
tribution, which should be identical. We look thus for the
equality

π|〈{1s ε12}12|(r12)−1|{2s 49 12}12〉|2 =

−Im

⎡

⎣
N p̄
∑

i=1

〈{1s i 12}12|(r12)−1|{2s 49 12}12〉2
Ee

2s + Ep̄
49,12 − Ee

1s − Ei

⎤

⎦

r→r exp(iθ)

.

(23)

The sum on the right hand side runs over the whole
spectrum of the antiprotonic radial functions i (with the
corresponding energies Ei) generated with B-Splines and
N p̄ is the number of the states included (which is lim-
ited by the chosen B-Spline parameters). The energy ε of
the Coulomb wave on the left hand side equals the term
ε = Ee

2p +Ep̄
49,12−Ee

1s = 0.812 a.u. that appears in the de-
nominator on the right hand side. Note however that the
energies Ei are complex and thus the condition ε 	= Ei

holds for all i in (23). As shown in Figure 3 agreement
is achieved for a sufficient number of included configura-
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Fig. 3. Convergence of expression (23) as a function
of the number of included antiprotonic states N p̄ (here
N p̄

max = N p̄
k − k − 2 = 316) for the matrix element A =

π|〈{1s ε12}12|(r12)
−1|{2s 49 12}12〉|2 . All values are given in

atomic units.

tions (the relative difference between the analytical value
and the converged result is about 10−4). A similarly good
agreement is found also for the other matrix elements.
This comparison provides, in fact, two kinds of informa-
tion: the agreement between the analytical value and the
sum in (23) can be seen as an indicator of how well the an-
tiprotonic wave functions are represented by the B-Splines
(i.e. if the used number of knot points N p̄

k is sufficient),
while how fast (that is, after how many included terms)
the sum converges towards the analytical expression is a
measure at which point it can be truncated. As can be
seen from the figure, already after N p̄ ≈ 85 terms conver-
gence is provided, although the number of knot points in
the antiprotonic knot sequence N p̄

k would allow to include
N p̄

max = N p̄
k − k − 2 = 316 antiprotonic states. However,

one should keep in mind that the results given so far do
not even approximately give the true antiproton ejection
rate since we considered only one particular basis state
instead of a coherent sum. Nevertheless, the scaling with
respect to total angular momentum could be investigated
and the numerical accuracy was tested.

4.2 Rates

The number of configurations that can be included in
a full CSCI calculation in practice is, of course, limited
by the computational resources and the basis set needs
to be truncated in some way. After performing some
convergence tests, the following configuration have been
used. We restricted the angular symmetries to {s, L} and
{p, L ± 1}, while the maximum number of antiprotonic
orbitals is limited by the used B-Splines parameters as
N p̄

k − k − 2 = 316 where N p̄
k = 325 is the number of

knot points used and k = 7 the order of the B-Splines.
The same restriction applies to the number of electronic
orbitals, for the representation of which Ne

k = 45 knot-
points were used and hence Nmax = 36. However, to keep
the size of the matrix to be diagonalized within reasonable
boundaries we truncated the antiprotonic basis further.
For a correct representation of the antiprotonic emission
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Table 1. Positions and half widths corresponding to antipro-
ton (p̄) and electron emission (e) and total half widths of the
2–49 resonances for L = 12 with and without mass polariza-
tion, given in atomic units (a[b] = a×10b). See text for further
details.

Res. I Res. II Res. III

Position –195.586 –194.786 –193.628
Without Γ/2(p̄) 7.3[–7] 8.8[–6] 2.0[–5]
mass-pol. Γ/2(e) 4.4[–5] 3.6[–7] 7.7[–6]∑

(Γ/2(p̄, e)) 4.5[–5] 9.2[–6] 2.8[–5]
Γ/2(total) 5.8[–5] 9.5[–6] 3.0[–5]

Position –195.586 –194.786 –193.628
With Γ/2(p̄) – 1.8[–5] 3.7[–5]
mass-pol. Γ/2(e) 6.2[–5] 8.5[–7] 1.3[–5]∑

(Γ/2(p̄, e)) – 1.9[–5] 5.0[–5]
Γ/2(total) 7.8[–5] 1.9[–5] 5.3[–5]

channel and the bound part we included the maximum
number of antiprotonic states in the configurations with
the electronic 1s, 2s and 2p orbitals, while for the remain-
ing electronic orbitals only 114 antiprotonic orbitals were
used. This was found to be sufficient for convergence (cf.
also Fig. 3) and yields a matrix size of about 104 × 104.

As indicated in equation (8), not only the total width
but also the antiproton ejection rate and electronic Auger
rate have to be calculated distinctly in order to obtain
the recombination strength. Both processes, however, arise
from the electron-antiproton interaction, and it is not triv-
ial to separate them. An approximate separation can be
achieved by excluding configurations which form a cer-
tain decay channel, and as a check for consistency one can
compare the sum of the hereby estimated partial widths
with the obtained total width. In order to exclude Auger
electron emission, only antiprotonic orbitals with n ≥ 44
were included, so that the system becomes virtually stable
against electron emission because of the absence of low ly-
ing antiprotonic states. On the other hand, to isolate the
electron emission channel the low lying antiprotonic states
should definitely be included, while now all configurations
involving the electronic 1s orbital are excluded so that the
system is virtually stable against emission of the antipro-
ton. All calculations were performed with and without the
mass polarization term to investigate its significance. The
results are shown in Table 1.

It is found that the antiproton ejection rate of the high-
est 2–49 resonance is very low and could not be resolved
properly in the present calculation. The result after in-
cluding mass polarization is below the achieved numerical
accuracy and is therefore not given in the table. The two
other resonances, however, are broader and can be de-
scribed rather well. The effect of the mass polarization
term is clearly visible and should not be neglected even
for rather heavy nuclei. The reason is of course that even
compared to the large mass of a heavy nucleus the mass
of the antiproton is not negligible. The second and third
resonance also show good consistency in the distinct de-
scription of the channels since the sum of the antipro-

Table 2. Partial half widths for electronic radiative tran-
sitions into the final states |{1s 49 11}11〉 (ΔL = −1) and
|{1s 49 13}13〉 (ΔL = +1) and total radiative half widths of
the 2–49 resonances from Table 1, given in atomic units (a[b] =
a× 10b). The coefficients from the expansion of the doubly ex-
cited states in the basis (11) correspond to the basis states
|{2s 49 12}12〉 (c1), |{2p 49 11}12〉 (c2) and |{2p 49 13}12〉 (c3).

|c1|2 |c2|2 |c3|2 ΔL = −1 ΔL = +1 Γ tot
rad/2

Res. I 0.83 0.08 0.08 8.5[–5] 8.5[–5] 1.7[–4]
Res. II – 0.526 0.47 5.7[–4] 5.1[–4] 1.08[–3]
Res. III 0.16 0.39 0.44 4.3[–4] 4.9[–4] 9.2[–4]

ton and electron emission widths agrees rather well with
the obtained total width. The observed difference arises
most likely due to interference effects between the chan-
nels, underlining the approximative nature of an indepen-
dent treatment.

To calculate the radiative rates, we will exploit the
fact that in the expansion in the basis (11) the doubly
excited states are almost completely determined by only
a few basis states, namely those with ne = 2, le = s, p
and np̄ = 49, lp̄ = 11, 12, 13. Thus, to apply the approach
described in Section 4.2 we explicitly consider the matrix
element that appears in (16). For a transition of the form
| {nl n′′l′′}Li〉 → | {nl n′l′}Lf〉 it reads

Ar =
e2

4πε0
4

3�4

(
ΔE

c

)3

(2Lf + 1)

×
(∫

Pn′l′(r)rPn′′ l′′ (r)dr
)2 {

Lf 1 Li

l′′ l l′

}2

〈l′‖ C1 ‖l′′〉2.
(24)

Compared to electronic radiative transitions, the antipro-
tonic ones are found to be several orders of magnitude
slower. The reason is the small energy difference be-
tween the levels for small changes in the main quan-
tum number n (Ar ∼ (ΔE)3). For big changes in n,
on the other hand, the transitions are suppressed by the
fact that the initial and final wave functions have al-
most no overlap. We can therefore safely neglect the an-
tiprotonic radiative transitions in the following. Because
of dipole selection rules, only the basis states that in-
clude the electronic 2p orbital contribute (i.e. the basis
states |{2p 49 11}12〉, |{2p 49 13}12〉), while no contribu-
tion arises from the basis state |{2s 49 12}12〉. We ob-
tain distinct rates for radiative stabilization into the final
product states |{1s 49 11}11〉 (ΔL = −1-transition) and
|{1s 49 13}13〉 (ΔL = +1-transition) by inserting the rel-
evant quantum numbers in equation (24) and multiplying
the result with the squared expansion coefficient that cor-
responds to the contributing basis state. The results are
shown together with the coefficients in Table 2 where the
total radiative stabilization rate is approximated by the
sum of both partial rates. As one can see from compari-
son with Table 1, the electronic radiative rates are about
two orders of magnitude larger than the ones for antipro-
ton and electron ejection.
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Fig. 4. Cross section for antiprotonic capture via Res. II in
the isolated resonance approximation (6) as a function of an-
tiproton energy.

4.3 Recombination strength and cross section

The calculated rates can now be used to estimate the re-
combination strength (8). Since the antiproton ejection
width of the 2–49 resonance at –195.586 a.u. could not be
resolved clearly, we will focus on the other two resonances
at –194.786 a.u. (Res. II) and –193.628 a.u. (Res. III).
For the chosen example, the multiplicity of the initial ion
with the electron being in the 1s state is gi = 2 due to
spin, while the multiplicity of the doubly excited state d
is given by its total angular momentum Ld = 12 and 4 pos-
sible spin couplings to gd = 4(2Ld + 1) = 100. Since the
radiative transitions turned out to be by far the fastest,
the stabilization fraction Fs =

∑
Astab/(Aa +

∑
Astab)

approximately equals unity (Fs = 0.98 for Res. II and
Fs = 0.96 for Res. III), and the inclusion of the electronic
Auger rate changes the result by only about one percent.
Furthermore, we see that as long as radiative stabilization
dominates (which is the case for large Z), a very precise
calculation of radiative rates is not necessary since they
cancel in the expression for the recombination strength.
The only quantity that needs to be determined to a rather
high accuracy is the antiproton ejection rate since the re-
combination strength is proportional to the latter. The ex-
pression for the strength can be written as S = (�2/me)ξ
where ξ is a dimensionless quantity

ξ =
π2

2(μp̄/me)
�Aa

Ed − Ei

gd

gi
Fs (25)

and with �
2/me = 7.62 × 10−16 eV cm2 we obtain

SII = 7.1 × 10−22 eV cm2 for Res. II and SIII = 11.7 ×
10−22 eV cm2 for Res. III. The Lorentz shaped cross sec-
tion profile (6) for Res. II, shown in Figure 4, has its max-
imum of 7.56 kbarn at 0.14 keV. Similarly, the peak for
Res. III reaches its maximum of 14.06 kbarn at 0.17 keV.
The widths of both resonances are much smaller then
the energy distance between them and thus they can be
treated as isolated to a good approximation.

5 Discussion and concluding remarks

To estimate the feasibility of resonant antiproton capture
by electron excitation in highly charged ions, we adopted a
theoretical approach which is based on the one often used
in calculations on dielectronic recombination. The choice
is motivated by the similarity of the processes. We per-
formed illustrative calculations for a few resonances in hy-
drogenlike Ca19+ and found the cross section to be about a
few kilobarn in the 0.1–0.2 keV region. The stabilization of
the intermediate doubly excited electron-antiproton states
is dominated by electronic radiative transitions.

The question is now how the obtained results should
be interpreted with regard to the feasibility of the pro-
cess in general. In principle, the calculated recombina-
tion strengths are of the same order as found in dielec-
tronic recombination calculations and measurements, see
e.g. reference [31] on lithiumlike beryllium or [32] for He+

where the calculated strengths lie in the region 1 ≤ S ≤
25 × 10−22 eV cm2. Therefore, an experimental observa-
tion of the process described in the present work does not
seem impossible. Another question is whether the results
can be used to draw conclusions also about ions in other
charge states. The antiproton ejection rate (which is, as
mentioned before, the decisive quantity) is independent
of Z to a first approximation, and hence the qualitative
picture is also valid for neighboring ions. However, the ra-
diative rate scales as Z4 which means that for lighter ions
the stabilization fraction Fs can be significantly smaller
than one and hence the cross section decreases. Also the
electron-antiproton correlation becomes more and more
significant as Z decreases. For significantly higher nuclear
charge, on the other hand, relativistic effects can play a
role.

Finally, there is another aspect that should be dis-
cussed. In antiproton-ion collisions, capture can also occur
through a non-resonant process if an initially bound elec-
tron is scattered into the continuum:

p̄+Aq+ → [p̄A(q+1)+] + e. (26)

This process has no counterpart in electron-ion recom-
bination, although it is possible that a continuum elec-
tron is captured and a bound electron is emitted in an
electron-ion collision. Such a process conserves the num-
ber of bound electrons. Contrary to this case, we are deal-
ing with two different particles and can therefore clearly
distinguish which one is emitted in the final state. The cor-
responding process with antiprotons (26) has been stud-
ied by Cohen for several singly charged ions [33] and by
Sakimoto for He+ [34]. The cross sections they provide
are relatively large, about ∼0.2 a2

0 or ∼5 Mbarn for a cen-
ter of mass energy of 1 a.u. Note though that this is
the total cross section summed over all angular momenta
and over all final states of the captured antiproton, while
the present calculations consider the capture into a spe-
cific quantum state. This non-resonant process is indis-
tinguishable from the resonant process where the doubly
excited state decays by electron emission. Reference [34]
finds in fact that this type of resonances gives a larger
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contribution than the pure direct process. This might be
because the considered impact energy is such that many
resonances (Rydberg series) overlap in energy and can be
populated, compare e.g. the energy region of the (3–45)
and (4–44) resonances in Figure 1. If the purpose is to
control into which state the antiproton is captured such a
resonance dense region is not an optimal choice. In highly
charged ions where the energy difference between different
n-manifolds is larger it might be easier to avoid them. A
related question is that of interference between the reso-
nant and non-resonant process. Such interference will of
course be possible. We note however that the bulk part of
the resonance strength calculated here is coming through
the photon decay channel which leads to a different charge
state than the direct process. With this channel no inter-
ference can take place, and thus we expect the effect of
the non-resonant channel to be additive. The dominance
of the photon decay channel is due to the high degree of
excitation of the antiproton. To release the electron the an-
tiproton has, for the resonances treated here, to undergo
a transition with Δn ≥ 6 and the result is a suppression
of the Auger rate. For resonances with a higher degree
of electronic excitation and a lower degree of antiproton
excitation the situation can be very different.

In conclusion, we may say that from this first theoreti-
cal estimate the exotic dielectronic-like process of resonant
antiproton capture in highly charged ions does not seem
to be completely out of reach.

Financial support from the Swedish Science Research Council
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In a recent paper �Phys. Rev. B 78, 075316 �2008��, Sajeev and Moiseyev demonstrated that the bound-to-
resonant transitions and lifetimes of autoionizing states in spherical quantum dots can be controlled by varying
the confinement strength. In the present paper, we report that such control can in some cases be compromised
by the presence of Coulomb impurities. It is demonstrated that a screened Coulomb impurity placed in the
vicinity of the dot center can lead to bound-to-resonant transitions and to avoided-crossinglike-behavior when
the screening of the impurity charge is varied. It is argued that these properties also can have impact on
electron transport through quantum dot arrays.

DOI: 10.1103/PhysRevB.81.125315 PACS number�s�: 73.21.La, 32.80.Zb

I. INTRODUCTION

Autoionizing states have been very thoroughly investi-
gated in conventional atomic systems. The accuracy
achieved nowadays in experiment and theory is as high as to
resolve hyperfine splittings in dielectronic resonances.1 An-
other, currently very active, research topic involving autoion-
izing states are pump-and-probe experiments with short laser
pulses, which make it possible to follow the autoionization
process in real time and thus to resolve electron dynamics in
atoms.2,3 However, the autoionization process in artificial at-
oms such as quantum dots is less known; from an experi-
mental point of view, it is much more difficult to observe
autoionization, since, contrary to “usual” atomic systems,
quantum dots are imbedded into the semiconductor. The con-
ventional atomic approach where autoionizing states are re-
vealed as resonances in the cross-section spectra for ioniza-
tion by photon or particle impact is, in the case of quantum
dots, not easily employed. Also theoretical data are rather
scarce, since the confinement of the electrons in the dot is
often modeled by a harmonic potential, which automatically
excludes the possibility of resonances, while in reality the
confining potential is, of course, finite. To circumvent this
problem, other confinement models were suggested to study
the autoionization process in two-electron quantum dots,
such as a finite well4–6 or a Gaussian potential,7,8 which in-
deed led to interesting observations such as resonance-
induced enhancement of the dot sensitivity to photons8 or
entanglement in resonances.6 In the present work, we aim to
study the effects of screened Coulomb impurities on the po-
sitions and lifetimes of such autoionizing resonances. The
impact of charged impurities on the properties of quantum
dots was addressed in connection with different confinement
models, such as a parabolic potential9–12 or an infinite well,13

but also finite potentials.14–18 Another interesting aspect is
the behavior of quantum dots with impurities in external
fields, which can give rise to effects such as emergence of
stable nondispersive electron wave packets,19 field-enhanced
electron localization,20 or change in optical properties.21

However, we are only aware of one paper explicitly investi-
gating the role of impurities in the autoionization process.4

Therein, Buczko and Bassani considered a finite potential

well with a hydrogenic impurity and chose an analytical
method based on scattering theory techniques. Here, we
adopt a different approach commonly known as “complex
scaling” or “complex coordinate rotation” to determine the
positions and widths of the resonances in a Gaussian-shaped
spherical two-electron quantum dot with a Coulomb impu-
rity. The method is described in more detail in the following
Sec. II along with the computational procedure and the re-
sults are presented in Sec. III. A discussion and conclusions
are given in Sec. IV.

II. METHOD

The Hamiltonian of a spherical Gaussian two-electron
quantum dot with a Coulomb impurity reads

H = − �
i=1

2 ��2�qi

2

2m�
+ U0e−�qi

2
+

�e2

4��0�qi
� +

e2

4��0��q1 − q2�
,

�1�

where q1 ,q2 are the coordinates of the two electrons, m� is
the effective electron mass, � is the dielectric constant of the
semiconductor, U0 is the depth of the confining potential, �
is a parameter describing the range of the latter, and � is the
effective charge of the impurity. For convenience, we intro-
duce scaled parameters as suggested in Ref. 8:

ri =
m�

me�
qi,

V0 =
me�

2

m�
U0,

� =
me

2�2

�m��2� , �2�

where me is the electron mass, so that the Hamiltonian can be
written as
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H =
m�

me�
2	− �

i=1

2 ��2�ri

2

2me
+ V0e−�ri

2
+

�e2

4��0ri
�

+
e2

4��0�r1 − r2�
 . �3�

From here on, all quantities will be given in effective atomic
units and the values for the corresponding semiconductor can
be reobtained from Eq. �2�. For example, in the case of GaAs
we have �=12.4 and m� /me=0.067, which gives the effec-
tive energy unit 1 Ha��11.857 meV and the effective
length unit a0

��9.794 nm. To determine the bound as well
as the resonant states of the system, we diagonalize the com-
plex scaled Hamiltonian within a B-spline basis set. This
method was earlier applied to describe autoionizing reso-
nances in atomic22,23 and exotic24–26 systems. The Hamil-
tonian �Eq. �3�� is dilation analytic, so that the uniform com-
plex scaling27–30 of the coordinates can be imposed:

ri → rie
i�, �4�

with a real parameter 0���� /4. The eigenvalues of the
scaled Hamiltonian are complex. However, the physical
states are invariant with respect to � while pseudocontinuum
states are rotated into the complex plane by the angle 2�.
After diagonalizing the scaled Hamiltonian for different val-
ues of �, one obtains the bound states of the system as the
eigenvalues with vanishing imaginary parts and the resonant
states as complex eigenvalues,

Eres = Epos − i
	

2
, �5�

the real part of which gives the position of the resonance and
the negative imaginary part the halfwidth of the latter. It is
connected to the lifetime 
 as 
=� /	. The diagonalization of
the scaled Hamiltonian is carried out numerically using
LAPACK routines, and below we briefly describe the compu-
tational procedure. The radial part of the one-particle Hamil-
tonian h is given by

h =
m�

me�
2�−

�2

2me

�2

�ri
2 +

li�li + 1��2

2meri
2 − V0e−�ri

2
−

�e2

4��0ri
� ,

�6�

and in the first step, the corresponding radial Schrödinger
equation is solved in a sufficiently large box using piecewise
polynomial functions Bk �so-called B-splines31,32 of a certain
order k� defined on a given knot sequence. Thus, the radial
one-particle eigenfunctions � j are obtained in the form

� j�r� = �
k

ckjBk�r� , �7�

with expansion coefficients ckj. Subsequently, the matrix el-
ements of the interaction potential

me�
2

m�
V12 =

e2

4��0�r1 − r2�
�8�

between the obtained states are computed using multipole
expansion, where the radial integration can be carried out to

machine accuracy using Gaussian quadrature, while the an-
gular integration is performed analytically using Racah
algebra.33 The full Hamiltonian is then set up in the basis of
coupled eigenstates to the one-particle Hamiltonians under
consideration of the Pauli principle. Complex scaling is im-
posed by multiplying the kinetic terms by exp�−2i�� and the
Coulomb terms by exp�−i��. The real and imaginary parts of
the complex rotated Gaussian confining potential are given
by

Re�− V0 exp�− ��rie
i��2�

= − V0 exp�− �ri
2 cos�2���cos��ri

2 sin�2��� , �9�

Im�− V0 exp�− ��rie
i��2�

= V0 exp�− �ri
2 cos�2���sin��ri

2 sin�2��� , �10�

and are scaled accordingly. After the setup of the Hamil-
tonian matrix is completed, the latter is diagonalized in the
final step.

III. RESULTS

In the present calculations, we considered both donor and
acceptor impurities, and therefore we varied the effective
charge in the regions ��0 and ��0. This is a quite simple
picture of the screening mechanism, but it should be suffi-
cient to illustrate the effect of impurities on autoionizing
states. In a more advanced approach, one could also include
a possible spatial dependence of the screening. For example,
Kwon34 recently presented a model where the screening is
modeled by an exponentially decreasing potential

Vimp
i =

q

4���0ri
exp�−

ri

rs
� , �11�

where q is the true impurity charge and rs is the screening
length which depends on the doping concentration in the
semiconductor and the temperature �see Eqs. �9�–�15� in Ref.
34�. We simplify the treatment by varying � independently
of ri, as it is often done in atomic many-electron systems to
model the screening effects by core electrons. Also, since we
are mostly interested in autoionizing states which are situ-
ated not very close to the dot center, this approximation
seems reasonable.

The parameters of the confining potential are chosen in
the same region as suggested in Ref. 8: throughout the cal-
culations, the potential depth is kept fixed at V0=3 Ha� and
for the range parameter � we take certain values which are
well suited to illustrate the physical behavior we aim to dem-
onstrate. To represent the basis states, a sequence of 48 knot
points with a box size of R=24 a0

� is used to generate the
B-spline set, the order of which is k=7 throughout the paper.
We restrict our treatment to singlet resonances and include
all configurations of s-s , p-p, and d-d type for the 1S sym-
metry and all configurations of s-p and p-d type for the 1P
symmetry, which is enough to reach sufficient convergence.
The numerical stability of the method was confirmed by suc-
cessfully reproducing the positions and widths of the reso-
nances as given in Ref. 8 for the case �=0 obtained with a
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Gaussian basis set. Figures 1 and 2 show the positions and
halfwidths of the three lowest states and the 1s threshold for
donor and acceptor impurities with different screening
strengths. We observe that a donor impurity can turn an au-
toionizing state into a bound state, while for an acceptor
impurity the opposite behavior is seen. Somewhat similar

situations are known to occur in atomic systems, when a
certain electronic configuration gives or does not give rise to
autoionizing resonances depending on the nuclear charge.
For example, the �1s22p2�1S state is autoionizing in
beryllium,35 while in the case of any other berylliumlike ion
�e.g., berylliumlike carbon36� this state is bound. Of course,
this analogy does not fully hold in the case studied here,
since the confining potential remains unchanged, but to some
extent it allows a qualitative insight in the observed behavior.
Another interesting aspect in the case of donor impurities is
that the width of the state which remains autoionizing �blue
dotted curve in Fig. 1� is affected differently for different
total angular momenta: in the case of 1S symmetry it is
slightly increasing while for the 1P symmetry it is slightly
decreasing as the effective impurity charge grows. Further-
more, we would like to point out that, for an acceptor impu-
rity, the positions of the second and third states become very
close to each other after crossing the threshold �blue dotted
and red solid curves in the upper left panel in Fig. 2�. By
“zooming in” into the relevant region, we see that these
curves show an avoided-crossing-like behavior. It is illus-
trated in Fig. 3, where we also plot the energy difference E
of the states vs the effective impurity charge. To summarize,
we observe that the dot spectra are quite sensitive with re-
spect to impurities, both concerning the positions and, in
case of autoionizing states, also the lifetimes, in particular
because impurities can cause threshold crossings so that
bound states become resonant or vice versa. In the following
Sec. IV, we discuss the physical implications of the observed
behavior which allows us to draw some conclusions.

IV. DISCUSSION AND CONCLUSIONS

In the context of the presented results, we focus on two
main topics in our discussion: resonance-enhanced sensitiv-
ity of the quantum dots to photons and the role of autoion-
izing resonances in transport processes through quantum dot
chains. The practical purpose behind controlling the posi-
tions and lifetimes of resonances in quantum dots by adjust-
ing the confining potential8 was a possible application of the
latter as sensitive photodetectors. As demonstrated therein,
the presence of an autoionizing resonance leads, in fact, to a
very significant increase in the photoionization rate, since
autoionizing states can be intermediately populated in the
photoionization process. Our results, however, indicate that
in case of such an application attention should be paid to the
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FIG. 1. �Color online� Donor impurity ���0�. Upper panels:
energy positions of the three lowest states �colored lines� and the
position of the 1s threshold �solid black line� as the function of the
screening strength shown for 1S �left� and 1P �right� symmetries.
Lower panels: halfwidths of the occurring resonant states. As the
position of the second state crosses the threshold, it becomes a
bound state and its width vanishes. The values for the range param-
eter were taken as �=0.21�a0

��−2 for the 1S symmetry and �
=0.13�a0

��−2 for the 1P symmetry. The energies and halfwidths are
given both in scaled hartree units �left axis� and meV �right axis�
with material parameters of GaAs.
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rity ���0�. Here, we observe that two states �blue dotted and red
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purity of the semiconductor, since a donor impurity could
turn an autoionizing state into a bound state which would
considerably decrease the detector sensitivity. In other
words, donor impurities counteract the controlled efficiency
of such photodetectors. As for the role of acceptor impurities,
we would like to mention their possible impact on electron
transport through quantum dot chains. Let us, for example,
imagine an array of quantum dots, prepared in a way that
each of them initially contains one electron and consider the
propagation of an electronic wave packet from one end of the
chain to another.37 If, in such a situation, acceptor impurities
are present in one or several dots and give rise to autoioniz-
ing resonances, it could lead to an additional channel for
quantum transport where the electron is captured into a reso-
nant state and remains there for a time span comparable to
the lifetime of the resonance before it is released back to the
continuum. This mechanism would thus compete with tun-
neling between coupled quantum dots, possibly even giving
rise to interference effects among the propagation paths.
Qualitatively, one may even compare the situation to the first
step in the process of dielectronic recombination in ions,
when free electrons are captured into doubly excited states
by simultaneous excitation of a core electron. Of course, in a

semiconductor the resonant characteristic would be less pro-
nounced since the propagating electrons are not monochro-
matic; nevertheless, such a parallel between “usual” and ar-
tificial atoms is quite intriguing.

In conclusion, we studied autoionizing resonances in the
presence of Coulomb impurities in spherical Gaussian-
shaped two-electron quantum dots using the complex scaled
direct diagonalization method. We found that donor impuri-
ties can turn resonant states with a finite lifetime into bound
states, while acceptor impurities have the opposite effect.
Implications of these features were discussed in the context
of photoionization and transport processes in quantum dots,
underlining the importance of the semiconductor purity in
these particular applications.
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Abstract

Using an analytical model potential which contains resonant and bound states,
we show that the decay of the resonances can be simulated by Lindblad
operators. For that purpose, the unitary time evolution of an initial Gaussian
wave packet in the model potential is compared with the non-unitary time
evolution, obtained by solving the Lindblad equation, of the same wave packet
in a potential which coincides with the model potential in the region of interest
but does not contain resonances. In the latter case, dissipative effects are
accounted for by Lindblad operators which lead to phenomenological friction
and diffusion constants in the equations of motion. We suggest how those
constants can be determined in a non-heuristic way, being directly connected
to the width of the resonance in the model potential which we calculate using
the complex rotation method.

PACS numbers: 03.65.−w, 03.65.Yz, 03.65.Xp

1. Introduction

Open quantum systems have been studied quite intensively in recent decades, covering a
wide spectrum of applications in surface [1, 2], atomic [3–6], nuclear [7–11] and particle
[12, 13] physics and in decay [14, 15], decoherence [16–20] and tunnelling [21–23] processes,
to mention just a few examples. They also present an important framework in quantum
information theory which allows us to study fundamental aspects like e.g., dephasing and
entanglement dynamics of qubits [24–26]. Open quantum systems are characterized by
dissipative interaction with the environment which leads, in general, to a non-unitary time
evolution, and a common approach to describe such a time evolution are master equations for
the density matrix ρ. Among those, the Markovian master equation derived by Lindblad [27]
presents the most general form:

dρ

dt
= − i

h̄
[H, ρ] +

1

2h̄

∑
j

([
Vjρ, V

†
j

]
+

[
Vj , ρV

†
j

])
. (1)

1751-8113/08/425303+13$30.00 © 2008 IOP Publishing Ltd Printed in the UK 1

http://dx.doi.org/10.1088/1751-8113/41/42/425303
mailto:genkin@physto.se
http://stacks.iop.org/JPhysA/41/425303


J. Phys. A: Math. Theor. 41 (2008) 425303 M Genkin and E Lindroth

Here, H denotes the Hamiltonian of the open quantum system, and Vj are operators defined
on the Hilbert space of H, representing the dissipative interaction of the open system with
the environment. There are no further general restrictions on these operators, and their
choice in physical applications is often heuristic, as are also the numerical values of the
phenomenological constant(s), which may appear in the resulting equations of motion as a
consequence. Such a phenomenological approach allows the treatment of problems where
the nature of the dissipative effects is far too complex to be described in detail, such as, for
example, in deep inelastic heavy-ion collisions, where dissipation arises from the excitation of
the internal degrees of freedom, i.e. the nucleons. On the other hand, it is not obvious to what
extent the true dynamics of the system is reflected in such calculations, since in many cases no
experimental data or theoretical results from independent models are available for comparison.
The aim of the present work is to investigate whether the phenomenological constant(s) can
be obtained from external parameters of the considered open system. Hence, we require an
appropriate open system, so that its true time evolution can be obtained independently, and a
subsequent comparison can be made in order to either confirm or disprove the choice of the
phenomenological constant(s).

Resonances present a special case of open systems, where the dissipative character occurs
due to the coupling to the continuum. There exists a number of reliable methods to determine
their positions, widths and time evolution (see, e.g., a recent work by Jentschura et al [28]
where their dissipative terms are also explicitly mentioned). As is well known, the decay
of a resonance is driven by the width, so if we try to describe the effect of resonances on a
physical system in the framework of the Lindblad theory instead of an ab initio treatment, one
can expect the appearing phenomenological constant(s) to be connected to the width in some
way. To investigate this connection, we proceed as follows. In section 2, we propose a model
potential for our analysis and calculate the energy positions of the bound and resonant states,
and the widths of the latter ones using the complex rotation method. In section 3, we repeat
the derivation of the equations of motion including the phenomenological constants from the
Lindblad equation (1) for the given case, and present their solutions. The time evolution of an
initial Gaussian wave packet in the model potential is calculated in section 4, and a comparison
to the Lindblad dynamics is made. From that, the main conclusion of the present work is
formulated. This conclusion is further discussed in section 5. Restrictions and limitations
of the used approach are also discussed at the end. Atomic units are used throughout unless
stated otherwise.

2. The model potential

The Lindblad equation is known to be analytically solvable for a harmonic oscillator potential.
Such a potential, of course, has only bound states but no resonances. On the other hand,
multiplying this potential with a smooth analytical cutoff yields a potential barrier, and hence
resonances do occur. If we consider a one-dimensional harmonic oscillator potential, Uh(q),
(q being the coordinate) with a minimum U0 at q = q0, that is

Uh(q) = 1
2mω2(q − q0)

2 − U0, (2)

where ω is the oscillator frequency, and m is the mass of the particle; the cutoff in the model
potential Um can be implemented in the following form:

Um(q) = Uh(q)

(
1 − 1

1 + exp(−(q − qB)/τ)

)
. (3)

The parameter τ gives the smoothness of the cutoff (in the limit τ → 0, one obtains the
Heaviside step function), and qB is the point at which the cutoff is switched on, thus it

2
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Figure 1. The model potential Um (3) (solid line) shown together with a harmonic oscillator
potential Uh (2) (dashed line) for m = 1.0, ω = 3.9, q0 = 1.833, qB = 3.35, U0 = 7.0 and τ =
0.19.

corresponds approximately to the position of the barrier. For a better visualization, the model
potential is shown together with a harmonic oscillator potential in figure 1. This model
potential has the advantage that it coincides with a harmonic oscillator potential in the region
q < qB , and hence we can adopt the following approach: while the true time evolution of the
Gaussian wave packet which is initially situated in the region of interest is obtained from the
Schrödinger equation with the full model Hamiltonian

Hm = p2

2m
+ Um(q), (4)

the time evolution given by the Lindblad master equation (1) is calculated for the same initial
wave packet, but with the harmonic oscillator Hamiltonian

Hh = p2

2m
+ Uh(q), (5)

since the effect of the resonances is already accounted for by Lindblad operators, i.e., by the
fact that we use the Lindblad equation. Such an approach seems justified as long as we are
interested only in the local dynamics in the region of interest (q < qB). However, we would
like to emphasize here that the time propagation itself has, of course, to be calculated for the
whole space including the asymptotic region in the first case.

We now proceed with the calculation of the energy positions of the bound states and
resonances, and the widths of the latter ones in the model potential Um. Complex rotation
[29–31] is a widely used tool to treat resonances. If a Hermitian Hamiltonian of the form,

H = − h̄2

2m

∂2

∂q2
+ U(q), (6)

is transformed as q → q exp(iθ) (where θ is a real rotation angle), the resonances are obtained
as its complex eigenvalues:

E = Er − i�/2, (7)

that is, the real part gives the energy position of the resonance, and the negative imaginary
part gives the half width. Bound states are unaffected by the transformation. They appear as

3
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Table 1. Bound and resonant states in the model potential Um. The same parameters as listed in
the caption of figure 1 were used.

State Re(E) −Im(E) = �/2

Bound −5.045 –
Bound −1.155 –
Resonance 2.62 3.3 × 10−2

Resonance 6.21 0.44

eigenvalues of the complex Hamiltonian matrix, but their imaginary parts vanish. Continuum
energies are rotated by the angle 2θ , and can be easily separated from the resonances, whose
positions are independent of the rotation angle. To carry out this procedure, in practice, for the
Hamiltonian (4) we use a B-splines expansion. B-splines are piecewise polynomial functions,
defined on a so-called knot sequence and have several desirable properties (a detailed overview
can be found in [32]). The combination of B-splines with complex rotation is a common
method, mainly in atomic and molecular physics (e.g., [33–36]). The standard numerical
procedure is to embed a knot sequence in a box of sufficient size, and subsequently project the
Schrödinger equation Hψj = Ejψj onto the chosen B-splines set Bi (thus, the eigenfunctions
are expanded as ψj = ∑

i c
j

i Bi). By solving the resulting generalized eigenvalue equation

Hc = EBc, (8)

(where Hij = 〈Bi |H |Bj 〉 and Bij = 〈Bi |Bj 〉) we can directly obtain the energies. The four
lowest physical states are given in table 1. The two bound states lie close to the analytically
known positions of an ideal harmonic oscillator (E1 = h̄ω/2 − U0 = −5.05 and E2 =
3h̄ω/2 − U0 = −1.15), and their distance approximately equals h̄ω (	E = 3.89, h̄ω = 3.9).
This shows that the cutoff influences the bound states only weakly. Moreover, even the energy
gap between the highest bound state and the lowest resonance is of about the same order
(	E = 3.775), due to the fact that this resonance is situated below the barrier. The second
resonance lies above the barrier and is, as will be seen later, not relevant for our study. For
this reason, further resonances, which were found at even higher energies are not listed in the
table.

3. Equations of motion in the Lindblad theory

In this section, we will give a brief derivation of the equations of motion for a harmonic
oscillator from the Lindblad equation and their solutions. This problem has been intensively
studied in the last two decades, and a very detailed treatment can be found, e.g., in [37, 38]
which we are closely following here.

It is convenient to transform the master equation (1) to the Heisenberg picture with
time-dependent operators. For an operator A, it reads

dA

dt
= i

h̄
[H,A] +

1

2h̄

∑
j

(
V

†
j [A,Vj ] +

[
V

†
j , A

]
Vj

)
, (9)

where H is the Hamiltonian (5). For simplicity, we will omit the shift q0 in this part which
is only a trivial coordinate transformation that does not change the equations of motion. The
Lindblad operators for a harmonic oscillator are chosen as first-order polynomials in p and q
(this choice is sometimes referred to as the quantum-mechanical analogue of Hook’s law and

4
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is, to the best of our knowledge, the only one ever used for a harmonic oscillator). This restricts
the number of the Lindblad operators to two due to the fact that {p, q} gives a basis of such
non-commuting first-order polynomials, and hence only two independent linear combinations
can be constructed. Thus, we have

Vj = ajp + bjq, V
†
j = a∗

j p + b∗
j q, j = 1, 2, (10)

where aj , bj are complex numbers.
First, we consider the expectation values of the coordinate q and momentum p, which are

denoted by

σq = Tr(ρq), σp = Tr(ρp). (11)

Setting A = q (A = p respectively) in (9) and evaluating the commutators, we arrive at two
coupled first-order differential equations which, by introducing a phenomenological friction
constant

λ = −Im
2∑

j=1

a∗
j bj , (12)

can be written in the following form:

d

dt
σq(t) = −λσq(t) +

1

m
σp(t), (13a)

d

dt
σp(t) = −mω2σq(t) − λσp(t). (13b)

With given initial conditions σq(t = 0) = σ 0
q , σp(t = 0) = σ 0

p , the analytical solutions of
(13a), (13b) are (here and in the following, we assume 0 < λ < ω which will be justified in
section 4)

σq(t) = e−λt

(
cos(ωt)σ 0

q +
1

mω
sin(ωt)σ 0

p

)
, (14a)

σp(t) = e−λt
(−mω sin(ωt)σ 0

q + cos(ωt)σ 0
p

)
. (14b)

Next, we consider the second moments which, for two operators A and B, are defined as

σAB = σBA = 1
2 Tr(ρ(AB + BA)) − Tr(ρA)Tr(ρB). (15)

For the three cases A = q, B = q;A = p,B = p and A = q, B = p one obtains (again
by inserting the operator products in (9) and evaluating the commutators) a set of differential
equations that describes the time behaviour of the variances of p and q (denoted by σpp and
σqq , respectively), and their covariance σpq . To write these equations in a compact form, it is
convenient to define the symmetrical covariance matrix:

σ(t) =
(

σqq(t) σpq(t)

σpq(t) σpp(t)

)
. (16)

It is worth mentioning that its determinant appears in the generalized uncertainty relation,

σqq(t)σpp(t) − σ 2
pq(t) � h̄2/4. (17)

Then, the equations can be written in the matrix form as

d

dt
σ (t) = Yσ(t) + σ(t)Y T + 2D, (18)

5
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where we used the abbreviations

Y =
( −λ 1/m

−mω2 −λ

)
, D =

(
Dqq Dpq

Dpq Dpp

)
. (19)

The elements of D are usually called ‘diffusion coefficients’ and are defined as

Dqq = h̄

2

2∑
j=1

|aj |2, Dpp = h̄

2

2∑
j=1

|bj |2, Dpq = −h̄

2
Re

2∑
j=1

a∗
j bj . (20)

Their determination and properties have been thoroughly discussed, especially for the case of
a harmonic oscillator, and different sets of diffusion coefficients were proposed [8, 39–42].
We just mention that, from definitions (12) and (20) and the Cauchy–Schwartz inequality, one
obtains the fundamental constraint

Dqq > 0, Dpp > 0, DqqDpp − D2
pq � λ2h̄2/4, (21)

which ensures the non-negativity of the density matrix for all times. Such diffusion coefficients
are often referred to as ‘quantum mechanical’ while those which do not obey (21) are called
‘classical’ due to the violation of the non-negativity condition. However, the diffusion
coefficients can be determined by postulating a certain asymptotic state (e.g., a Gibbs state),
and they may depend on the thermodynamical temperature of the system. In this case, the
asymptotic state presents an input parameter (this rather general problem of the Lindblad
equation was recently pointed out by Dietz [43]). If one considers the low-temperature limit,
the following set of diffusion coefficients can be derived [8]:

Dqq = h̄λ

2mω
, Dpp = 1

2
h̄λmω, Dpq = 0. (22)

This set satisfies (21) and does not depend on the temperature. Moreover, it has the advantage
that the diffusion coefficients are fully determined by the phenomenological friction constant,
and thus λ becomes the only phenomenological parameter to be found. We can conclude
that the given set (22) is very suitable for our study, and thus it will be used in all further
calculations. For a more comprehensive discussion, we refer to the articles mentioned above.

Now we return to the differential equations (18). Their solutions can also be given in an
analytical form,

σ(t) = etY (σ 0 − σ∞)(etY )T + σ∞, (23)

where σ 0 = σ(t = 0) is the initial covariance matrix, and σ∞ = σ(t → ∞) is its asymptote.
The latter one can be determined from the diffusion coefficients by inserting (23) in (18) which
leads to

Yσ∞ + σ∞Y T = −2D. (24)

The above matrix equation can also be written as a system of three linear equations (since
both sides of (24) are symmetrical matrices), which then can be solved for the elements of
σ∞. The result is

σqq(∞) = (mω)2(2λ2 + ω2)Dqq + ω2Dpp + 2mω2λDpq

2(mω)2λ(λ2 + ω2)
,

σpp(∞) = (mω)2ω2Dqq + (2λ2 + ω2)Dpp − 2mω2λDpq

2λ(λ2 + ω2)
,

σpq(∞) = −λ(mω)2Dqq + λDpp + 2mλ2Dpq

2mλ(λ2 + ω2)
.

(25)

6
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Inserting the diffusion coefficients (22) in the above expressions, the asymptotic values can be
shown to simplify to

σqq(∞) = h̄

2mω
, σpp(∞) = h̄mω/2, σpq(∞) = 0. (26)

The exponential of the matrix that appears in (23) is found by diagonalizing Y:

etY = e−λt

(
cos(ωt) 1

mω
sin(ωt)

−mω sin(ωt) cos(ωt)

)
. (27)

Hence, the time evolution of the first and second moments of the open quantum system is fully
determined by (14a), (14b) and (23) (provided given initial conditions σ 0

q , σ 0
p and σ 0 which,

however, do not influence the asymptotic values), and contains λ as the only free parameter.
Its connection to the resonance widths in the model Hamiltonian will be suggested from a
comparison in the following section.

4. Time evolution, comparison and main conclusion

We consider an initial Gaussian wavefunction of the form

ψ(q, t = 0) = 1(
2πσ 0

qq

)1/4 exp

(
− 1

4σ 0
qq

(
q − σ 0

q

)2
+

i

h̄
qσ 0

p

)
, (28)

which is centered around σ 0
q in q-space with the initial spread σ 0

qq , and σ 0
p is the momentum

expectation value. By means of a Fourier transformation it can also be shown that the initial
spread in p-space, σ 0

pp, is given by the initial spread in q-space as σ 0
pp = h̄2

/(
4σ 0

qq

)
. The

corresponding probability density |ψ(q)|2 (|ψ(p)|2 respectively) preserves the initial Gaussian
form for all times in a potential that is quadratic in q [11, 21, 23], which means that, for a
harmonic oscillator within the Lindblad theory, the time propagation can be obtained by
inserting the first and second moments as they are given by (14a), (14b) and (23) at any time
t. In order to propagate the initial wavefunction (28) in the model potential, we use the same
numerical tools as in section 2 but without complex rotation (i.e., θ = 0). In particular, the
Schrödinger equation for the Hamiltonian (4) is solved numerically in a box of sufficient size,
yielding the box energies εj and the box eigenfunctions ϕj in terms of B-splines:

ϕj (q) =
∑

i

c
j

i Bi(q). (29)

In the following step, the initial wavefunction (28) is expanded in the box eigenstates as

ψ(q, t = 0) =
∑

k

dkϕk(q), dk = 〈ϕk|ψ(t = 0)〉, (30)

and thus the wavefunction for any time t is obtained as a solution of the time-dependent
Schrödinger equation:

ψ(q, t) =
∑

k

dkϕk(q) exp(−iεkt/h̄). (31)

For a suitable comparison between the two approaches we will, as already indicated at the
beginning, restrict ourselves to the region where the model potential overlaps with the harmonic
oscillator, i.e. q � qB . We consider the wave packet to be located at rest around the minimum
of the model potential (which is also the minimum of the harmonic oscillator potential), in
other words, σ 0

p = 0, σ 0
q = q0. We define the norm P contained in the region of interest as

P(t) =
∫ qB

−∞
|ψ(q, t)|2 dq, (32)

7
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Figure 2. Calculated time evolution of P (crosses), shown with a function as given in (34) (dashed
line) with α = � = 6.6 × 10−2. The calculated population of the bound states PB (33) is found to
be PB = 0.947, which agrees with the calculated asymptotic value of P. The slight deviation at the
beginning occurs probably due to the fact that the initial wave packet has small components above
the barrier which are classically allowed outside the region q < qB , and hence they can leave this
region directly without tunnelling. In addition, the presence of a second resonance with a larger
width may also play a role for those components.

and with a moderate choice of σ 0
qq , the initial norm is very close to unity (e.g., P(t = 0) =

0.9987 for σ 0
qq = 0.25 in our following illustrative calculations, and the deviation is most

likely caused by the numerics). Due to the presence of a resonance, we expect this quantity
to decay exponentially and to converge towards the initial population of the bound states PB ,
defined as

PB = |d1|2 + |d2|2, (33)

with the coefficients d1, d2 from the expansion (30) that correspond to the two bound states
(cf table 1). Indeed, if the calculated time evolution of P is compared with a function of the
form

P(t) = (1 − PB) e−αt + PB, (34)

a very good agreement is achieved for α = �, where � is the width of the lowest resonance
(table 1), as shown in figure 2. Hence, we can conclude that only the lowest resonance plays a
role in our case. However, it is not clear how the described norm loss in the region of interest
can be related to Lindblad dynamics, since the latter one is norm conserving. On the other
hand, the energy expectation value is time dependent, and hence it seems more appropriate
to look for a suitable definition of the amount of energy contained in the region of interest in
order to make a reasonable comparison. We propose thus the following definition:

〈E〉(t) = 1

P(t)
Re

(∫ qB

−∞
ψ∗(q, t)Hmψ(q, t) dq

)
, (35)

which will be discussed below.
The box states in which the wavefunction ψ is expanded (30) are orthogonal with respect

to the scalar product:∫ +∞

−∞
ϕ∗

j (q)ϕk(q) dq = δjk. (36)
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They are, however, not orthogonal if the integration is taken only from −∞ to qB . Hence,
the expression

∫ qB

−∞ ψ∗(q, t)Hmψ(q, t) dq is, in general, complex since the last term in the
equation below does not vanish:∫ qB

−∞
ψ∗(q, t)Hmψ(q, t) =

∑
k

|dk|2εk

∫ qB

−∞
|ϕk(q)|2 dq

+
∑
k �=j

d∗
j dkεk ei(εj −εk)t/h̄

∫ qB

−∞
ϕ∗

j (q)ϕk(q) dq. (37)

However, the disregard of the complex part in definition (35) can be motivated as follows.
Consider two equivalent expressions for the energy expectation value EH for a usual Hermitian
quantum system with a Hamiltonian, H, and a wavefunction, ψ ,

1

N

∫
ψ∗Hψ = EH = 1

N

∫
(Hψ)∗ψ, N =

∫
|ψ |2, (38)

so that it can also be written as

EH = 1

2N

(∫
ψ∗Hψ +

∫
(Hψ)∗ψ

)
. (39)

Going back to our case, the analogue of the above expression is

〈E〉(t) = 1

2P(t)

∫ qB

−∞
(ψ∗(q, t)Hmψ(q, t) + (Hmψ(q, t))∗ψ(q, t)) dq

= 1

2P(t)

∫ qB

−∞
(ψ∗(q, t)Hmψ(q, t) + h.c.) dq

= 1

P(t)
Re

(∫ qB

−∞
ψ∗(q, t)Hmψ(q, t) dq

)
, (40)

which is exactly definition (35).
Now, we return to the time propagation of 〈E〉. In an ideal harmonic oscillator, the energy

associated with the initial wave packet (28) is given by

E0 = 1

2m

(
σ 0

pp +
(
σ 0

p

)2)
+

1

2
mω2(σ 0

qq +
(
σ 0

q

)2)
, (41)

where σ 0
pp = h̄2

/(
4σ 0

qq

)
. Again, since initially the wave packet is almost completely located

in the region q < qB in the model potential, we expect 〈E〉(t = 0) to be very close to this
value (shifted by U0). Calculating 〈E〉 confirms this expectation (E0 − U0 = −4.60 versus
〈E〉(t = 0) = −4.61). Asymptotically, we expect 〈E〉 to converge towards the energy initially
contained in the two bound states, that is

E∞ = |d1|2ε1 + |d2|2ε2

|d1|2 + |d2|2 , (42)

which is also rather well confirmed by the calculation (E∞ = −5.03 versus 〈E〉(t → ∞) =
−5.04). The calculated overall time evolution of 〈E〉 suggests a fit with a function of the same
form as in (34), i.e.

〈E〉(t) = (E0 − U0 − E∞) e−βt + E∞, (43)

and again good agreement is achieved for β = � (see figure 3). On the other hand, the time
evolution of the energy expectation value for a harmonic oscillator within the Lindblad theory
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Figure 3. Calculated time evolution of 〈E〉 (crosses) shown together with the fit (43) (dashed line)
with β = �. As in figure 2, the deviation at the beginning can be explained by the high-energetic
components of the wave packet that leave the region q < qB very fast.

(including the shift U0) reads

EL(t) = 1

2m
(σpp(t) + σp(t)2) +

1

2
mω2(σqq(t) + σq(t)

2) − U0, (44)

where σp(t), σq(t), σpp(t) and σqq(t) are given by (14a), (14b) and (23). For the initial
conditions, which were used to calculate 〈E〉, that is, a wave packet at rest centered in the
potential minimum with no initial covariance

(
σ 0

pq = 0
)
, expression (44) can be analytically

shown to simplify to

EL(t) =
(

E0 − h̄ω

2

)
e−2λt +

h̄ω

2
− U0. (45)

Comparing this with (43) (where β = �), we see that for the case

E∞ ≈ h̄ω

2
− U0, (46)

(which is fulfilled in our calculations, E∞ = −5.03 versus h̄ω/2 − U0 = −5.05) the time
dependence is the same, which leads us to the main conclusion:

λ = �

2
, (47)

in other words, to describe the dissipative effect of a resonance by Lindblad operators of the
form (10), a suitable choice for the phenomenological friction constant (12) is the half width
of the resonance.

5. Discussion and restrictions

The derived conclusion provides certain information about how the phenomenological friction
constant can be determined. This allows a less heuristic approach if the Lindblad equation is
used for the description of resonances, opening new possibilities of applications in nuclear,
atomic and molecular physics. To ensure that the agreement displayed in figure 3 is not
random (i.e., that 〈E〉 generally behaves as suggested in (43)), other numerical values of the
parameters in the potential (3) were imposed, which gives different positions and widths of
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the resonances, and yet the same qualitative behaviour was obtained. However, the result
(47) should be seen more as a tendency rather than an absolutely universal recipe, since some
restrictions apply in our calculations. The considered wave packet (28) has a very high overlap
with the bound states, which provides the condition (46) that is necessary for the agreement
between (43) and (45) from which (47) was derived. Furthermore, at high energies (e.g.,
if σ 0

p is large in (28)) the exponential behaviour is disturbed, since a large part of the wave
packet is classically allowed to cross the barrier, and the decay of the norm and the energy
contained in the region of interest occurs faster. Also the role of highly lying resonances
can become more significant, and the dynamics is no longer dominated by one single width.
In that case, extensions of the model to more than one phenomenological constant can be
necessary. Furthermore, it is not clear to what extent definition (35) can really be interpreted
as the amount of energy in the space q < qB . We hope that it was sufficiently motivated, but a
deeper investigation for arbitrary potentials would definitely shed more light on this question
(although the obtained agreement with the Lindblad equation seems encouraging).

Also the potentials that one is confronted with in physical applications are often more
complex than that treated here. Thus, if the Lindblad theory is applied, the local approximation
of the true potential by a harmonic oscillator may not be the best choice, and hence other forms
of Lindblad operators than (10) may be more appropriate, eventually leading to a different set
of phenomenological constants in the equations of motion. Altogether, we can conclude that
in an open system approach to resonances the obtained result may reflect the true dynamics
quite well in some cases. However, in complex resonant systems where a heuristic approach
is inevitable and phenomenological constants similar to (12) appear, relation (47) can still
be adopted at least as a first guess, especially if no other more elaborated alternatives are
available.

Finally, there exist also more fundamental limitations of the approach adopted in the
present work. A rigorous study of master equations for the damped harmonic oscillator [44]
shows that an exact general Liouville operator L, which satisfies ρ̇ = Lρ, does not exist for
arbitrary environment conditions. The Lindblad form is only valid in the weak coupling limit
on a coarse grained time scale. This is, to a rather good extent, fulfilled in the case studied
here (λ/ω ≈ 10−2 ≈ ω−1/	t), but these restrictions should be kept in mind when master
equations of the form (1) are used to describe the reduced dynamics of open quantum systems.
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Using a simple model potential, we study the effects of weak Markovian dissipation on the quantum arrival
time. The interaction with the environment is incorporated into the dynamics through a Markovian master
equation of Lindblad type, which allows us to compare time-of-arrival distributions and approximate crossing
probabilities for different dissipation strengths and temperatures. We also establish a connection to an earlier
study where quantum tunneling with dissipation was investigated, which leads us to some conclusions con-
cerning the formulation of the continuity equation in the Lindblad theory.
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I. INTRODUCTION

The problem of the quantum arrival time has been inten-
sively studied during the last years �1–15� both because it is
a fundamental issue in quantum mechanics and because it
can be of practical relevance for the particle detection pro-
cess. The main difficulties are �i� how to construct a time-of-
arrival �TOA� operator in quantum mechanics �16–23�, �ii�
how to establish a quantum mechanical TOA distribution
�24–28�, and �iii� how the corresponding observables can be
measured �29–33�. In the vast majority of the cases, these
questions were studied within the Schrödinger equation, but
also a relativistic Dirac equation approach was adopted in
some cases �34,35�. A unitary time evolution, however, can-
not be used to describe irreversible dissipative processes. In
the present work, we do not primarily aim at a further dis-
cussion of possible definitions but rather wish to address a
different question: how does a dissipative interaction with an
environment affect the quantum mechanical arrival time?
The TOA problem in the presence of an environment has
been studied earlier, e.g., using so-called decoherent histories
�36,37�, an absorbing potential �38�, or a formalism based on
quantum canonical transformations �39�. An alternative ap-
proach was demonstrated in Ref. �40�, where Aoki et al.
solved the time-dependent Schrödinger equation �TDSE� nu-
merically using the Crank-Nicholson method in order to
propagate a wave packet through a square potential barrier
and interpret the barrier-induced changes in the wave packet
shape and dispersion relation as an environmental effect.
Still, such an approach is different from the one adopted here
in the sense that the TDSE dynamics is unitary and allows us
to compare the arrival times of free and tunneling particles
rather than the arrival times for different dissipation
strengths. In the present work, instead of considering a po-
tential barrier itself as an environment, we will investigate
the arrival times of particles passing through a barrier but
being exposed to different coupling strengths and tempera-
tures. For that purpose, we solve a Markovian master equa-
tion of Lindblad type �41�, which, for the parabolic potential
barrier considered here, is possible even analytically. At this

point, one should mention that conceptually the problem at
hand is related to the well-studied topic of dissipative effects
on quantum tunneling �42–51�. This will also be discussed
later.

The paper is structured as follows. The model system
which is used as a test case for our study is introduced in
Sec. II, and the results are presented in Sec. III, where we
also establish a connection to earlier work. A brief summary
is given in Sec. IV. Atomic units are used throughout the
paper.

II. MODEL

We consider the initial wave function to be a one-
dimensional Gaussian wave packet of the form

��x,t = 0� =
1

�2��x�1/4exp� 1

4�x
�x − x0�2 +

i

�
p0x� , �1�

where p0 and x0 are the initial expectation values of position
and momentum and �x is the initial spread in position space.
We assume that the wave packet is initially centered around
x0�0 in position space and p0�0 in momentum space, ap-
proaching a parabolic potential barrier which is centered at
the origin,

Û = −
m�2x̂2

2
. �2�

Here, m is the mass of the particle and � is a parameter
describing the barrier steepness. The central questions to be
addressed are the following: what is the probability that the
particle arrives at the origin within a certain time interval,
when is this most likely to happen, and how are the arrival
probability and time affected by temperature and dissipation.
Trying to answer these questions, we will not propagate the
wave packet in time with TDSE; instead, we work with the
Lindblad master equation which is convenient if we wish to
incorporate environmental effects. This is sufficient to com-
pletely cover the dynamics in the given case since it yields
the time evolution of the Wigner function W corresponding
to the initial wave packet �Eq. �1�� from which all informa-
tion required for the present study can be extracted. In the
following, we denote by �A�t� the expectation value of an

operator Â and by �AB�t�=�BA�t� the covariance of two op-
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erators Â, B̂ �which, for Â= B̂, reduces to the variance �AA

= �Â2�− �Â�2�. For the case Â= x̂, B̂= p̂ we also define the
covariance determinant ��t�=�xx�t��pp�t�−�px�t�2. With this
notation, the initial Wigner function corresponding to the
wave packet in Eq. �1� reads

W�x,p,t = 0� =
1

2�	��0�
	 exp
−

1

2��0�
��pp�0��x − �x�0��2

+ �xx�0��p − �p�0��2 − 2�px�0��x − �x�0��

	�p − �p�0��� , �3�

where �x�0�=x0, �p�0�= p0, �xx�0�=�x, �pp�0�
=�2 / �4�xx�0��, and �px�0�=0. The advantage of choosing a
parabolic potential barrier �Eq. �2�� is that the Hamiltonian,

Ĥ =
p̂2

2m
+ Û , �4�

is quadratic both in x̂ and p̂ and hence the Wigner function
remains Gaussian for all times. Therefore, it is sufficient to
determine the time evolution of the expectation values �x�t�,
�p�t�, the variances �xx�t�, �pp�t�, and the covariance �px�t�.
The Wigner function at any time t is then given by the same
expression as in Eq. �3�, where the initial values of the first
and second moments are replaced by their value at time t.
The equations of motion can be derived from the master

equation, which, for an operator Â, in the Heisenberg picture
reads

dÂ

dt
=

i

�
�Ĥ,Â� +

1

2�
�

j

�V̂j
†�Â,V̂j� + �V̂j

†,Â�V̂j� . �5�

The so-called Lindblad operators V̂j describe the dissipative
interaction of the system with the environment. Convenient
choices of the latter are linear superpositions of the position
and momentum operators,

V̂j = ajp̂ + bjx̂, V̂j
† = aj

�p̂ + bj
�x̂, j = 1,2, �6�

where aj and bj are complex numbers. Such operators were
initially introduced to study dissipation effects in nuclear
physics �52–54� and they were also used in other general
quantum mechanical discussions �50,51,55–61�. The advan-
tages are that the number of Lindblad operators is limited by
the dimension of the system and that the resulting equations
of motion are analytically solvable for a Hamiltonian qua-
dratic in x̂ and p̂. For the studied case of a Gaussian wave
packet in an inverted parabolic potential, the latter were de-
rived and solved elsewhere �50,51�, so that we just briefly
quote the relevant results. The expectation values evolve as

�x�t� = e−
t
cosh��t�x0 +
1

m�
sinh��t�p0 , �7�

�p�t� = e−
t�m� sinh��t�x0 + cosh��t�p0� . �8�

Here, 
 is the environmental coupling strength parameter
which is connected to the Lindblad operators �Eq. �6�� as


 = − Im�
j

aj
�bj . �9�

The time evolution of the second moments can be written in
matrix form as

��xx�t� �px�t�
�px�t� �pp�t�

� = ��t���0 − ����t�T + � , �10�

where

��t� = exp
t� − 
 1/m
m�2 − 


�, �0 = ��xx�0� �px�0�
�xp

�0� �pp�0� �
�11�

and the elements of � are given by

�11 =
1

2m2
�
2 − �2�
�m2�2
2 − �2�Dxx + Dpp + 2m
Dpx� ,

�22 =
1

2
�
2 − �2�
��m�2�2Dxx + �2
2 − �2�Dpp + 2m�2
Dpx� ,

�12 =
1

2m
�
2 − �2�
�
�m��2Dxx + 
Dpp + 2m
2Dpx� ,

�21 = �12. �12�

The diffusion coefficients Dxx, Dpp, and Dpx that appear in
the equations above are connected to the Lindblad operators
as

Dxx =
�

2 �
j

�aj�2, Dpp =
�

2 �
j

�bj�2, Dpx = −
�

2
Re�

j

aj
�bj .

�13�

A common choice is �50–52,54,57�

Dxx =
�


2m�
coth� ��

2kBT
�, Dpp =

�
m�

2
coth� ��

2kBT
�,

Dpx = 0 �14�

since it allows us to incorporate temperature dependence �kB
denotes the Boltzmann constant� and to satisfy the funda-
mental constraints �62�

Dxx � 0, Dpp � 0, DxxDpp − Dpx
2  
2�2/4. �15�

Thus, from Eqs. �7�, �8�, and �10� the Wigner function of the
system is known for all times,

W�x,p,t� =
1

2�	��t�
	 exp
−

1

2��t�
��pp�t��x − �x�t��2

+ �xx�t��p − �p�t��2 − 2�px�t��x − �x�t��

	�p − �p�t��� . �16�

In Sec. III, we use this result to study the effects of dissipa-
tion and temperature on the arrival time.
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III. EFFECTS OF THE ENVIRONMENT ON THE
ARRIVAL TIME AND CONNECTION TO TUNNELING

PROBABILITY

As already mentioned in Sec. I, choosing an appropriate
measure of the TOA is far from trivial. One possible ap-
proach is to use the probability density current j�x , t�. Here,
we follow the derivation given in Appendix A in Ref. �37�
and consider a wave packet which is approaching the origin
from the right �i.e., x0�0, p0�0�. We define the approxi-
mate probability for the particle to cross the origin during the
interval �0, t� as

P�0,t� = �
0

t

j�0,t��dt�. �17�

Although, as extensively discussed in the references listed in
Sec. I, this definition still contains some ambiguities, e.g.,
due to possible backflow, it is nevertheless sufficient for our
study. First of all, since we are not primarily interested in
tunneling, we will consider a situation where the initial en-
ergy of the wave packet is well above the barrier, thus reduc-
ing the backflow. Second, since the potential has a maximum
at the origin, the backflow at this point should be particularly
small. The current at x=0 can be obtained from the Wigner
function in the following way:

j�0,t� = − �
−�

+�

dp
p

m
W�0,p,t� . �18�

Here we just quoted Eq. �A2� from Ref. �37�. A formal dis-
cussion concerning the use of Wigner functions to study the
TOA problem can be found in, e.g., Ref. �63�. For the
Wigner function derived in Sec. II �Eq. �16��, the above in-
tegral can be carried out analytically. The result is

j�0,t� =
�x�t��px�t� − �p�t��xx�t�

	2�m2�xx�t�3
exp
−

�x�t�2

2�xx�t�
 . �19�

It is interesting to note that while the Wigner function de-
pends also on the spread in momentum �pp�t�, the current at
the origin does not. The probability density current and the
approximate crossing probability are plotted in Fig. 1 for
different environmental coupling strengths and temperatures
�for convenience, we introduced dimensionless parameters
�=
 /� and �=�� / �kBT��.

We observe that for low temperatures, the coupling to the
environment hardly influences the TOA distribution and the
approximate crossing probability. At this point, it should be
stated that this does not necessarily need to hold for the case
of strong dissipation where 
��, but such a case cannot be
analyzed within the model adopted here since it violates the
Markovian condition and is beyond the validity region of the
master equation used here �Eq. �5��. However, in the case
���kBT both quantities become more sensitive even to
weak Markovian dissipation, and one clearly observes a shift
in the TOA distribution. This emphasizes the crucial role of
diffusion processes for particles propagating through inter-
acting environments. Qualitatively, our result for high tem-
peratures agrees with the conclusion obtained in Ref. �40�
where it was found that environmental effects, in fact, can

lead to an earlier TOA. For the case studied therein, namely,
a wave packet either propagating freely or crossing a poten-
tial barrier, this behavior was explained by the fact that the
barrier filters out slow components while the fast compo-
nents tunnel through the barrier. In our case, however, it is
very important to stress that while the maximum of the TOA
distribution is shifted to earlier times, the total asymptotic
crossing probability is decreasing with increasing environ-
mental coupling. In other words, the probability of the par-
ticle to arrive at the origin decreases, but, in the case it ar-
rives, the arrival is more likely to occur earlier than in the
noninteracting case.

Next, we would like to point out a connection between the
present study and earlier work where the same model was
used to study quantum tunneling with dissipation �50,51�. In
Ref. �51�, Isar et al. considered the same kind of wave packet
and potential barrier, with the initial energy expectation
value being below the barrier maximum. The tunneling prob-
ability was then defined in terms of the probability density �
as the asymptotic probability of finding the particle beyond
the barrier,

PT = lim
t→�
�

−�

0

dx��x,t� , �20�

for which the following analytical expression was derived:

�
−�

0

dx��x,t� =
1

2�1 + erf
−
�x�t�

	2�xx�t�
� . �21�

In both equations, the original notation is modified according
to the chosen convention �in Ref. �51� a wave packet with
x0�0 and p0�0 was considered, while we considered x0
�0 and p0�0�. The error function is defined as
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FIG. 1. �Color online� Upper panels: TOA distribution defined
in terms of the probability density current for low �left� and high
�right� temperatures ��=�� / �kBT��, shown for three different envi-
ronmental coupling strengths ��=
 /��. Lower panels: approximate
crossing probabilities in the case of low �left� and high �right� tem-
peratures. The following values were used in the calculations: �
=3.0, m=1.0, x0=4.0, p0=−15.0, and �x=1.0. All quantities are
given in atomic units.
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erf�u� =
2

	�
�

0

u

e−s2
ds . �22�

A natural question to ask is whether the definitions in Eqs.
�17� and �21� are related. In fact, in case of unitary dynamics
they are the same, which directly follows from the integra-
tion of the one-dimensional continuity equation

���x,t��
�t�

+
� j�x,t��

�x
= 0 �23�

in space and time, provided the initial condition

�
−�

0

���x,t = 0��2dx � 0 �24�

is satisfied and bearing in mind that the current always van-
ishes at x→−�. Although both conditions hold for the set of
parameters we used in our calculations, we found that the
two quantities �Eqs. �17� and �21�� are equal only in the limit
of weak dissipation and/or low temperatures, while for
higher temperatures and increasing dissipation they differ, as
demonstrated in Fig. 2.

This may seem unphysical, but the behavior can be un-
derstood if one recalls that the probability density in the
continuity equation �Eq. �23�� can be expressed as the posi-
tion representation of the density operator ���x , t�
= �x��̂�t��x��, which in the case of unitary time evolution sat-
isfies the von-Neumann equation

� �̂

�t
= −

i

�
�Ĥ, �̂� . �25�

The master equation we used in the present work, on the
other hand, contains an additional term that accounts for the
environmental effects,

� �̂

�t
= −

i

�
�Ĥ, �̂� +

1

2�
�

j

��V̂j�̂,V̂j
†� + �V̂j, �̂V̂j

†�� , �26�

and as a direct consequence of that the continuity equation
acquires an additional term as well. This term is negligible if
the magnitude of the coefficients aj, bj in the Lindblad op-
erators �Eq. �6�� is small, i.e., in the case of weak dissipation,

but it grows as the dissipation increases, which explains the
behavior displayed in Fig. 2. As a conclusion, we may, in
fact, say that in order for the probability density current de-
fined in terms of the Wigner function as in Eq. �18� and the
probability density, which is connected to the Wigner func-
tion via

��x,t� = �
−�

+�

dpW�x,p,t� , �27�

to satisfy the continuity equation in the framework of the
Lindblad theory, the additional term arising from the Lind-
blad operators needs to be incorporated into Eq. �23�. This
result is not obvious since one may expect that the effects of
the environment are already accounted for in the time evo-
lution of the Wigner function from which both the probabil-
ity density and the current are derived; the considered ex-
ample, however, clearly demonstrates that this alone is not
sufficient and the additional term in the continuity equation
is indeed necessary. At the same time, we emphasize that the
reformulation of the latter does not imply a violation of the
norm conservation since the total probability remains con-
stant, i.e., the relation

�
−�

+�

dx��x,t� = 1 �28�

is still valid for all times. This is a consequence of the crucial
property of the Lindblad equation to preserve the trace of the
density matrix, which is well known.

As the last topic to be addressed here, we investigate how
the previously discussed environmental effects on the TOA
vary at different energies. In Table I, we present the
asymptotic crossing probability P�0, t→��= P� �Eq. �17��
and the asymptotic tunneling probability PT �Eq. �20�� for
different dissipation strengths and initial energy expectation
values. The latter can be tuned via the initial momentum
expectation value p0 and is given by

E0 =
1

2m
�p0

2 +
�2

4�x
� −

m�2

2
�x0

2 + �x� . �29�

Essentially, we observe the following behavior: at energies
well below the barrier, the asymptotic tunneling probability
increases with increasing dissipation, in accordance with the
conclusion obtained in Ref. �51�, while at high energies in-
creasing dissipation has a suppressing effect. The asymptotic
crossing probability shows qualitatively the same behavior at
high energies. However, the enhancement through growing
dissipation emerges only at very low energies and is much
weaker than it is the case for the tunneling probability. This
illustrates, once again, the non-negligibility of the additional
Lindbladian term in the continuity equation which is respon-
sible for the observed deviation.

IV. SUMMARY

We studied the effects of weak Markovian dissipation on
the quantum arrival time using a parabolic potential barrier
as a test case. In the framework of the Lindblad master equa-
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FIG. 2. �Color online� Comparison of the probabilities from
Eqs. �17� and �21� for the case of low temperatures with a weak
dissipation �left panel� and high temperatures with a stronger dissi-
pation �right panel�. Note that the two curves overlap in the former
case. The values used in the calculations are as stated in the caption
of Fig. 1, with �=�� / �kBT� and �=
 /�. All quantities are given in
atomic units.
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tion, we derived an analytical expression for the probability
density current in terms of the Wigner function from which a
time-dependent expression for the approximate crossing
probability was obtained. We also compared the results to
earlier work devoted to quantum tunneling with dissipation,
in particular the approximate crossing probability derived
here in terms of the current with the tunneling probability
defined in terms of the probability density. Also the influence
of dissipation and initial energy on both these quantities was
examined. We found the following:

�a� While for energies well above the barrier the total
approximate crossing probability decreases, the peak of the
TOA distribution is shifted to earlier times with increasing
dissipation. This effect becomes more and more negligible as
the temperature decreases.

�b� In the limit of vanishing dissipation and temperature,
the approximate crossing probability and the tunneling prob-
ability approach the same value, which is reasonable since
both should be identical in the case of unitary dynamics as a
direct consequence of the continuity equation. However, for
sufficiently large coefficients in front of the Lindblad opera-
tors, the additional term in the continuity equation that is
emerging from the latter causes a noticeable deviation be-
tween the two probabilities.

�c� In the latter case, the probabilities differ not only in
the absolute value but also in their dependence on the initial
energy and dissipation. While the tunneling probability is

suppressed by dissipation at high energies and enhanced at
low energies, the latter aspect for the approximate crossing
probability is much less pronounced and emerges only at
very low energies.

We would like to conclude by pointing out some limits of
the model adopted here, which should be considered when
interpreting the results. The Markovian condition limits the
range of dissipation strengths that can be chosen. Thus, we
cannot draw a conclusion whether the results listed above
also apply in case of strong dissipation. Furthermore, the
choice of Lindblad operators and diffusion coefficients
adopted here is mostly used to describe a damped harmonic
oscillator, while in the present work the potential is not
bounded from below. Still, in the vicinity of the origin one
may hope that the physical effects of the environment are
still represented sufficiently well, although, to the best of our
knowledge, no rigorous proof of the validity of such an ap-
proach is known so far. Finally, it should be stressed that for
more complicated potentials also the qualitative dependence
of the TOA on the environment can be far more complex; the
simple case studied here, however, should at least roughly
reflect the main physical aspects.
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We propose a simple phenomenological model to estimate the spatial decoherence time in quantum dots. The
dissipative phase-space dynamics is described in terms of the density matrix and the corresponding Wigner
function, which are derived from a master equation with Lindblad operators linear in the canonical variables.
The formalism was initially developed to describe diffusion and dissipation in deep inelastic heavy-ion colli-
sions, but an application to quantum dots is also possible. It allows us to study the dependence of the
decoherence rate on the dissipation strength, the temperature, and an external magnetic field, which is dem-
onstrated in illustrative calculations on a circular GaAs one-electron quantum dot.
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I. INTRODUCTION

Decoherence processes in semiconductor quantum dots
have attracted a lot of interest in the last years not only due
to their relevance for a quantum computer implementation1

but also because they present an experimentally accessible
system to study the decoherence process in general.2–6 As
demonstrated in several theoretical works,7–26 there are dif-
ferent processes that can lead to decoherence in a quantum
dot, such as interaction with optical and acoustic phonons or
hyperfine interactions, in particular, through electron-spin
coupling to a bath of nuclear spins. The processes occur on
different time scales and are sensitive to external parameters
such as temperature or external magnetic fields. The cou-
pling to the environment can be treated within the Born-
Markov approximation,10,18,21 but also effects beyond the
Markovian limit can play a role.12,15–17,20,26 However, the
vast majority of the processes studied so far focuses on spin
decoherence, mainly, because it is the spin of the electron�s�
that makes a quantum computational application of quantum
dots possible.1 Nevertheless, also the spatial decoherence
which is arising from dissipative phase-space dynamics in
the canonically conjugated coordinates and momenta �see,
e.g., Ref. 27 for a detailed discussion� can possibly become
relevant. As an example, one can think of a situation where
the space and spin parts of a wave function are connected by
the fermionic total asymmetry condition. Also in such a
scheme as recently suggested in Ref. 28, where electromag-
netic transitions in solid-state devices are used for controlled
operations, phase-space dynamics can be important since it is
not only the spin but also the total angular momentum that
plays a crucial role.

In the present work, we aim to estimate the spatial deco-
herence time scale and to study its dependence on the cou-
pling strength to the environment, on the temperature, and on
an external magnetic field. The latter plays a role since it
determines the cyclotron frequency and hence also the effec-
tive confinement strength, which, together with the tempera-
ture, was shown to influence the asymptotic spatial decoher-
ence in quadratic potentials.29 In addition, the magnetic field
also explicitly influences the time evolution of the system.

The study is carried out using an analytical model in the
Markovian limit with linear Lindblad operators, which was

initially developed to study diffusion and dissipation in
heavy-ion collisions.30,31 We show that with an appropriate
choice of the involved constants, the model can also be used
to describe a two-dimensional quantum dot in a perpendicu-
larly applied external magnetic field �Sec. II�. The tempera-
ture dependence is incorporated in the diffusion coefficients
which significantly determine the time behavior of the den-
sity matrix.32 The model has the advantage that it is rather
general and allows us to include environmental effects with-
out the necessity to explicitly compute the system-
environment interaction. The latter is instead taken into ac-
count by phenomenological constants that emerge from the
Lindblad operators. This is sometimes referred to as the re-
duced dynamics approach. In practical calculations, it is then
only necessary to find appropriate values for these constants,
depending on the environmental effects one wishes to con-
sider. In the illustrative calculations shown here, we relate
these effects to the electron-phonon interaction, but one
could also consider other effects within basically the same
model without loss of generality provided the required input
�as, e.g., electron-phonon scattering rates, in our case� is
known at least approximately. In Sec. III, we discuss how the
decoherence time scale can be determined from the model,
using the general results derived in Ref. 31. It is demon-
strated in more detail in illustrative calculations on a circular
GaAs one-electron quantum dot in Sec. IV followed by a
discussion and concluding remarks in Sec. V.

II. DESCRIPTION OF THE MODEL

The Hamiltonian of a one-electron quantum dot with a
harmonic confinement �which is a very common choice; see,
e.g., Refs. 33–36� in the xy plane and exposed to an external
magnetic field B pointing in the z direction reads as

H =
p2

2m�
+

1

2
m��0

2r2 +
e2

8m�
B2r2 +

e

2m�
BLz + g��bBSz.

�1�

Here, �0 denotes the confinement strength, r=�x2+y2 is the
radial polar coordinate, Lz and Sz denote the z component of
the orbital-angular-momentum operator and spin operator,
respectively, �b is the Bohr magneton, and m� ,g� are the
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effective mass and effective g factor for the used semicon-
ductor. By defining the cyclotron frequency �c=eB /m� and
the effective frequency �=��0

2+�c
2 /4, it can be written as

H = H0 + Hs, �2�

where Hs=g��bBSz is the spin part and

H0 =
p2

2m�
+

1

2
m��2r2 +

e

2m�
BLz. �3�

The latter expression is a general Hamiltonian of a two-
dimensional harmonic oscillator exposed to a perpendicular
magnetic field. The phase-space dynamics of such a system
when coupled to the environment was, for example, studied
semiclassically in Ref. 37 by means of a Fokker-Planck
equation. Also an explicit inclusion of a heat bath in this
Hamiltonian is possible, which leads to non-Markovian dy-
namics as recently demonstrated in Ref. 38 for a nuclear
system. Another possible approach is the influence functional
method,39 which was used to study the decoherence dynam-
ics of two coupled harmonic oscillators in a general environ-
ment, with their potential minima being separated by a finite
distance.40 Here, however, we will adopt a simpler phenom-
enological picture to describe the quantum-dot coupling to
an external environment based on a Markovian master
equation41 which is known to be valid in the weak-coupling
limit.42 In this framework, dissipation and decoherence are
described by Lindblad operators, which is a rather common
approach.29,43–47 The formalism is based on an earlier work
of Gupta et al.30 and Sandulescu et al.31 which is briefly
introduced below.

Due to the excitation of internal degrees of freedom �i.e.,
the nucleons� in heavy-ion collisions, dissipation is a rather
important issue in its quantum-mechanical description. It is
common to describe such a dynamics in terms of dimension-
less coordinates of proton and neutron asymmetry defined as
q1= �Z1−Z2� / �Z1+Z2�, q2= �A1−A2� / �A1+A2�, where Z1 ,Z2
and A1 ,A2 are the charges and masses of the colliding nuclei.
A model to couple these coordinates was suggested in Ref.
30. Later, this model was generalized in Ref. 31, where the
complete description of the dissipative dynamics was explic-
itly derived from the Markovian master equation for the den-
sity matrix � given below,

d�

dt
= −

i

�
�H,�� +

1

2�
�

j

��Vj�,Vj
†� + �Vj,�Vj

†�� , �4�

where Vj is a set of Lindblad operators, and the considered
Hamiltonian had the following form:

H = �
k=1

2 � 1

2mk
pk

2 +
mk�k

2

2
qk

2� +
1

2 �
k1,k2=1

2

�k1k2
�pk1

qk2
+ qk2

pk1
�

+ �12q1q2 + �12p1p2. �5�

Here, p1 , p2 are the canonically conjugated momenta to the
charge and mass asymmetry coordinates. The appearing cou-
pling constants can be partly calculated from the nuclear
liquid-drop model or determined by fitting to experimental
data. However, if these constants are chosen as �12=0, �12
=0, �11=0, and �22=0 and

q1 = x, q2 = y, p1 = px, p2 = py, m1 = m� = m2,

�1 = � = �2, �21 =
eB

2m�
= − �12, �6�

the Hamiltonian H0 from Eq. �3� is reproduced exactly.
Moreover, following the same choice of linear Lindblad op-
erators as in Ref. 31:

Vj = �
k=1

2

�ajkpk + bjkqk�, j = 1,2,3,4, �7�

where ajk ,bjk are complex numbers, we see that the spin part
Hs of the full quantum-dot Hamiltonian �2� commutes with
the full Hamiltonian as well as with the Lindblad operators
so that the resulting equations of motion of the first and
second moments in the canonical variables are unaffected. In
other words, all results derived in Ref. 31 also remain valid
in our case. Thus, we will omit the derivation, solution, and
discussion of the equations of motion here and only briefly
quote the main results relevant for our study. At this point,
we would also like to mention that since the spin motion
decouples, no spin dephasing effects are present in the spatial
decoherence studied here. The spin relaxation and dephasing
times �often called T1 and T2� can also be studied within an
equations-of-motion approach �see, e.g., Ref. 20 and the ref-
erences within�, which, however, requires different models
and is not considered in the present work.

We use the abbreviations

m�t� = �	x
,	y
,	px
,	py
�T �8�

for the time-dependent expectation values of the canonical
phase-space operators and

��t� =�
�xx �xy �xpx

�xpy

�yx �yy �ypx
�ypy

�pxx �pxy �pxpx
�pxpy

�pyx �pyy �pypx
�pypy

� �9�

for the time-dependent symmetric covariance matrix, where
the elements are defined as

�AB = �BA =
1

2
	AB + BA
 − 	A
	B
 �10�

for any two operators A ,B. The time evolution of the expec-
tation values is given by

m�t� = exp�tY�m�0� , �11�

where m�0� denotes the initial expectation values and Y is
the time-evolution matrix which, after insertion of the con-
stants given in Eq. �6� into the general result from Ref. 31,
becomes
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Y =�
− �11 − �12 − eB/�2m�� 1/m� − 	12

− �21 + eB/�2m�� − �22 	12 1/m�

− m��2 
12 − �11 − �21 − eB/�2m��
− 
12 − m��2 − �12 + eB/2m − �22

� . �12�

The phenomenological dissipation constants �kl, 	12 and 
12
emerge from the Lindblad operators in Eq. �7� and are ex-
plicitly given by

	12 = − Im	a1,a2
 ,


12 = − Im	b1,b2
 ,

�kl = − Im	ak,bl
 , �13�

where the vectors ak ,bl are defined as �cf. Eq. �7��

ak = �a1k,a2k,a3k,a4k�T, bk = �b1k,b2k,b3k,b4k�T, �14�

with the scalar product

	x,y
 = �
i=1

4

xi
�yi. �15�

However, since we consider a circular one-electron quantum
dot where the dynamics is symmetric in x and y, we set the
off-diagonal dissipation constants to be zero here and in the
following �i.e., �12=0=�21 and 	12=0=
12� and, further-
more, demand �11=�22�, hereby restricting the dissipation
strength to a single phenomenological parameter. For the co-
variance matrix, the following time evolution is derived

��t� = exp�tY����0� − ������exp�tY��T + ���� . �16�

Here, ��0� is the initial covariance matrix and ���� its as-
ymptote. The latter can be determined from a set of diffusion
coefficients, which are given by

Dpkpl
= Dplpk

=
�

2
Re	bk,bl
 ,

Dqkql
= Dqlqk

=
�

2
Re	ak,al
 ,

Dqkpl
= Dplqk

= −
�

2
Re	ak,bl
 , �17�

where the notation q1=x ,q2=y , p1= px , p2= py is used. They
are connected to the asymptotic covariance matrix by the
relation

Y���� + ����YT = − 2D , �18�

where D is the symmetric diffusion matrix

D =�
Dxx Dxy Dxpx

Dxpy

Dyx Dyy Dpxy Dypy

Dpxx Dpxy Dpxpx
Dpxpy

Dpyx Dpyy Dpypx
Dpypy

� . �19�

The choice of the diffusion coefficients is, in general, a non-
trivial issue since there are several conditions that have to be
obeyed in order to preserve the non-negativity of the density
matrix and the uncertainty relation. This will not be dis-
cussed here �see, e.g., Refs. 32 and 48–51 for more details�.
In the present work, we use a two-dimensional extension of
the commonly used temperature-dependent coefficients of a
harmonic oscillator without further mixing, such that the dif-
fusion matrix is diagonal,

Dxx =
��

2m��
coth� ��

2kT
� = Dyy ,

�20�

Dpxpx
=

��m��

2
coth� ��

2kT
� = Dpypy

,

and Dij =0 otherwise, where T is the temperature and k is the
Boltzmann constant. From the given time evolution of the
first and second moments, one can obtain the Wigner func-
tion fW of the system, which is the best possible quantum-
mechanical analogon to a classical phase-space density �al-
though it is, in general, not positive everywhere and,
therefore, cannot be interpreted as a true density�. The latter
was found by means of Weyl operators in Ref. 31,

fW�x,y,px,py,t� =
1

�det�2���t��

exp�−
1

2
�� − m�t��T��t�−1�� − m�t��� ,

�21�

where �= �x ,y , px , py�T is the phase-space vector. This agrees
with the result obtained in an earlier work.37,52,53 In the fol-
lowing, we use this result to calculate the decoherence rate.

III. DECOHERENCE RATE

It is by far not trivial to give a general definition of “de-
coherence.” Often, it is simply referred to as “loss of coher-
ence” in a quantum system or as the entanglement of the
latter with its environment. Technically, however, the degree
of decoherence can be expressed through the density matrix
of a quantum system or, more precisely, through the damping
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of its off-diagonal elements.29,44,54–56 We shall adopt this
definition in the following, although it is also possible to
study decoherence directly in terms of the Wigner function.57

The density matrix is connected to the Wigner function by
the transformation

	x,y���x�,y�
�t� =� � dpxdpy

exp� i

�
�px�x − x�� + py�y − y����

fW��x + x��/2,�y + y��/2,px,py,t� ,

�22�

which can be carried out analytically for the Wigner function
�21�. After evaluating the two-dimensional Gaussian integral
and introducing new coordinates,

�x =
x + x�

2
, �x = x − x�,

�y =
y + y�

2
, �y = y − y�, �23�

we arrive at the following expression:

	x,y���x�,y�
�t� = N exp�− K1��x − 	x
�2 − K2��y − 	y
�2

− K3��x − 	x
���y − 	y
� − K4�x
2 − K5�y

2

+ K6�x�y + iK7��x − 	x
��x + iK8

��y − 	y
��y + iK9��x − 	x
��y + iK10

��y − 	y
��x +
i

�
�	px
�x + 	py
�y�� .

�24�

The normalization factor is given by

N =� 4�2

det�2���t���c33c34 − c34
2 �

, �25�

where cij =cji denote the elements of the inverse of the cova-
riance matrix ��t�−1. The explicit form of the time-dependent
constants K1�t� , . . . ,K10�t� in terms of the matrix elements
cij�t� is given below

K1�t� =
c11

2
+

c13c14c34 − 1
2 �c13

2 c44 + c14
2 c33�

c33c44 − c34
2 ,

K2�t� =
c22

2
+

c23c24c34 − 1
2 �c23

2 c44 + c24
2 c33�

c33c44 − c34
2 ,

K3�t� = c12 +
c34�c13c24 + c14c23� − �c13c23c44 + c14c24c33�

c33c44 − c34
2 ,

K4�t� =
c44

2�2�c33c44 − c34
2 �

,

K5�t� =
c33

2�2�c33c44 − c34
2 �

,

K6�t� =
c34

�2�c33c44 − c34
2 �

,

K7�t� =
c34c14 − c44c13

��c33c44 − c34
2 �

,

K8�t� =
c34c23 − c24c33

��c33c44 − c34
2 �

,

K9�t� =
c34c13 − c14c33

��c33c44 − c34
2 �

,

K10�t� =
c34c24 − c23c44

��c33c44 − c34
2 �

. �26�

Note that also the expectation values are functions of time
governed by Eq. �11�. In the particular case of a circular
one-electron quantum dot, the dynamics is considerably sim-
plified due to the symmetry in x and y because the disper-
sions of the terms quadratic in �x ,�y that determine the
damping of the diagonal elements of the density matrix are
identical �K1=K2�. The same holds for the dispersions of the
terms quadratic in �x ,�y that describe the damping of the
off-diagonal elements �K4=K5�, which, following Refs. 29
and 54–56, allows us to define a single decoherence param-
eter

�D�t� =
1

2
�K1

K4
=

1

2
�K2

K5
. �27�

The definition is such that �D=1 corresponds to a perfectly
coherent state and �D=0 implies that coherence is lost. In the
next section, we investigate its time behavior under the in-
fluence of the magnetic field, the temperature, and dissipa-
tion. At this point, we would like to emphasize that not only
the decoherence degree but also other purely quantum-
mechanical quantities can be extracted from the Wigner
function in the case studied here. If the quantum dot is pre-
pared in a coherent state, the Wigner function is positive
everywhere and hence it coincides with the classical phase-
space density.58 For example, the quantum-mechanical prob-
ability density ��x ,y , t� is directly obtained from the Wigner
function by setting x=x� ,y=y� �i.e., �x=x ,�y =y ,�x=0
=�y� in Eq. �24�.

IV. ILLUSTRATIVE CALCULATIONS

As an illustration, we consider a one-electron GaAs-
quantum dot. Throughout this section, we use effective
atomic units, i.e., atomic units scaled with the GaAs material
parameters �r=12.4 �dielectric constant� and m�=0.067me,
where me is the electron mass, and a confinement strength of
��0=5 meV. Disregarding the spin part which, as previ-
ously mentioned, is irrelevant for the phase-space dynamics
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studied here, the solutions to the Hamiltonian �3� can be
written in terms of a principal and an angular quantum num-
ber

�nm�r,�� = unm�r�eim�. �28�

Since we consider the system to be initially in a prepared
state, the initial conditions required for the time evolution of
the first and second moments �Eqs. �11� and �16�� are, unless
given analytically, calculated numerically for any state in Eq.
�28� using a B-spline basis59 as demonstrated in Ref. 35. In
particular, we have m�0�=0 for the expectation values of
x ,y , px , py and the initial covariance matrix has the following
form:

��0� = �
�xx 0 0 m�

0 �yy − m� 0

0 − m� �pxpx
0

m� 0 0 �pypy

� , �29�

where �xx=�yy and �pxpx
=�pypy

�the equality is again a con-
sequence of the symmetry� are numerically calculated val-
ues. They depend on the effective confinement frequency and
therefore on the magnetic field since it influences the latter
��=��0

2+�c
2 /4, where �c=eB /m�, cf. Sec. II�. The explicit

dependence is illustrated in Fig. 1.
This behavior can be understood qualitatively by consid-

ering a usual one-dimensional harmonic oscillator, where the
variances of the nth state are given by �xx
= �1+2n�� / �2m��� and �pxpx

= �1+2n��m�� /2. Physically,
this simply means that with increasing magnetic field, the
electron becomes more localized in position space and less
localized in momentum space. The uncertainty relation in
each coordinate, however, does not depend on � �and hence
neither on the magnetic field� since it is determined by the
product of the variances,

�xx�pxpx
− �xpx

2 �
1

4
�30�

�and in the same way for y , py�. Also, for the quantum-dot
states, the initial covarinaces �xpx

and �ypy
always vanish.

Among all states, it is only the ground state �nm
= �00
 that
has minimum uncertainty due to its ideal Gaussian shape,
while for excited states the Gaussian shape is disturbed and
the uncertainty relation becomes a strict inequality. This cor-
responds to the fact that the ground state of a harmonic os-
cillator is a particular case of a Glauber coherent state.
Hence, �D�t=0� must be equal to unity for the quantum-dot
ground state which agrees with the calculations and retro-
spectively confirms the imposed definition of the decoher-
ence parameter.

In addition to the previously discussed initial conditions,
also the coupling strength to the environment needs to be
determined. As already mentioned in the introduction, the
advantage of the model used here is that one can phenom-
enologically account for, in principle, any kind of environ-
mental effects simply by choosing appropriate values of the
phenomenological constants. However, since the master
equation �4� is only valid for weak coupling of the reduced
system to the environment, the ratio � /� should be much
smaller than unity, which restricts the model to the descrip-
tion of processes that obey this condition. Here, we consider
the dissipative effects to be caused by electron-phonon inter-
actions and therefore the dissipation rate � is approximately
given by the electron-phonon scattering rate. The latter ones
were found to be typically on the order of ��10 ns−1 in
GaAs structures.60–63 For the effective confinement strength
chosen here, this yields ��10−3� and hence the Markovian
approach can be seen as justified in the present study. An-
other aspect to be considered is that apart from being incor-
porated in the diffusion coefficients �Eq. �20��, the tempera-
ture also influences the phonon-scattering rate. However,
since the phonon-scattering rates for different temperatures
are not known exactly, the parameter � is varied indepen-
dently in the relevant region at different temperatures to in-
vestigate its influence on the decoherence time scale.

Figure 2 shows the time evolution of the probability den-
sity �obtained by setting x=x� ,y=y� in Eq. �24�� and Fig. 3
shows the time evolution of the decoherence degree when
the quantum dot is initially prepared in the ground state. We
observe that the asymptotic degree of decoherence strongly
depends on the temperature and, more weakly, on the
magnetic-field strength. Naturally, higher temperatures lead
to stronger decoherence, while a strong magnetic field has a
protective effect on quantum coherence. This corresponds to
the result obtained for the one-dimensional case,29 where the
asymptotic decoherence degree was shown to be �D���
=tanh��� / �2kT�� �recall that the effective confinement � in-
creases with B�. However, the time scale itself on which the
system approaches its asymptotical decoherence is deter-
mined by the coupling to the environment. Depending on the
latter, decoherence occurs on a time scale between 20 and
200 ps. It is interesting to note that the rule of thumb to
estimate the ratio of relaxation ��r� and decoherence ��D�
time scale55

FIG. 1. �Color online� Variances in position and momentum
shown for some one-electron GaAs quantum-dot states �nm
 given
in effective atomic units: �xx has dimension length2, where the
length is measured in effective Bohr radii �a0

��9.794 nm� and
�pxpx

is measured in Hartree�m�, where m�=0.067me and Hartree�

�11.857 meV is the effective atomic energy unit.
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�r

�D
� ���xx

LdB
�2

, �31�

where LdB is the thermal de Broglie wavelength,

LdB =
�

�2m�kT
�32�

holds in the case studied here, but the ratio is on the order of
unity, which is a rather untypical behavior. In fact, in many
situations decoherence is several orders of magnitude faster
than dissipation and relaxation. For macroscopic systems, the

ratio in Eq. �31� becomes astronomically large.29,55,64 In
quantum dots, however, the wave-packet spread can be on
the same order as the thermal de Broglie wavelength—a very
remarkable property, once again displaying their fascinating
features.

V. CONCLUSIONS

Using a Markovian master equation approach with linear
Lindblad operators, we investigated the dissipative phase-
space dynamics of a one-electron quantum dot. We obtained
the density matrix in coordinate representation from which
an expression for the spatial decoherence parameter was de-
rived. With numerically calculated initial values for the first
and second moments of a quantum dot in a prepared state,
we analyzed the time evolution of decoherence and the in-
fluence of the temperature and an external magnetic field.
The phenomenological coupling to the environment was as-
sumed to emerge from electron-phonon scattering. We found
that the asymptotic decoherence strongly depends on the
temperature and also on the magnetic field and the decoher-
ence time scale is driven by environmental coupling strength,
varying between a few and a few hundred picoseconds.

The model presented here has the advantage of being
rather simple. The price one has to pay is, on one hand, its
phenomenological nature and, on the other hand, the restric-
tion to Markovian dynamics. Hence, the obtained results
should be viewed with these limitations in mind. If, for ex-
ample, one aims to investigate decoherence arising from
faster processes than electron-phonon scattering, the weak-
coupling limit is not necessarily valid since the dissipation

FIG. 2. Time evolution of the probability density in the coordinate space shown for B=1 T, T=25 K, and �=10−3� where the dot is
initially prepared in the ground state. The coordinates are given in effective Bohr radii a0

��9.794 nm and the probability density in units of
1 / �a0

��2.

FIG. 3. �Color online� Time evolution of the decoherence degree
for three different environmental coupling strengths �. The solid
curves correspond to a temperature of T=25 K, the dashed curves
to T=50 K, and the dotted curves to T=100 K; while the different
magnetic fields are indicated by symbols B=1 T �circles�, B
=3 T �squares�, and B=7 T �triangles�.
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constant approaches the confinement strength. At the same
time, the phenomenological nature also has the advantage
that one is able to describe different kinds of interactions
without loss of generality, just by choosing different values
for the emerging constants, as long as the Markovian condi-
tion is not violated.

Further difficulties can occur, if, for example, the circular
symmetry is disturbed or anharmonic effects have to be ac-
counted for. In that case, the off-diagonal coupling constants
in Eq. �12� or Eq. �19� may be nonzero and it may also be
quite nontrivial to find a single decoherence parameter in this
case. It should be stressed that analytical solvability is pro-
vided for a purely harmonic confinement only, while for
more complex potentials even a numerical solution is not
always possible since no finite system of the equations of
motions can be derived.

Another conclusion we can draw from the present study is
that if the temperature is very much smaller than the confine-
ment strength �kT����, spatial decoherence should not be

of significant relevance. Even at a temperature of 25 K, we
see that the asymptotic decoherence is about �D�t→��
�0.9. However, in some experimental setups, the tempera-
tures are as low as T=100 mK and hence we can conclude
that spatial decoherence practically does not occur in that
case.

As for further applications of the model presented here, it
should be also suited to study tunneling processes in
quantum-dot molecules. Calculations on tunneling through
one-dimensional parabolic potentials with dissipation de-
scribed by linear Lindblad operators were, e.g., demonstrated
in Refs. 65 and 66, which can be extended to the two-
dimensional case.
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Abstract
Recently, a class of coherent states of a particle in a Penning trap was derived
by Fernández and Velázquez (2009 J. Phys. A: Math. Theor. 42 085304). By
means of the Wigner function and density matrix associated with these states,
we show that they are fully consistent with Morikawa’s definition of the
decoherence degree and hence they provide a possibility to directly access
the decoherence process in a Penning trap.

PACS numbers: 03.65.−w, 03.65.Sq, 03.65.Yz, 37.10.Ty

1. Introduction

Quantum decoherence has been intensively studied in the last decades, since it is crucial
for a fundamental understanding of quantum mechanics and also gains increasing practical
relevance in potential quantum computer implementations. Briefly, the decoherence process
can be defined as entanglement formation of a quantum system with its environment. If the
system is initially prepared in a coherent state at t = 0 and exposed to some kind of interaction
with its environment, the quantum coherence decreases with time, i.e. the properties of a
coherent state are no longer fulfilled for t > 0. One of the most convenient approaches to
investigate the decoherence behavior of a quantum system are density matrices, since it is
possible to define a dimensionless decoherence degree in terms of the so-called ‘coherence
length’ and ‘ensemble width’ which, under certain conditions, can be directly extracted from
the coordinate representation of the density matrix.

The purpose of the present paper is to demonstrate that the recently derived Penning trap
coherent states [1] indeed maximize the above-mentioned coherence definition (which is not
obvious from their purely algebraic derivation) and are therefore well suited for decoherence
studies in Penning traps. We proceed as follows: in section 2, we briefly recall the definition
and necessary properties of these particular coherent states as derived in [1]. In section 3 we
give an analytical expression for the Wigner function and the density matrix associated with
the Penning trap coherent states in coordinate representation. Morikawa’s definition of the
dimensionless decoherence degree is introduced in section 4, and the main result is presented

1751-8113/09/275305+06$30.00 © 2009 IOP Publishing Ltd Printed in the UK 1
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and discussed subsequently. In particular, we show that the consistency of the Penning trap
coherent states with the decoherence degree definition is a direct consequence of the fact that
(i) the covariance matrix of these states is diagonal and (ii) that these states minimize the
Heisenberg uncertainty relation as shown in [1].

2. Penning trap coherent states

Coherent states [2] are an important tool in quantum mechanics and have also been studied
in connection with ion traps, e.g. in a Paul trap [3], and, most recently, in a Penning trap [1],
where the following Hamiltonian of a spinless particle with charge e (here and in the following
we set the mass m = 1 and h̄ = 1) was considered

H = p2

2
+ bLz +

1

2
[(b2 + ν)(x2 + y2) − 2νz2]. (1)

Here, b = −eB/(2c) > 0 (c being the speed of light), ν = 2e�0/d
2 < 0, B is a constant

magnetic field pointing in the z-direction, d the characteristic trap dimension and �0 the
strength of the electrostatic potential �

�(r) = �0

d2
(x2 + y2 − 2z2). (2)

In addition, the constants b and ν satisfy the relation b2 + ν > 0. The corresponding coherent
states |z1, z2, z3〉 = |z〉 can be obtained in coordinate representation starting from the extremal
state |0, 0, 0〉,

〈r|0, 0, 0〉 = ϕ0(r) = α exp

(
−

√
b2 + ν

2
(x2 + y2) −

√−ν

2
z2

)
, (3)

(where α is a normalization constant), in the following way:

ϕz(r) = C(z)F (r)ϕ0

(
x − Re[z1 − z2]

(b2 + ν)
1
4

, y +
Im[z1 + z2]

(b2 + ν)
1
4

, z +

(−2

ν

) 1
4

Im[z3]

)
, (4)

with

C(z) = exp(i(Re[z1] Im[z2] + Re[z2] Im[z1] + Re[z3] Im[z3])), (5)

F(r) = exp
(
i(b2 + ν)

1
4 (Im[z1 − z2]x + Re[z1 + z2]y) + i(−8ν)

1
4 Re[z3]z

)
. (6)

For the following calculations, we also require the expectation values and covariances
corresponding to the states (4). We denote the vector of expectation values by

m = (〈x〉, 〈y〉, 〈z〉, 〈px〉, 〈py〉, 〈pz〉)T (7)

and define the covariances of two operators A,B

σAB = 1
2 〈AB + BA〉 − 〈A〉〈B〉, (8)

which determine the symmetric covariance matrix σ . We adopt the notation σij = σji

where i, j = 1, 2, 3 correspond to the coordinates x, y, z and i, j = 4, 5, 6 to the momenta
px, py, pz. The expectation values were already calculated in [1]

〈x〉 = (b2 + ν)−
1
4 Re[z1 − z2], 〈y〉 = −(b2 + ν)−

1
4 Im[z1 + z2],

〈z〉 = −(−ν/2)−
1
4 Im[z3],

(9)
〈px〉 = (b2 + ν)

1
4 Im[z1 − z2], 〈py〉 = (b2 + ν)

1
4 Re[z1 + z2],

〈pz〉 = (−8ν)
1
4 Re[z3].
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As for the covariances, [1] gives the diagonal values of σ ,

σ11 = (4(b2 + ν))−
1
2 = σ22, σ33 = (−8ν)−

1
2 ,

σ44 = 1
2

√
b2 + ν = σ55, σ66 =

√
−ν/2, (10)

and it is straight forward to obtain the remaining off-diagonal elements. First, we note that
the states (4) can be factorized as product states, ϕz(r) = f (x)g(y)h(z), and hence it follows
directly from the definition (8) that all the covariances of the form σrirj

, σpipj
and σripj

vanish
for i �= j . Therefore, one only needs to compute σxpx

= σ14, σypy
= σ25, σzpz

= σ36, which
can be done analytically and gives

σ14 = σ25 = σ36 = 0. (11)

We see that the covariance matrix of the Penning trap coherent states is diagonal, with the
diagonal elements given by (10). In addition, the generalized uncertainty relation is minimal
for each mode

σriri
σpipi

− σ 2
ripi

= σriri
σpipi

= 1
4 , i = 1, 2, 3. (12)

In the following section, we use these results to calculate the Wigner function and the density
matrix in coordinate representation.

3. Wigner function and density matrix

It is well known [4–8] that for a Hamiltonian which is quadratic in the canonical variables and
an initial state of Gaussian type, the corresponding Wigner function fW remains Gaussian for
all times and hence the dynamics is fully determined by the time evolution of the expectation
values and covariances

fW(r, p, t) = 1√
det(2πσ(t))

exp

(
−1

2
(ξ − m(t))Tσ(t)−1(ξ − m(t))

)
, (13)

where ξ = (x, y, z, px, py, pz)
T is the phase space vector. The density matrix at any time t

can then be obtained in coordinate representation by the transformation

〈r|ρ|r′〉(t) =
∫

d3p exp(i(p · (r − r′))fW ((r + r′)/2, p, t). (14)

In particular, if the initial state is a Penning trap coherent state (4), we can insert the previous
results into this expression so that the Wigner function becomes

fW((r + r′)/2, p, t = 0) = 1

π3
exp

(
2
√

b2 + ν(x̄2 + ȳ2) +
√−8νz̄2

+
2√

b2 + ν

(
p̄x

2 + p̄y
2) +

√
−2/νp̄z

2

)
, (15)

where we used the abbreviations

r̄i = ri + r ′
i

2
− 〈ri〉, p̄i = pi − 〈pi〉. (16)

After evaluating the integral in (14), which can be done analytically, we obtain the following
expression for the density matrix:

〈r|ρ|r′〉(t = 0) =
(

2

π

)3/2 (
4

b2 + ν

)−1/2 (
−2

ν

)−1/4

exp(i(〈px〉
x + 〈py〉
y + 〈pz〉
z)

× exp

(
− 1

2

(
2
√

b2 + ν(x̄2 + ȳ2) +
√−8νz̄2

+

√
b2 + ν

2

(

2

x + 
2
y

)
+

√
−ν/2
2

z

))
, (17)
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where


ri
= ri − r ′

i . (18)

4. Decoherence degree, main result and conclusion

To the best of our knowledge, a dimensionless decoherence degree for Gaussian-type density
matrices was for the first time suggested by Morikawa [9]. It was adopted in later works
[10–12] and can also be found in recent textbooks [13, 14]. If the density matrix has the form

ρ(x, x ′, t) = N (t) exp

(
−A(t)(x − x ′)2 − iB(t)(x − x ′)(x + x ′) − C(t)

(
x + x ′

2

)2
)

, (19)

then quantum decoherence can be described by the amplitude of the off-diagonal elements, or,
as sometimes referred to in literature, by the characteristic coherence length l(t) = 1/

√
8A(t)

and ensemble width 
X(t) = 1/
√

2C(t). These two quantities allow a definition of a
dimensionless degree of quantum decoherence

δQD(t) = l(t)


X(t)
= 1

2

√
C(t)

A(t)
, (20)

such that δQD = 0 corresponds to a total loss of quantum coherence. This definition is derived
from the position representation of the density operator, and it is therefore sometimes also
referred to as spatial decoherence in the literature. The physical reasons for this choice are
discussed in detail in [14] (see, e.g., introduction to chapter 3 therein), and here we only mention
one of the main arguments, namely that probably the most important decoherence source is
given by scattering processes between the reduced system and environmental particles. This
leads to ‘ . . . system-environment entanglement that delocalizes local phase relations between
spatially separated wave-function components, leading to decoherence in position space
(i.e.,to localization)’. Technically, however, it is as well possible to define a decoherence degree
in momentum space, at least for the particular case studied in the present paper. The position
representation of the density operator from which the decoherence degree (20) was extracted
is obtained by integrating out the momenta in the Wigner function (cf equation (14)), but
one can equally treat the dynamics in momentum space. Thus, the momentum representation
of the density operator is obtained by integrating out the coordinates in the Wigner function
and, since the Hamiltonian is quadratic in the canonical variables, the transformation yields
the same Gaussian structure as in (19), where x, x ′ are replaced by p, p′ and the coefficients
A(t), B(t) and C(t) have a different form. The degree of momentum decoherence can then,
in principle, be defined in the same manner, but the coefficients A(t) and C(t) can no longer
be interpreted in terms of a coherence length and an ensemble width, at least not in the
common sense. However, in this context we would like to mention that, although the vast
majority of master equations used to describe collisional decoherence [15–19] deals with the
time evolution of the density operator in position representation ρ(r, r′, t), a possibility of
extracting information about decoherence from its momentum representation ρ(p, p′, t) was
indeed presented recently [20]. Therein, the author also points out that the answer to the
question whether momentum decoherence occurs in addition to spatial decoherence or not is
directly related to the mass ratio of the tracer and the particles in the environment, that is, if this
ratio is negligible, so is momentum decoherence. The physical interpretation of momentum
decoherence is then different from the one quoted previously, since it does not describe spatial
localization but is related to the rate of particles being scattered off the environment into
different directions (or with different velocities).
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Combining the result from the previous section (17) with the decoherence degree definition
(20), it follows that the Penning trap coherent states satisfy δQD(t = 0) = 1 for each mode
and are therefore perfectly coherent in line with Morikawa’s definition

δx
QD(t = 0) = δ

y

QD(t = 0) = 1

2

√
4

√
b2 + ν√
b2 + ν

= 1, δz
QD(t = 0) = 1

2

√ √−8ν√−ν/2
= 1.

(21)

As can be seen, this is a direct consequence of their property to minimize the uncertainty
relation (12). This result allows future studies of decoherence processes in Penning traps: as
previously mentioned, the dynamics of the system (and, in particular, the decoherence degree
itself) is fully given by the time evolution of the first two moments. If the latter one is obtained
from unitary phase space dynamics (e.g. time-dependent Schrödinger equation [21, 22] or
by means of the Weyl–Wigner–Moyal propagator [23]), quantum coherence (δQD = 1) is
preserved for all times. However, if instead of a unitary time evolution the expectation values
and variances are obtained within a model that takes into account environmental effects, one
also directly obtains the decoherence degree of the system as a function of time, and the
coherent states (4) are, as just shown, excellent candidates for an initial state. As an example,
we mention the Markovian master equation based on semigroups [24], where decoherence
is described by Lindblad operators [25–27]. This makes it possible to study the dependence
of the decoherence rate on parameters like temperature or environmental coupling strength.
Investigations in this direction could be relevant in view of possible quantum computational
applications of electron or ion traps [28–40]. Note, however, that in a full time-dependent
treatment the covariance matrix is not necessarily diagonal at all times, which makes the
general time-dependent expressions for the coherence length and the ensemble width (and
hence the decoherence degree) more complicated than the initial ones explicitly given here.
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Abstract
We study the time evolution of a charged particle in a Penning trap in the
framework of open quantum systems. The interaction with the environment
is taken into account by imposing Lindblad operators which are linear in the
canonical variables. For the special case of a proton in an asymmetric Penning
trap, we compare the dynamics with earlier results obtained from the unitary
time-dependent Schrödinger equation. A possibility of estimating the spatial
decoherence time of the system is discussed, and approximate decoherence
time scales are given for different ions.

PACS numbers: 03.65.−w, 03.65.Sq, 03.65.Yz, 37.10.Ty

1. Introduction

Penning traps provided an enormous improvement in the field of high-precision measurements
performed on charged particles. Among many examples, one can mention their application
in high-precision determination of fundamental constants [1, 2] and mass measurements,
see e.g. [3, 4] for a recent detailed review. Penning traps are also used in the ATRAP
and ATHENA projects [5, 6] at CERN aiming for production and, eventually, spectroscopy
of cold antihydrogen. As a further exciting example, we would like to mention quantum
information processing with traps, as suggested in [7], which was successfully demonstrated
experimentally on beryllium [8] and calcium [9–12] ions in a linear Paul trap. Penning traps,
however, also have certain experimental advantages in this context [13, 14], and schemes for
their use in quantum computation have been recently proposed [15–19].

Penning traps are, however, not only indispensable in many experimental setups. The
dynamics of a charged particle in a Penning trap shows interesting features also from a
theoretical point of view. Since the Hamiltonian of such a system is quadratic in the
canonical variables, some rather fundamental quantum mechanical aspects can be approached
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analytically. This was successfully explored during the past few years, e.g. in phase space
dynamics calculations [20] or derivations of specific classes of coherent [21], squeezed [22], or
Schrödinger cat [23, 24] states. In the present work, we demonstrate that the reduced dynamics
is also analytically solvable in the presence of an environment, if certain conditions on the
latter are imposed. While dissipation due to radiation damping or coupling to an external
circuit are known to be quite weak [25], there are also other possible sources for dissipation
and decoherence such as e.g. scattering off residual gas atoms (collisional decoherence), which
motivated the present study.

The paper is organized as follows: in section 2, we present the model based on the
Markovian master equation of Lindblad type [26] from which the equations of motion are
derived, and give the solutions of the latter. In section 3, the special case of a proton in an
asymmetric trap is considered, and the time evolution of the dispersions in coordinates and
momenta is given explicitly in the zero temperature limit. Three particular initial states are
considered: squeezed states as well as even and odd Schrödinger cat states, and the results
for all three cases are compared to those obtained in [23] within a unitary picture, thus clearly
illustrating the environmental effects. In section 4, we discuss how information about the
decoherence of the system, induced by the presence of an environment, can be estimated and
give approximate decoherence time scales for different charged particles. A brief summary is
made in section 5.

2. Non-unitary equations of motion

The Hamiltonian of a charged particle with mass m and charge q in a Penning trap reads

H = p2

2m
+

ωc

2
(xpy − ypx) +

m

2

(
ω2

xx
2 + ω2

yy
2 + ω2

zz
2
)
, (1)

where ωc = qB/m (B being the magnetic field strength in the trap) is the cyclotron frequency
and ωz the axial frequency, and the frequencies ωx, ωy are given by

ω2
x = ω2

c

4
− ω2

z

2
(1 + β), (2a)

ω2
y = ω2

c

4
− ω2

z

2
(1 − β), (2b)

where −1 < β < 1 is the asymmetry parameter. Here and in the following, the spin motion
is completely separable from the dynamics and hence it is not considered in our calculations.
To obtain the equations of motion in the presence of an environment, we solve the following
Lindblad-type Markovian master equation [26] for the density matrix:

dρ

dt
= − i

h̄
[H, ρ] +

1

2h̄

∑
j

([
Vjρ, V

†
j

]
+

[
Vj , ρV

†
j

])
. (3)

The Lindblad operators Vj are chosen to be linear superpositions of the canonical coordinates
and momenta with complex coefficients ajk, bjk:

Vj =
3∑

k=1

(ajkpk + bjkrk), V
†
j =

3∑
k=1

(a∗
jkpk + b∗

jkrk), j = 1, . . . , 6, (4)

where the number of the Lindblad operators is limited by the dimension of the problem at
hand. One should mention that this general approach is, in fact, well known, especially
in the field of nuclear physics where mostly one-dimensional [27–29] and two-dimensional

2
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[30, 31] models of such form have been widely used to phenomenologically describe the
damping of collective modes in deep-inelastc heavy ion collisions. The same formalism has
also been used in several more general quantum mechanical discussions [32–37]. However,
to the best of our knowledge, it has not been studied in connection with Penning traps before.

The coefficients ajk, bjk give rise to a number of phenomenological constants that appear
in the equations of motion. The dynamics can be simplified if we make certain assumptions
about the heat bath. In particular, we demand the system–environment interaction to be
uniform, i.e. that the damping in a certain coordinate or momentum does not affect the time
evolution of any other coordinate and momentum (and in the same way for the variances). To
express these physical conditions technically, we define, in terms of the above coefficients, the
vectors

ak = (a1k, . . . , a6k)
T, bk = (b1k, . . . , b6k)

T, k = 1, . . . , 3, (5)

and introduce the scalar product

〈f, g〉 =
6∑

i=1

f ∗
i gi . (6)

The relations to hold can then be written as follows:

Im〈ak, al〉 = 0, k, l = 1, . . . , 3, (7a)

Im〈bk, bl〉 = 0, k, l = 1, . . . , 3, (7b)

Re〈ak, bl〉 = 0, k, l = 1, . . . , 3, (7c)

Im〈ak, bl〉 = 0, if k �= l, (7d)

Re〈ak, al〉 = 0, if k �= l, (7e)

Re〈bk, bl〉 = 0, if k �= l. (7f )

For convenience, we introduce the following abbreviations for the non-vanishing scalar
products above:

λk = −Im〈ak, bk〉, Drkrk
= h̄

2
Re〈ak, ak〉, Dpkpk

= h̄

2
Re〈bk, bk〉. (8)

They are often referred to as ‘phenomenological dissipation constants’ (λk) and ‘diffusion
coefficients’

(
Drkrk

, Dpkpk

)
. Another necessary assumption is that of weak coupling of the

system to the environment since master equations of the form (3) are valid within this limit
only [38]. In the given case, this means, for example, that the values λk should be much
smaller than the typical frequencies of the considered system.

The equations of motion for the expectation values of an operator A can now be obtained
by transforming the master equation (3) to the Heisenberg picture,

dA

dt
= i

h̄
[H,A] +

1

2h̄

∑
j

(
V

†
j [A,Vj ] +

[
V

†
j , A

]
Vj

)
, (9)

and by introducing the vector of the phase space expectation values η = (〈r〉, 〈p〉)T and
evaluating the commutators above for all of its components, the equations of motion for the
first moments take the form

dη

dt
= �η, (10)
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where � is the time evolution matrix

� =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−λ1 −ωc/2 0 1/m 0 0
ωc/2 −λ2 0 0 1/m 0

0 0 −λ3 0 0 1/m

−mω2
x 0 0 −λ1 −ωc/2 0

0 −mω2
y 0 ωc/2 −λ2 0

0 0 −mω2
z 0 0 −λ3

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (11)

This corresponds to the result recently obtained for unitary time evolution in a symmetric
(β = 0) Penning trap (see equation (8) in [21], where we identify b = ωc/2, b2 + ν = ω2

x =
ω2

y,−2ν = ω2
z and note that the mass was set to unity in the latter reference), where now the

dissipative interaction with the environment gives rise to the diagonal elements of �. Given
some initial conditions η(0), the solution of (10) is straightforward:

η(t) = e�tη(0). (12)

The equations of motion for the second moments,

σAB = σBA = 1
2 〈AB + BA〉 − 〈A〉〈B〉, (13)

are derived from the Heisenberg representation of the master equation in the same manner,
i.e. by inserting products of the components of η into (9) and evaluating the commutators.
The result can be written in compact form by means of the covariance matrix σij , where
i, j = 1, 2, 3 correspond to the coordinates x, y, z and i, j = 4, 5, 6 to the momenta px, py, pz:

dσ

dt
= �σ + σ�T + 2D, (14)

where D = diag
(
Dxx,Dyy,Dzz,Dpxpx

,Dpypy
,Dpzpz

)
. This equation can be solved with the

same ansatz as in the two-dimensional case [30, 31]:

σ(t) = exp(�t)(σ (0) − 
)(exp(�t))T + 
, (15)

where σ(0) is the initial covariance matrix and 
 is a symmetric matrix which is determined
from the following system of linear equations:

�
 + 
�T = −2D. (16)

In the next section, we will compare the time evolution derived above with earlier results
obtained from the time-dependent Schrödinger equation for a better illustration of the
environmental effects.

3. Comparison with earlier results

We will consider the same example as in [23], where the motion of a proton in an asymmetric
Penning trap was studied. In the latter reference, the parameters of the Hamiltonian (1) were
taken as follows (see also table II in [25]):

ωc = 483.97 MHz, ωz = 63.22 MHz, (17)

and the asymmetry parameter was chosen to be β = 0.3. We will also use the same units as
in [23] throughout this section,

[t] = 4.21 × 10−9 s, [r] = 1.63 × 10−8 m, [p] = 6.48 × 10−27 kg m s−1, (18)

which implies that the proton mass and h̄ are set to unity. Further, we note that due to the
form of the Hamiltonian and the restrictions imposed on the environment, the motion in the

4
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Table 1. Variances corresponding to the three classes of initial states considered here as they
were found in [22, 23]. The abbreviations used below are ω2

0 = 0.25ω2
c − 0.5ω2

z , �+ =
tanh(|αx |2 + |αy |2), �− = coth(|αx |2 + |αy |2), where αx, αy are the in general complex mode
amplitudes. Throughout this section we set αx = αy = 1/3. Note that the values in the second
and third columns are dimensionless and have to be multiplied with the square of the characteristic
length unit (for σri rj ), the square of the characteristic momentum unit (for σpipj

) and, respectively,
with the characteristic unit of action (for σripj

).

Squeezed Even Schrödinger cat Odd Schrödinger cat

σxx h̄/(mωc)
ω0
ωx

(Re[αx(αx + �+α
∗
x )] + 0.5)

ω0
ωx

(Re[αx(αx + �−α∗
x )] + 0.5)

σyy h̄/(mωc)
ω0
ωy

(Re[αy(αy + �+α
∗
y )] + 0.5)

ω0
ωy

(Re[αy(αy + �−α∗
y )] + 0.5)

σpxpx
h̄mωc/4 ωx

ω0
(Re[αx(−αx + �+α

∗
x )] + 0.5) ωx

ω0
(Re[αx(−αx + �−α∗

x )] + 0.5)

σpypy
h̄mωc/4 ωy

ω0
(Re[αy(−αy + �+α

∗
y )] + 0.5)

ωy

ω0
(Re[αy(−αy + �−α∗

y )] + 0.5)

σxy 0 ω0√
ωxωy

Re[αx(αy + �+α
∗
y )]

ω0√
ωxωy

Re[αx(αy + �−α∗
y )]

σxpx
0 Im[αx(αx + �+α

∗
x )] Im[αy(αx + �−α∗

x )]

σxpy
0

√
ωy

ωx
Im[αy(αx + �+α

∗
x )]

√
ωy

ωx
Im[αy(αx + �−α∗

x )]

σypx
0

√
ωx

ωy
Im[αx(αy + �+α

∗
y )]

√
ωx

ωy
Im[αx(αy + �−α∗

y )]

σypy
0 Im[αy(αy + �+α

∗
y )] Im[αy(αy + �−α∗

y )]

σpxpy
0

√
ωxωy

ω0
Re[αx(−αy + �+α

∗
y )]

√
ωxωy

ω0
Re[αx(−αy + �−α∗

y )]

z-direction completely decouples from the dynamics in the xy-plane. Hence, the former
reduces to a one-dimensional quantum oscillator with Lindbladian damping [27]. For the
dynamics in the xy-plane, we assume the damping to be essentially in the cyclotron motion,
and bearing in mind the imposed weak coupling limit, we set λ1 and λ2 to be of the order of
10−3ωc. For the diffusion coefficients, in general, the temperature-dependent expressions are
discussed e.g. in [27, 29, 33],

Drkrk
= h̄λk

2mωk

coth

(
h̄ωk

2kT

)
, Dpkpk

= h̄λkmωk

2
coth

(
h̄ωk

2kT

)
, (19)

where T is the temperature and k the Boltzmann constant, but for simplicity we will consider
the zero-temperature limit at this point, so that the diffusion coefficients become temperature
independent:

Drkrk
= h̄λk

2mωk

, Dpkpk
= h̄λkmωk

2
. (20)

It should be mentioned that these coefficients cannot be chosen arbitrarily but have to obey
some constraints which are related to the preservation of the positivity of the density matrix
and the uncertainty relation [39]. The next step is to specify the initial conditions. Following
[23], we will consider three different kinds of initial states: squeezed states as well as even and
odd Schrödinger cat states. The initial variances corresponding to these states were found in
[22, 23] and are summarized in table 1. Figures 1 and 2 show the calculated time evolution of
the same dispersions as considered in [23] for different dissipation strengths and initial states.
Our results coincide with those obtained therein in the limit λ1 = λ2 → 0 (up to a numerical
conversion factor in the time scale [40]), and at the same time the environmental effects are
clearly visible in the case of non-vanishing λ1, λ2. They manifest themselves in a very natural
way that one would expect, namely in the amplitude damping of the oscillations.
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Figure 1. Time evolution of different dispersions for a proton in a Penning trap, initially prepared
in a squeezed state. The upper-left panel shows the time evolution of the diagonal elements σxx

(the three lower curves) and σpxpx (the upper curves) in the limit λ1 = λ2 = 0 (solid lines) and for
two different dissipation strengths: λ1 = λ2 = 10−3ωc (dashed lines) and λ1 = λ2 = 2 × 10−3ωc

(dotted lines). The other three panels show the corresponding time evolution of the off-diagonal
elements σxpx (solid lines) and σypy (dashed lines) for the same dissipation strengths, λ1 = λ2 = 0
(upper right), λ1 = λ2 = 10−3ωc (lower left) and λ1 = λ2 = 2 × 10−3ωc (lower right).

4. Decoherence time scale

In the final part of the paper, we address the dynamics of spatial decoherence of an ion in a
Penning trap. For that purpose, we assume the ion to be initially prepared in a Penning trap
coherent state. Such a class of states was recently derived in [21] for a symmetric trap (i.e.
β = 0 in (2)), and for simplicity we will assume a symmetric trap throughout this section
as well. To find the initial values η(0) and σ(0) corresponding to the Penning trap coherent
states is straightforward [21, 41], and, as demonstrated in [41], the Penning trap coherent
states have also the advantage to maximize the spatial degree of quantum decoherence. The
latter is defined as the ratio of the coherence length, l(t), of the reduced system to its ensemble
width W(t) [42–45]. It is not always possible to find an appropriate definition for these two
quantities, but they are known for systems with Gaussian density matrices of the form

ρ(x, x ′, t) = N (t) exp

(
−A(t)(x − x ′)2 − iB(t)(x − x ′)(x + x ′) − C(t)

(
x + x ′

2

)2
)

, (21)

where N (t) is a normalization factor. The coherence length and ensemble width are, in this
case, given by the amplitudes of the diagonal (x = x ′) and off-diagonal (x = −x ′) elements
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Figure 2. Time evolution of the dispersion σxx for a proton in a Penning trap, initially prepared
in an even (left panels) or odd (right panels) Schrödinger cat state. The evolution is shown for
three different dissipation strengths, from top to bottom: λ1 = λ2 = 0, λ1 = λ2 = 10−3ωc and
λ1 = λ2 = 2 × 10−3ωc .

of the density matrix,

l(t) =
√

1

8A(t)
, W(t) =

√
1

2C(t)
, (22)

and hence the decoherence degree becomes

δQD(t) = l(t)

W(t)
= 1

2

√
C(t)

A(t)
. (23)

Since we are dealing with a quadratic Hamiltonian and the initial state is of Gaussian type, the
Gaussian form remains preserved for all times and therefore we can directly adopt the definition
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above as a measure of spatial quantum decoherence. Furthermore, due to the structure of the
Hamiltonian and the restrictions imposed on the Lindblad operators, the density matrix of the
three-dimensional system ρ̂xyz can be written as the direct product

ρ̂xyz(t) = ρ̂xy(t) ⊗ ρ̂z(t). (24)

Although the time scale of the motion in the z-direction is much slower than that of the motion
in the xy-plane, the decoherence effects related to the z-motion will occur faster since the
asymptotic decoherence degree in harmonic potentials scales as ∼tanh(h̄ω/(2kT )) [43] and
ωz � ωx,y . To investigate spatial decoherence in the xy-motion, we require the expression
for ρ̂xy(t) in the coordinate representation,

〈x, y|ρ̂xy |x ′, y ′〉(t) = ρ(x, x ′, y, y ′, t). (25)

Since the time evolution of the first and second moments is known from (12) and (15), we
can directly use the well-known result for Gaussian–Wigner functions in quadratic potentials
[30, 46–48],

fW(r, p, t) = 1√
det(2πσ(t))

exp

(
−1

2
(ξ − η(t))Tσ(t)−1(ξ − η(t))

)
, (26)

to obtain the density matrix via the transformation

〈r|ρ̂|r′〉 =
∫

dp exp

(
i

h̄
(p(r − r′))

)
fW((r + r′)/2, p, t). (27)

Note that ξ denotes the phase space vector ξ = (r, p)T in (26) while the vector η(t) gives
the expectation value of ξ at time t. The integral above can be performed analytically, which
yields

〈x, y|ρ̂xy |x ′, y ′〉(t)= N exp

[
−K1(�x− 〈x〉)2 − K2(�y− 〈y〉)2 − K3(�x− 〈x〉)(�y− 〈y〉)

−K4�
2
x − K5�

2
y + K6�x�y + iK7(�x − 〈x〉)�x + iK8(�y − 〈y〉)�y

+ iK9(�x − 〈x〉)�y + iK10(�y − 〈y〉)�x +
i

h̄
(〈px〉�x + 〈py〉�y)

]
. (28)

Here, the brackets 〈· · ·〉 denote expectation values and for convenience we introduce new
coordinates,

�x = x + x ′

2
, �x = x − x ′,

�y = y + y ′

2
, �y = y − y ′.

(29)

The explicit form of the time-dependent factors K1, . . . , K10 is given in the appendix together
with the normalization factor N. For completeness, we also give the z-part of the density
matrix:

〈z|ρ̂z|z′〉(t) =
√

1

2πσzz

exp

[
− 1

2σzz

(
z + z′

2
− 〈z〉

)2

− σzzσpzpz
− σ 2

zpz

2h̄2σzz

(z − z′)2

+
iσzpz

h̄σzz

(
z + z′

2
− 〈z〉

)
(z − z′) +

i

h̄
〈pz〉(z − z′)

]
. (30)
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Note that in (28) and (30), the expectation values 〈ri〉, 〈pi〉 and the variances are functions of
time. We can now easily identify the coherence length and ensemble width according to (22)
in the x and y components in (28):

lx(t) =
√

1

8K1
, ly(t) =

√
1

8K2
,

Wx(t) =
√

1

2K4
, Wy(t) =

√
1

2K5
.

(31)

If, in addition, we demand the dissipation to be equal in both coordinates, i.e. λ1 = λ2, then,
since we consider a symmetric trap, the coherence lengths and ensemble widths will also be
equal at all times (lx(t) = ly(t),Wx(t) = Wy(t)), which, according to (23), allows us to define
a single spatial decoherence degree for the cyclotron motion

δQD(t) = 1

2

√
K1

K4
= 1

2

√
K2

K5
. (32)

Since the system is initially prepared in a Penning trap coherent state, we have, as shown
in [41], δQD(0) = 1, and with increasing time the quantum coherence decays until it has
reached a final asymptotic value. We would like to emphasize that, contrary to the previous
section, we consider a finite temperature in the diffusion coefficients (19) which is crucial for
the decoherence dynamics. Thus, even in the presence of an environment a coherent state
remains coherent for all times if the reservoir temperature is zero [43]. Figure 3 shows the
time evolution of the decoherence degree for different ions in the mass range from 4 amu to
129 amu at T = 4 K which is a typical operation temperature in most Penning trap experiments.
A comparison with the results of the previous section indicates that the decoherence time scale
is several orders of magnitude shorter than the relaxation time scale, which is a rather common
behaviour. This agrees with the thumb rule for estimating the ratio of the two time scales [45]

τrel

τdec
≈ σxx

L2
dB

, (33)

where σxx is the typical spatial spread of the system and

L2
dB = h̄2

2mkT
(34)

is the squared thermal de Broglie wave length. Indeed, inserting some typical parameters
(m = 50 amu, B = 5 T, T = 4 K, q = e, ωc = eB/m, σxx = h̄/(mωc)) we find the ratio
to be of the order of 105, which is about the ratio of the time scales in figures 1 and 2, that
display a relaxation process, to that of figure 3 that displays decoherence dynamics. In this
context, it should also be stated that this ratio becomes astronomically large for macroscopic
systems, and only for very few systems (e.g. some solid state devices like quantum dots)
both processes can occur on the same timescale. However, within the model adopted here
to describe environmental effects, the spatial decoherence turns out to be quite sensitive with
respect to the temperature, so that the decoherence time can be significantly prolonged by
cooling the setup down to the mK regime.

5. Summary

We studied the dynamics of a charged particle in a Penning trap within the Lindblad theory,
which allows us to incorporate environmental effects in a phenomenological way. We derived
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Figure 3. The time evolution of the spatial decoherence parameter, shown for different ions in the
mass range from 4 amu to 129 amu. The ions are listed in table 2 together with the experiment
from which the frequencies and magnetic field strengths were taken. The dissipation strength was
taken to be λ1 = λ2 = 1.0 × 10−3ωc at a temperature of T = 4 K.

Table 2. The description of curves (1)–(8) in figure 3, showing the ions for which the calculations
were performed and the experiment from which the input parameters, i.e. the frequencies and
magnetic field strengths, were taken.

Curve (1) (2) (3) (4) (5) (6) (7) (8)

Ion 4He2+ 6Li+ 18O+ 24Mg11+ 32S+ 40Ca19+ 87Rb2+ 129Xe5+

Magnetic field (T) 6.0 7.0 8.5 4.7 8.5 4.7 8.5 8.5
Experiment [49] [50] [51] [52] [53] [54] [55] [56]

the equations of motion for the first and second moments and presented an analytical solution
of the latter. For the particular example of a proton moving in a Penning trap, we investigated
the time-behaviour of the dispersions and made a comparison to earlier results. It is found
that in the limit of vanishing environmental coupling strength, the dynamics agrees with
the one obtained from the time-dependent Schrödinger equation without dissipation while
with increasing coupling strength the oscillations in the dispersions become more and more
damped and approach finite asymptotic values. We also suggested a possibility of estimating
the spatial decoherence time scale for ions in a Penning trap using recent experimental setups
as examples. Within the model we used, the decoherence time scale at a temperature of
T = 4 K is found to be about τdec ≈ 100 ps. This is much shorter than the estimated relaxation
time which is of the order of 1 μs in the considered weak coupling case λk ≈ 10−3ωc. The
model presented here is limited by the Markovian condition and therefore cannot be used to
describe strongly damped dynamics, but, apart from its simplicity, it has the advantage that
the environmental effects can be taken into account without being specified explicitly. At the
same time, additional information is necessary to relate the phenomenological parameters to
physical quantities, e.g. in the case of collisional decoherence reliable scattering rates off the
residual gas atoms are required to find appropriate values for the dissipation constants λk .
The temperature of the heat bath, however, can be taken into account through the diffusion
coefficients, which considerably influences the decoherence time scale.
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Appendix. Explicit form of the factors and normalization in equation (28)

The time-dependent normalization factor N and the time-dependent amplitudes K1, . . . , K10

in (28) can be explicitly given by means of the covariance submatrix of the xy-motion,

S =

⎛
⎜⎜⎝

σxx σxy σxpx
σxpy

σyx σyy σypx
σypy

σpxx σpxy σpxpx
σpxpy

σpyx σpyy σpypx
σpypy

⎞
⎟⎟⎠ , (A.1)

the time evolution of which is directly obtained from the full covariance matrix σ (see (15)).
Denoting by C = S−1, the inverse of the above matrix and its elements by cij , the explicit
expression for the normalization reads

N =
√

4π2

det(2πS)
(
c33c34 − c2

34

) (A.2)

and the amplitudes are given by

K1(t) = c11

2
+

c13c14c34 − 1
2

(
c2

13c44 + c2
14c33

)
c33c44 − c2

34

, (A.3)

K2(t) = c22

2
+

c23c24c34 − 1
2

(
c2

23c44 + c2
24c33

)
c33c44 − c2

34

, (A.4)

K3(t) = c12 +
c34(c13c24 + c14c23) − (c13c23c44 + c14c24c33)

c33c44 − c2
34

, (A.5)

K4(t) = c44

2h̄2
(
c33c44 − c2

34

) , (A.6)

K5(t) = c33

2h̄2
(
c33c44 − c2

34

) , (A.7)

K6(t) = c34

h̄2
(
c33c44 − c2

34

) , (A.8)

K7(t) = c34c14 − c44c13

h̄
(
c33c44 − c2

34

) , (A.9)

K8(t) = c34c23 − c24c33

h̄
(
c33c44 − c2

34

) , (A.10)

K9(t) = c34c13 − c14c33

h̄
(
c33c44 − c2

34

) , (A.11)

K10(t) = c34c24 − c23c44

h̄
(
c33c44 − c2

34

) . (A.12)
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