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Abstract

During the last few decades, laser technology has gone through a series of
revolutionary improvements. With light pulses in the sub-femtosecond regime
now experimentally available, an explicit time-dependent Hamilton operator is
indispensable for a proper theoretical description of the interactions of atoms
with such pulses. However, these theoretical studies are computationally very
demanding, which motivates the search for new numerical methods and algo-
rithms to approach time-dependent problems. This thesis contributes to this
research field, with the main focus on the use of complex-scaled Hamilton op-
erators. Thus, the formalism of complex scaling is studied in the context of its
application to explicitly time-dependent atomic systems.

Both non-relativistic and relativistic dynamics are investigated. The nu-
merical advantages and the possibilities to extract physical quantities from
complex-scaled wave functions are discussed. Of special interest is the abil-
ity to treat resonance states. These are multiply excited electronic states with
sufficient energy to decay through Auger transitions to the surrounding contin-
uum. With complex scaling, the Hamilton operator is non-Hermitian and such
resonance states can be obtained as eigenstates.

To analyze the non-bound part of the wave function requires essentially the
construction of a second wave function; the left state vector. This additional
wave function is, however, not easily constructed numerically in the complex
scaling-method. To circumvent some of the numerical problems, we have pro-
posed three different methods. These methods are based on Floquet theory, a
propagation on a complex time-grid and time-dependent perturbation theory.
By carefully investigating the numerical properties of the left state vector, we
have thus studied the non-bound part of the system.
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1. Introduction

With the currently available laser pulses in the femto- and sub-femtosecond
regime, electronic processes can be followed experimentally in the time-domain,
see, for example, Ref. [1]. From the theoretical point of view, to model the
process of an atom subjected to a laser pulse is therefore both interesting and
important. A theoretical study of such a process means particularly that a truly
time-dependent Hamilton operator needs to be handled and the time-evolution
of the corresponding wave function, Ψ, has to be computed. For reasons to be
explained, such calculations are generally cumbersome in practice. First, the
analytic solution of the equation describing the time-evolution of Ψ is (for most
systems) not known. Hence, we have to solve the problem approximately using
numerical methods. As long as the approximate solution is “accurate enough”
this should, however, not be a problem in principle. In practice though, the
computational workload, and therefor also the time, required to reach this so-
lution can, and often will, be a problem. For that reason, transformations of Ψ

that may simplify the numerical description are worth considering. Here, the
transformation in the complex scaling method is studied.

Complex scaling [2–5] is a well-established technique in several areas of
physics. Its popularity is mainly explained by the superior (compared to the
ordinary, “unscaled”) representation of the continuum part of a wave function
confined to a finite space. This is the property that makes complex scaling
appealing for the systems considered here. We will use eigenstates of a ma-
trix representation of the scaled Hamilton operator to expand the wave func-
tion. An example that illustrates the efficiency of this representation is that
a resonance state is described with a single basis-function. Without complex
scaling an infinite number of basis functions is, in comparison, required to rep-
resent the auto-ionizing state in more conventional approaches. Additionally,
with complex scaling, the ordinary continuum is accurately represented with
a modest number of pseudo-continuum states. This efficiency is related to a
broadening in the energy-domain of the individual pseudo-continuum states.
The method of complex scaling is therefore greatly valued in the calculation
of, for example, photo-absorption cross-sections based on time-dependent per-
turbation theory, see, for instance, Refs. [6–8].

In contrast to the Hamilton operator used in the traditional formulation of
quantum mechanics, the scaled Hamilton operator is non-Hermitian. The kind
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of information that can be extracted, both in theory and in practice, from the
scaled wave function is therefore not evident. This question is considered in
Paper I, which deals with the solution of the time-dependent Schrödinger equa-
tion using uniform complex scaling. The conclusion is that only the bound part
of the system is easily accessible, due to numerical reasons. The efficient cal-
culation of ionization yields with complex scaling is explored also in Paper II,
where a relativistic treatment of a hydrogen atom exposed to a laser pulse is
considered. In Paper III, we study the possibility to extract information from
the continuum part of the (non-relativistic) scaled wave function by introduc-
ing a complex time-coordinate. With this approach, many of the numerical
difficulties identified in Paper I are circumvented. Finally, in Paper IV we take
advantage of the superior representation of resonance states to study the struc-
tured part of the continuum for H−. In particular, we investigate the possibility
to alter the probability distribution in the vicinity of meta-stable states with
short laser pulses. The main results from the four articles are summarized in
this thesis, with focus on the non-relativistic studies, i.e., Paper I, III and IV.

18



2. The time-evolution of quantum
systems

In this chapter, we briefly outline the conventional description of quantum sys-
tems in the time-domain. In particular, we discuss the equation that governs
the time-evolution of atomic systems exposed to electromagnetic fields. The
ideas are illustrated for the case of hydrogen, with special emphasis on the
assumptions typically made to simplify the treatment of this system.

2.1 General theory

In quantum mechanics, systems are characterized by their time-dependent wave
functions, denoted Ψ. For a non-relativistic system of N particles, the time-
evolution of such a wave function is given by the Time-Dependent Schrödinger
Equation (TDSE)

ih̄
∂

∂ t
Ψ({r j}, t) = H({r j}, t)Ψ({r j}, t), (2.1)

where h̄ is Planck’s constant (denoted h) divided by 2π and H is the Hamilton
operator of the considered system. In the conventional formulation of quantum
mechanics, H is a self-adjoint (or Hermitian) operator, such that H = H†. We
shall see in Sec. 4 that a non-Hermitian formulation of the TDSE is also of
interest. The curly braces around r j are used as a shorthand notation for the
N position vectors required to specify the state of the N particle system, i.e.,
{r j}↔ r1,r2, . . . ,rN .

The position representation of H, seen in Eq. (2.1), can be obtained from
the corresponding classical Hamiltonian function, H, by the substitution

{p j}→ {−ih̄∇ j}, (2.2)

where p j is the canonical momentum, connected to r j through the Lagrangian,
L, of the system,

p j =
∂L
(
{r j},{

∂r j
∂ t }, t

)
∂

(
∂r j
∂ t

) . (2.3)
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A review of analytical mechanics, with a thorough discussion of H and L, can
be found in the book by Goldstein [9].

From the classical Hamiltonian associated with a single hydrogen atom,

H0(r,p) =
p2

2m
− e2

4πε0r
, (2.4)

we use now Eq. (2.2) to obtain the corresponding quantum mechanical operator

H0(r) =−
h̄2

∇2

2m
− e2

4πε0r
. (2.5)

In Eq. (2.4) and (2.5), r is the position vector of the electron, m is the electronic
mass, e is the elementary charge, and ε0 is the electric constant. Here, we have
assumed an infinitely massive nucleus at the origin of the reference frame.
Compared to the electron mass (9.109×10−31 kg), the proton mass (1.673×
10−27 kg) is indeed overwhelming, which justifies the assumption of an infinite
nuclear mass. The subscript on H0 and H0 is used throughout the thesis to
denote systems unperturbed by external fields. Finally, note that the first term
in the expression for H0 in Eq. (2.4) gives the kinetic energy of the electron and
the second term gives its potential energy in the Coulomb field of the nucleus.

We now turn to an atom exposed to a light field. In particular, we will
consider an atom in a well-defined state, i.e., the atomic ground state, prior to
its interaction with an external electromagnetic field. The initial wave function
is then an eigenstate to the field-free H0 and, as such, can be computed. Using
Eq. (2.1) we may also construct Ψ at later times, for instance, during and after
the atom’s exposure to the field.

2.2 Atoms exposed to laser pulses

2.2.1 The laser pulse

Before we discuss the response of an atomic system to laser pulses, let us
consider the response of an electromagnetic field to matter. In this thesis, we
will only consider fields that are sufficiently intense to be treated with classical
electrodynamics. Hence, we turn to Maxwell’s equations for their description,
see, e.g., Ref. [10],

∇ ·E(r, t) = ρ(r, t)
ε0

, ∇×B(r, t) = µ0J(r, t)−µ0ε0
∂E(r, t)

∂ t
,

∇ ·B(r, t) = 0, ∇×E(r, t) =−∂B(r, t)
∂ t

, (2.6)
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where µ0 is the magnetic constant, ρ is the total charge density, and J is the
total current density. The latter two quantities, ρ and J, are related by the
continuity equation

∇ ·J(r, t)+ ∂ρ(r, t)
∂ t

= 0. (2.7)

Now consider a single isolated atom in a classical electromagnetic field.
The response of this field to such a system will be negligible. Hence, without
introducing any significant errors, we put ρ = 0 and J = 0 in Eq. (2.6) and
arrive at the following set of equations

∇ ·B(r, t) = 0, (2.8)

∇×E(r, t)+
∂B(r, t)

∂ t
= 0, (2.9)

∇ ·E(r, t) = 0, (2.10)

∇×B(r, t)+
1
c2

∂E(r, t)
∂ t

= 0, (2.11)

with c = 1/
√

µ0ε0 the speed of light in vacuum. These four equations will
determine the electromagnetic field in the vicinity of an isolated atomic system.

We begin with Eq. (2.8) and (2.9). With the identity ∇ · (∇×A) = 0, the
formal solution to B and E can be found as

B(r, t) = ∇×A(r, t), (2.12)

E(r, t) =−∇Φ(r, t)− ∂A(r, t)
∂ t

. (2.13)

The physical fields, E and B, are thus uniquely determined by two non-physical
quantities A and Φ, referred to as the vector and scalar potential, respectively.
In contrast, A and Φ are not uniquely determined by E and B. Many combina-
tions of A and Φ may be used to represent a given electromagnetic field. Note,
for instance, that the combined transformation

A(r, t)→ A(r, t)−∇ξ (r, t), (2.14)

Φ(r, t)→Φ(r, t)+
∂ξ (r, t)

∂ t
, (2.15)

where ξ is a scalar function, leaves E and B unaffected. This freedom in
choosing A and Φ, known as gauge invariance, is exploited here to impose

∇ ·A(r, t) = 0. (2.16)

The condition in Eq. (2.16) defines the so-called Coulomb gauge. The advan-
tage of this particular gauge will be seen when we turn to the solutions of the
two remaining Maxwell’s equations, Eq. (2.10) and (2.11).
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Using Eq. (2.13) and (2.16), we rewrite Eq. (2.10),

0 = ∇ ·E(r, t) =−∇
2
Φ(r, t)− ∂

∂ t
[∇ ·A(r, t)] =−∇

2
Φ(r, t), (2.17)

to see that
Φ(r, t) = 0. (2.18)

The scalar potential is consequently set to zero in the Coulomb gauge. Turning
to Eq. (2.11), we find the wave equation for the vector potential in the Coulomb
gauge to be [10]

∇
2A(r, t)− 1

c2
∂ 2A(r, t)

∂ t2 = 0. (2.19)

The plane wave solution to Eq. (2.19) is given by

A(r, t) = A0e−i(k·r−ωt), (2.20)

|k|= ω

c
, (2.21)

where k is the wave vector and ω the angular frequency. Note that the plane
wave is polarized in the direction of A0, which, in the Coulomb gauge, is
perpendicular to the propagation direction along k.

The typical size of an atomic system is a few Bohr radii. Hence, all plane
wave solutions with

|k|a0 =
ω

c
a0� 1, (2.22)

where a0 is the Bohr radius (0.511×10−10 m), can be approximated by

A(r, t)≈ A(t) = A0eiωt , (2.23)

which is known as the dipole approximation. In Eq. (2.23), we neglect the
spatial variations in A(r, t). The response of the atomic system to the magnetic
field is also neglected. Having no spatial variations in A leads to B = 0 [see
Eq. (2.12)]. To mimic a laser pulse, polarized in the z-direction, a superposition
of “plane waves” is used,

A(t) = A(t)ẑ = A0 f (t)sin(ωt)ẑ, (2.24)

where sin(ωt) is the carrier wave and f (t) the envelope of the pulse.

2.2.2 The time-dependent Hamilton operator

In classical mechanics, the response of an electron located at r to an electro-
magnetic field is given by the Lorentz force,

F =−e
[

E(r, t)+
∂r
∂ t
×B(r, t)

]
. (2.25)

22



The classical Hamiltonian that reproduces Eq. (2.25), when fed into Hamil-
ton’s equations [9], is given by

H(r,p, t) =
[p+ eA(r, t)]2

2m
+ eΦ(r, t), (2.26)

where A and Φ are the vector and scalar potential, discussed in Sec. 2.2.1. We
choose to work in the Coulomb gauge, with Φ = 0 and A as the solution to
Eq. (2.19), where the classical Hamiltonian is given by

H(r,p, t) =
[p+ eA(r, t)]2

2m
. (2.27)

The Hamiltonian, H, of the perturbed electron can be retrieved directly from
the corresponding one of the unperturbed electron, H0 = p2/(2m), by the sub-
stitution

{p j}→ {p j + eA(r j, t)}, (2.28)

which is known as minimal coupling. As indicated by the curly braces in
Eq. (2.28), the Hamiltonian of N perturbed electrons can, in a way similar to
that of the single electron, be retrieved following this prescription.

By introducing Eq. (2.28) into the unperturbed Hamiltonian in Eq. (2.4),
the Hamiltonian of a hydrogen atom exposed to a laser pulse is found to be

H(p,r, t) =
[p+ eA(r, t)]2

2m
− e2

4πε0r
. (2.29)

The corresponding Hamilton operator can be separated into a time-independent
and a time-dependent part,

H(r, t) = H0(r)+HI(r, t), (2.30)

with H0 given by Eq. (2.5) and

HI(r, t) =
e2A2(r, t)

2m
− i

eh̄
m

A(r, t) ·∇≈−i
eh̄
m

A(t) ·∇. (2.31)

This is the Hamilton operator in the so-called velocity gauge where the dipole
approximation [discussed in connection to Eq. (2.23)] has been used in the last
step of Eq. (2.31). The A2-term has also been removed. As a time-dependent
scalar, A2(t) affects only the phase of Ψ, which is undetermined. As a conse-
quence of Eq. (2.16), ∇ · (AΨ) = A ·∇Ψ, and there is no explicit appearance
of a ∇ ·A-term in Eq. (2.31).

An alternative to the velocity gauge is the length gauge. In this gauge, the
response of the system to the electromagnetic field is given by

HI(r, t) =−e
∂A(t)

∂ t
· r = eE(t) · r. (2.32)
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Here, the interaction is given in the dipole approximation. It is noteworthy that
the wave function ΨL, obtained in the length gauge [using HI(t) in Eq. (2.32)],
is related to the corresponding wave function ΨV in the velocity gauge [using
HI(t) in Eq. (2.31)],

ΨL(r, t) = e
i
h̄ eA(t)·r

ΨV (r, t). (2.33)

Hence, the two wave functions are identical only when A(t) = 0. The length
gauge has been tested, especially for the problems in Paper I, and for the
complex-time propagation in Paper III, but found to be less favorable numer-
ically. All calculations presented in this work are therefore in the velocity
gauge.

2.3 The search for Ψ

Analytical solutions to the TDSE, Eq. (2.1), can only be found for very few
systems. We need then to consider approximate solutions based on various
numerical methods. The basic ideas behind the search for such solutions are
now discussed.

We start with a spectral decomposition of Ψ in terms of eigenfunctions Φn

of H0,

Ψ({r j}, t) =
∫
∑
n

cn(t)Φn({r j}), (2.34)

where
H0({r j})Φn({r j}) = EnΦn({r j}). (2.35)

For non-relativistic systems, Eq. (2.35) is known as the Time-Independent
Schrödinger Equation (TISE). The eigenvalues, En, of the Hermitian, field-
free H0 are necessarily real. Note that the dynamics of the wave function is
encoded in the time-dependent expansion coefficients, cn, alone. Note also
that the formal solution to Ψ in Eq. (2.34) is exact.

2.3.1 The basis

We now turn to the solutions to the TISE, Eq. (2.35). Even though such so-
lutions are, for most systems, not known in a simple analytical form, we may
still deduce some of its characteristic features. We start with the more gen-
eral properties of Φn and En before describing how the eigenvalue problem is
solved in practice.

For atomic systems, the spectrum of H0 can be divided into two parts; a
discrete set of eigenvalues, corresponding to electronic states bound by the
Coulomb potential to the nucleus, and a continuous one of more energetic,
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non-bound states. The sum in Eq. (2.34) runs over the former, discrete part of
the spectrum and the integration over the energies of the latter.

Now consider H0 for the hydrogen atom in Sec. 2.1. Its bound electronic
states, henceforth denoted Φb, are asymptotically described by exponentially
decreasing functions

lim
r→∞

Φb(r)r ∼ e−
√
−2mEbr/h̄, (2.36)

where Eb < 0 (see, e.g., Ref [11]). On the contrary, the non-bound eigenstates
Φk of H0 show an oscillatory behavior [12]

lim
r→∞

Φk(r)r ∼ sin
(

kr+
Z

ka0
ln(2kr)− `π

2
+σ`

)
, (2.37)

where Z is the nuclear charge, ` the angular momentum (or azimuthal quantum
number), and σ` the Coulomb phase shift.

The bound-states of a N electron atom are, similar to those of hydrogen,
L2-normalizable with

lim
r j→∞

Φb({r j})r j = 0. (2.38)

In contrast, the non-bound electron states are not L2-normalizable.
As pointed out in the beginning of this section, we must find approximate

solutions to the TISE. Φn is therefore, in turn, expanded in a complete but finite
basis of analytically known functions. With such an expansion, Eq. (2.35) is
turned into a matrix-vector eigenvalue problem, which can be solved with stan-
dard numerical routines. To find the desired solutions, the Dirichlet boundary
condition

Φn({r j})
∣∣
r j=R = 0, (2.39)

is imposed, where R is the characteristic radius. The condition in Eq. (2.39) is
approximately true for bound eigenstates of H0 that decrease sufficiently rapid
in r j. The continuum wave functions, on the other hand, do not satisfy the
Dirichlet boundary condition in general. Only states that accidentally have a
node at r = R might be found in practice as pseudo-continuum states (pseudo,
since they are artificially confined to r ≤ R). With Eq. (2.39), the continuum
part of the spectrum of H0 is thus no longer continuous, but discrete. More
details on the numerical solution of the TISE are given in Sec. 3.1.

2.3.2 The approximate solution

To find the approximate solution to Ψ, we expand the wave function in the
finite basis of approximate eigenstates to H0, discussed in Sec. 2.3.1,

Ψ({r j}, t) = ∑
n

cn(t)Φn({r j}), (2.40)
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where

H0({r j})Φn({r j}) = EnΦn({r j}), (2.41)

Φn({r j})
∣∣
r j=R = 0. (2.42)

With Eq. (2.40) introduced in the TDSE we find the expression for the expan-
sion coefficients, cn, to be

ih̄
∂

∂ t
cn(t) = ∑

m

[∫
Φ
∗
n({r j})H({r j}, t)Φm({r j})dV

]
cm(t), (2.43)

where we have used the orthogonal property of the basis∫
Φ
∗
n({r j})Φm({r j})dV = δn,m, (2.44)

when integrated over all space, i.e., dV ↔ dr1dr2 · · ·drN . In Eq. (2.44), δn,m is
the Kronecker delta function.

Lastly, we discuss the validity of the approximate solution to Ψ for an
atomic system exposed to a laser pulse. At a time ti, prior to the laser pulse,
we know the atom to be in its ground state, Φ0. The wave function is then a
localized function in {r j},

lim
r j→∞

Ψ({r j}, ti) = 0, (2.45)

in accordance with Eq. (2.38). With a sufficiently large radius R, the initial
wave function can be adequately described. If, at later times, the atom is ion-
ized, a wave packet is created that propagates outwards from the nucleus. This
wave packet will eventually hit the boundary at R and unphysical reflections
occur. When the reflected part of Ψ interferes with the rest of the wave func-
tion, all credibility for the approximate solution is lost. Up to the point of
reflection, however, the description of Ψ might still be accurate. The process
of an atom exposed to a light field can therefore be simulated and studied also
with the Dirichlet boundary condition, although only for finite time-intervals.

2.4 Relativistic treatment

In the relativistic case, the time-evolution of the wave function is described
with the time-dependent Dirac equation

ih̄
∂

∂ t
ΨD = HDΨD, (2.46)
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where

HD = cα · (−ih̄∇+ eA)− e2

4πε0r
+mc2

β (2.47)

αi ≡
(

0 σi

σi 0

)
, β ≡

(
I2 0
0 −I2

)
, (2.48)

where I2 is a 2×2 unity matrix, αi is the ith component of the Dirac matrix α ,
and σi are the Pauli matrices,

σ1 ≡
(

0 1
1 0

)
, σ2 ≡

(
0 −i
i 0

)
, σ3 ≡

(
1 0
0 −1

)
. (2.49)

Hence, since α and β are 4× 4 matrices, the wave function ΨD will have
four components also. Such wave functions are often called Dirac spinors.
Relativistic effects become important when the electron velocity is no longer
small compared to the velocity of light. This is the case for inner shell electrons
in systems with highly charged nuclei, but the electromagnetic field itself can
also drive the electron to such high velocities if it is strong enough. Both these
aspects motivate a study of the time-dependent Dirac equation.

With an electric field Ez(t) = E0 sin(ωt), the classical z-component of the
velocity of the electron accelerated by the field at a time t is given by

v(t) =
∫ t

0

e
m

E0 cos(ωt ′)dt ′ =
e

mω
E0 sin(ωt). (2.50)

The time-averaged kinetic energy of the electron will then be

1
2

m v2(t)
∣∣
av =

e2

mω2
E2

0
4
, (2.51)

which is known as the ponderomotive energy. We thus expect relativistic ef-
fects to be important if the ponderomotive energy is a substantial fraction of
the rest mass energy mc2.

The time-dependent Dirac equation can, in a similar way as the TDSE, be
solved by expanding ΨD in the eigenstates to HD. An important peculiarity
with the time-independent Dirac equation,

HDΦD = EΦD, (2.52)

is that it provides a set of negative energy solutions in addition to the type
of solutions obtained with the TISE. Physically we interpret these as positron
solutions, unavailable if no positrons are present. Extreme fields allow for
spontaneous electron–positron pair production, but this process can safely be
neglected with the currently available experimentally intensities. One might
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then think that the negative energy states can safely be omitted from the cal-
culations, but this is not at all the case. In fact, so-called virtual electron-
positron pairs greatly influence the interaction with a time-varying electro-
magnetic field, especially beyond the dipole approximation, and also when the
interaction with the electromagnetic field is described in the velocity gauge.
This is discussed in detail in Paper II.
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3. Numerical methods

3.1 Solution to the TISE

In the previous chapter, the possibility to expand the wave function in the
eigenstates Φ of the field-free Hamilton operator was considered. It is there-
fore interesting to see how these eigenstates are computed in practice for the
two different systems treated in this thesis; the hydrogen atom and the negative
hydrogen ion, H−.

3.1.1 The hydrogen atom

Since the Coulomb potential is spherically symmetric, we express the solutions
Φ to the TISE [Eq. (2.35)] in spherical coordinates (r,θ ,ϕ). The spherical
coordinates are connected to their Cartesian counterparts through

x = r sin(θ)cos(ϕ), (3.1)

y = r sin(θ)sin(ϕ), (3.2)

z = r cos(θ), (3.3)

where r is the radial variable and the angles θ and ϕ are known as the polar
and azimuthal angle, respectively. In particular, if we write Φ in the form

Φ(r,θ ,ϕ) =
P(r)

r
Y (θ ,ϕ), (3.4)

the TISE for the hydrogen atom is separated into two independent equations [13][
− h̄2

2m

(
∂ 2

∂ r2 −
`(`+1)

r2

)
− e2

4πε0r

]
P(r) = EP(r), (3.5)

1
Y (θ ,ϕ)

[
1

sinθ

∂

∂θ

(
sinθ

∂Y (θ ,ϕ)
∂θ

)
+

1
sin2

θ

∂ 2Y (θ ,ϕ)
∂ϕ2

]
=−`(`+1),

(3.6)

where `(`+ 1) is a constant. Equation (3.6) can be solved analytically. Its
normalized solutions are known as spherical harmonics, Y m

` , and are charac-
terized by the two integer numbers m, the magnetic quantum number, and `,
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the azimuthal quantum number,

Y m
` (θ ,ϕ) = (−1)m

√
2`+1

4π

(`−|m|)!
(`+ |m|!)

eimϕPm
` (cosθ), (3.7)

where |m| ≤ ` and Pm
` is an associated Legendre polynomial (not to be confused

with P). Furthermore, the spherical harmonics are pairwise orthogonal,

δ`,`′δm,m′ =
∫ 2π

0

∫
π

0
[Y m

` (θ ,ϕ)]∗Y m′
`′ (θ ,ϕ)sinθdθdϕ, (3.8)

where the sinθ -term is introduced via the volume element

dxdydz = r2 sinθdrdθdϕ. (3.9)

The radial part of the TISE [Eq. (3.5)] will be solved numerically. To find
an approximate solution to P, we expand it in a finite basis of analytically
known functions in r,

P(r) = ∑
j

d jB j(r). (3.10)

To obtain a L2-normalizable wave function, we require that

P(0) = P(r→ ∞) = 0. (3.11)

However in practice, the condition P(r ≥ R) = 0 is imposed instead. Φ is
consequently confined to a sphere of characteristic radius R, as discussed in
Sec. 2.3.1.

In the relativistic calculations (Paper II), the radial part of the wave func-
tion is represented on a grid. In the non-relativistic case, P is expanded in
B–splines [14], which are piecewise polynomials of a chosen order. They are
defined on a so-called knot sequence r j and form a complete set. With N knot
points distributed at

r0 ≤ r1 ≤ ·· · ≤ rN−1, (3.12)

the B–splines of degree k, which correspond to polynomials of order k−1, are
constructed using the Cox-de Boor recursion formula [14],

B(1)
j =

{
1, if r j ≤ r ≤ r j+1
0, otherwise

, (3.13)

B(k)
j =

r− r j

r j+k−1− r j
B(k−1)

j (r)+
r j+k− r

r j+k− r j+1
B(k−1)

j+1 (r). (3.14)

The superscript on B(k) is introduced to distinguish B–splines of different de-
grees. Note that B(k)

j is only non-zero in the interval [r j,r j+k+1]. The B–spline
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basis therefore has compact support. To impose P(0) = P(R) = 0 we place k
knot points at r = 0 and r = R, respectively. This is the same scheme as used
by Johnson et al. [15]. The first and last B–splines are thereafter removed from
the basis. Using N knot points, we obtain a set of N− k− 2 basis functions.
The corresponding N− k− 2 coefficients [the d j in Eq. (3.10)] are found by
diagonalizing the matrix

H0d = EBd, (3.15)

with the matrix elements given by

[B]i, j =
∫ R

0
B(k)

i (r)B(k)
j (r)dr. (3.16)

[H0]i, j =
∫ R

0
B(k)

i (r)
[
− h̄2

2m

(
∂ 2

∂ r2 −
`(`+1)

r2

)
− e2

4πε0r

]
B(k)

j (r)dr,

(3.17)

The B-matrix is known as the overlap matrix and is generally sparse. Since
the B–splines are polynomials, the integrations in Eq. (3.16) and (3.17) can be
done to machine accuracy using Gaussian quadrature [16]. Equation (3.15) is
a generalized eigenvalue problem that can be solved with standard numerical
routines. In this manner, the desired eigenstates of H0 can be computed for one
value of ` at a time.

3.1.2 The negative hydrogen ion, H−

Based on the assumption of an infinitely massive nucleus, we write the Hamil-
ton operator H̃0 for the negative hydrogen ion as

H̃0(r1,r2) = H0(r1)+H0(r2)+
e2

4πε0r12
, (3.18)

where r12 ≡ |r1− r2| and

H0(r j) =−
h̄2

∇2
j

2m
− e2

4πε0r j
. (3.19)

Note that H0 is the Hamilton operator for the hydrogen atom, considered in the
previous section. To find the eigenstates Φ̃ to H̃0, we expand it in a basis of
coupled eigenstates Φ to H0. In agreement with the Pauli principle, the basis
states are also made anti-symmetric. The spectrum for H− can be computed
for a particular set of quantum numbers at a time. For two electron systems, the
total angular momentum, L, the total spin, S, and the parity, π , are generally
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good quantum numbers. To emphasize that Φ̃ is of a particular symmetry,
S+1Lπ , we write its expansion as

|Φ̃〉= ∑
a,b

ca,b|{ΦaΦb}SLπ〉= ∑
a,b

ca,b|{na`anb`b}SLπ〉. (3.20)

In Eq. (3.20), the Dirac notation is used to keep the expression in a more com-
pact form. The eigenstates Φa are then labeled by their quantum numbers
na and `a (see Sec. 3.1.1). The braces in Eq. (3.20) denote that we use anti-
symmetrized states.

The expansion coefficients, ca,b, can be found by diagonalizing H̃0. The
elements of such a matrix are given by

〈{na`anb`b}SLπ |H̃0|{nc`cnd`d}SLπ〉, (3.21)

with the Dirac notation. In order to compute the elements of H̃0, we express
the anti-symmetric states in sums of non-symmetrized states,

|{na`anb`b}LπM〉= 1√
2
(|(na`a)1(nb`b)2LπM〉

+π(−1)L+S|(nb`b)2(na`a)1LπM〉
)
, (3.22)

if na 6= nb or `a 6= `b, and

|{n`n`}LπM〉=
{
|n`n`LπM〉, if (−1)L = (−1)S,
|O〉, otherwise,

(3.23)

for identical electrons.
We can now write a matrix element of H̃0 as different combinations of

〈(na`a)1(nb`b)2SLπ |H̃0|(nc`c)1(nd`d)2SLπ〉. (3.24)

If it were not for the 1/r12-term, the matrix representation of H̃0 would have
been diagonal in this basis. To compute the off-diagonal elements, produced
by 1/r12, we write [10]

1
r12

= 4π ∑
k

∑
q

1
2k+1

rk
<

rk+1
>

Y k
q (θ1,ϕ1)

[
Y k

q (θ2,ϕ2)
]∗

(3.25)

where r> and r< is the greater and lesser of r1 and r2, respectively. In this
form, all angular integrals can be done analytically using Racah algebra [17],
which gives the matrix element in Eq. (3.24) as

〈(na`a)1(nb`b)2SLπ | 1
r12
|(nc`c)1(nd`d)2SLπ〉=

∑
k

Rk(ab,cd)(−1)`c+`b+L
{

`a `b L
`c `d k

}
〈`a||C̄k||`c〉〈`b||C̄k||`d〉, (3.26)
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where

Rk(ab,cd) =
∫ ∫

Pa(r1)Pb(r2)
rk
<

rk+1
>

Pc(r1)Pd(r2)dr1dr2, (3.27)

〈`||C̄k||`′〉= (−1)`[(2`+1)(2`′+1)]1/2
(

` k `′

0 0 0

)
(3.28)

The {} and () symbols are the 6-j and 3-j symbols [17], respectively. The
matrix element 〈`||Ĉk

q||`′〉, in Eq. (3.28), is the reduced matrix element of the
C tensor [17],

Ck
q =

√
4π

2k+2
Y q

k (θ ,ϕ). (3.29)

The computationally most expensive part in the evaluation of the matrix ele-
ment in Eq. (3.21) is therefore the radial integrals in Eq. (3.27).

3.2 The matrix representation of HI

In this section, we will consider the construction of HI in a basis of eigenstates,
Φ, to H0. In particular, we work in the velocity gauge with an electromagnetic
field polarized in the z-direction and in the dipole approximation. We factorize
out the time-dependent coefficient and write

HI(t) = g(t)H̃I. (3.30)

In the case of hydrogen, by combining Eq. (2.31) and (2.24) we find

g(t) =−i
eh̄
m

A(t), (3.31)

and the time-independent matrix elements of H̃I are[
H̃I
]

b,a = 〈nb`bmb|∇z|na`ama〉

= (−1)`b−mb

(
`b 1 `a

−mb 0 ma

)
〈nb`b||∇̄||na`a〉, (3.32)

based on the Wigner Eckart theorem [17]. The 3-j symbol gives the selection
rule |`a−1|< `b < `a +1 and the reduced matrix element narrows it down to
`b = `a±1. The non-zero matrix elements can be computed as [18]

〈nb`b||∇̄||na`a〉=−
1
h̄
(`a +1)1/2

×
(
`a

∫
Pb(r)

1
r

Pa(r)dr−
∫

rPb(r)
d
dr

Pa(r)
r

dr
)
,

(3.33)
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for `b = `a +1, and

〈nb`b||∇̄||na`a〉=−
1
h̄
`

1/2
a

×
[
(`a +1)

∫
Pb(r)

1
r

Pa(r)dr+
∫

rPb(r)
d
dr

Pa(r)
r

dr
]
,

(3.34)

for `b = `a−1. Because of the selection rule in ∆`, HI is typically sparse with
a block-like structure. In addition, with a linearly polarized light field (chosen
in the z-direction) and with the initial state in m = 0, the m quantum number
will be preserved. The size of the required basis set is then drastically reduced,
since only one value of m has to be included.

3.3 Integration schemes for the TDSE

We now turn to the approximate solution to the TDSE, Eq. (2.1). Follow-
ing the approach outlined in Sec. 2.3, Ψ is expanded in a finite basis of L2-
normalizable functions Φn. The time-evolution of the wave function is then
encoded in the time-dependent expansion coefficients, cn. These coefficients
are coupled to one another by an external light field [see Eq. (2.43)]. To find
cn, we write the TDSE in matrix-vector form as

ih̄
∂

∂ t
c(t) = [H0 +HI(t)]c(t), (3.35)

with the corresponding elements given by

[c(t)]n =
∫

dV Φ
∗
n({r j})Ψ({r j}, t) = cn(t), (3.36)

[H0]n,m =
∫

dV Φ
∗
n({r j})H0({r j})Φm({r j}) = δn,mEn, (3.37)

[HI(t)]n,m =
∫

dV Φ
∗
n({r j})HI({r j}, t)Φm({r j}), (3.38)

where dV = dr1dr2 · · ·drN . Since Φn is an eigenfunction of H0, the H0-matrix
is diagonal.

There are numerous algorithms that offer approximate solutions to a cou-
pled set of first order differential equations. The Bulirsch-Stoer method [19],
the Adam-Bashforth methods [20], and various Runge-Kutta schemes [20] are
all possible candidates for Eq. (3.35), to name a few. A substantial amount of
work has been devoted to study the efficiency of different integration schemes.
Three suitable methods are briefly outlined in Sec. 3.3.1–3.3.3.
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Solving the TDSE in a basis of square integrable functions, or on a spatial
grid, leads generally to a stiff system of equations. In practice, this means that a
surprisingly small integration-step often has to be used to obtain a numerically
stable solution. We will now briefly discuss the origin of this problem.

Consider first the field-free time-evolution of c in

cn(t +∆t) = e−
i
h̄ En∆tcn(t), (3.39)

obtained with HI(t) = 0 in Eq. (3.35). Equation (3.39) is the exact solution
to cn. Based on the first order Euler method, an approximate solution to cn is
given by

cn(t +∆t) =
(

1− i
h̄

En∆t
)

cn(t). (3.40)

To compare the approximate solution to the exact one, we write the latter in a
Taylor series,

cn(t +∆t) = e−
i
h̄ En∆tcn(t) =

[
∞

∑
k=0

(
− i

h̄ En∆t
)k

k!

]
cn(t). (3.41)

Equation (3.40) reproduces only the first two terms in this series. The approxi-
mate solution to cn is therefore limited to |∆t|< h̄/|En|. When using Eq. (3.40)
in a step-wise evaluation of cn, the required integration-step is then directly re-
lated to the time-scale on which cn changes.

Now consider the solution to the TDSE for a system exposed to an external
light field. The elements of c are now coupled to one another. Numerical
errors can therefore propagate in the solution. Using an explicit method (such
as Euler’s method) for the time-evolution of c, means that the integration-step
required for a stable solution is typically dictated by the largest eigenvalue of
[H0 +HI(t)]. The required time-step may therefore seem unnecessarily short
for the coefficients in c that do not change on such a short time-scale.

Stiff problems are commonly treated with implicit integrators, for instance,
the Crank-Nicolson method [21], where we do not have to resolve the fastest
change in the solution for a stable integration. As long as we are not interested
in the most energetic components of Ψ, we can use larger integration-steps
with such methods. However, in each integration-step, an implicit method
requires the solution to a system of algebraic equations. Thus, each step can
be computationally expensive.

Only explicit integration schemes are used in this thesis. Consequently,
the solution can be propagated forward in time using only matrix-vector mul-
tiplications. As previously discussed, a large stability region is required for
the explicit method to be efficient. In particular, the unphysical divergence
of high-energy components in Ψ, discussed for Euler’s method, have to be
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removed by the scheme. Propagators written in exponential form, in a way
similar to Eq. (3.39), are therefore favored.

3.3.1 Method A: An exponential propagator

The first method, considered in Paper I and II, approximates the time-dependent
Hamilton operator by its time-independent “mean value” in each time-interval
∆t. The approximate solution to Eq. (3.35) is then given by the second order
method

c(t +∆t) = e−
i
h̄ [H0+HI(t+∆t/2)]c(t). (3.42)

Note that the Euclidean norm is preserved due to the Hermitian property of H
and, thus, cn will not diverge in time.

The propagator expressed in Eq. (3.42) is applicable to a wide range of
systems. For instance, both intense and weak light-fields can be considered.
However, the matrix exponential makes the method computationally expensive
and, for this scheme to be efficient, one has to consider approximate ways
to compute it. Split-operator schemes [22] and the Krylov method [23] can,
for example, be used to reduce the workload. A review of different ways to
compute the matrix exponential is found in Ref. [24]. Finally, higher order
methods may be found in a similar form using a Magnus series [25].

3.3.2 Method B: The exponential Lawson scheme

A matrix exponential of a diagonal matrix is, in contrast to the general case,
easy to compute. The exponential Lawson scheme [26] takes advantage of this
fact for Hamilton operators dominated by their diagonal H0.

We start by multiplying the TDSE [Eq. (3.35)] with the integrating factor
exp(iH0t/h̄),

ih̄
∂

∂ t

[
e

i
h̄H0tc(t)

]
= e

i
h̄H0tHI(t)c(t). (3.43)

We introduce the column-vector

c̃(t)≡ e
i
h̄H0tc(t), (3.44)

into Eq. (3.43) and obtain

ih̄
∂

∂ t
c̃(t) = H̃(t)c̃(t), (3.45)

where
H̃(t)≡ e

i
h̄H0tHI(t)e−

i
h̄H0t . (3.46)

Equation (3.45), which is the TDSE in the interaction picture, will be solved
with an explicit Runge-Kutta formula. Note that the eigenvalues of H̃ are
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directly related to the intensity of the light field. Hence, for weak fields, we
can use large integration-steps also for explicit methods.

In practice, there is no need to construct c̃ and instead we will work directly
with c. The conventional fourth order Runge-Kutta formula for c̃ can, for
example, be translated into the following integration scheme for c:

c(1) = c(t), k1 =−
i
h̄
HI(t)c(1),

c(2) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

e−
i
h̄H0

∆t
2 k1, k2 =−

i
h̄
HI(t +

∆t
2
)c(2),

c(3) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

k2, k3 =−
i
h̄
HI(t +

∆t
2
)c(3),

c(4) = e−
i
h̄H0∆tc(1)+∆te−

i
h̄H0

∆t
2 k3, k4 =−

i
h̄
HI(t +∆t)c(4), (3.47)

with the propagation of c forward in time given by

c(t+∆t) = e−
i
h̄H0∆tc(t)+

∆t
6

(
e−

i
h̄H0∆tk1 +2e−

i
h̄H0

∆t
2 (k2 +k3)+k4

)
. (3.48)

The exponential Lawson scheme in this way obtained for c is used in Paper I,
although based on a different Runge-Kutta scheme. In principle, any explicit
method can be used to express the time-evolution of c̃, and consequently that
of c. In Paper I, we chose a Runge-Kutta scheme with embedded pairs [27]
because of the advantage offered in terms of step-size control.

3.3.3 Method C: The exponential time-differencing scheme

The third method considered in this thesis is the exponential time-differencing
method [28–30], used in Paper III.

Integration of Eq. (3.43) yields the formal solution

c(t +∆t) = e−
i
h̄H0∆tc(t)− i

h̄
e−

i
h̄H0(t+∆t)

∫
∆t

0
e

i
h̄H0(τ+t)HI(t + τ)c(t + τ)dτ.

(3.49)
However, the time-integral in Eq. (3.49) has to be computed approximately
with some numerical method. Here, we choose a method based on the trun-
cated Taylor expansion

− i
h̄
HI(t + τ)c(t + τ) =

m−1

∑
k=0

τk

k!
bk. (3.50)
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Using Eq. (3.50), the time-integral in Eq. (3.49) can be solved analytically as

c(t +∆t) = e−
i
h̄H0∆tc(t)+ e−

i
h̄H0(t+∆t)

∫
∆t

0
e

i
h̄H0(τ+t)

m−1

∑
k=0

τk

k!
bk

= e−
i
h̄H0∆tc(t)+

m

∑
k=1

∆tk
φk(∆t)bk−1, (3.51)

with

φk(∆t)≡ 1
∆tk

∫
∆t

0

τk−1

(k−1)!
e−

i
h̄H0(∆t−τ)dτ. (3.52)

The φk can be constructed using a recursive formula. Note that

φ1(∆t) =
(

e−
i
h̄H0∆t −1

)(
− i

h̄
H0∆t

)−1

. (3.53)

After integration by parts, the φk for k > 1 follows directly from Eq. (3.52) as

φk(∆t) =
(

φk−1(∆t)− 1
(k−1)!

)(
− i

h̄
H0∆t

)−1

. (3.54)

Since the H0-matrix is diagonal, both the matrix exponential and the matrix
inverse are easily calculated.

In this approach, the problem is to find the Taylor expansion in Eq. (3.50).
The particular integration scheme, used in Paper III, uses a fourth order Runge-
Kutta method to approximate bk and was derived by Krogstad [28]. The re-
sulting time-differencing scheme is presented below:

c(1) = c(t), k1 =−
i
h̄
HI(t)c(1),

c(2) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

φ1(
∆t
2
)k1, k2 =−

i
h̄
HI(t +

∆t
2
)c(2),

c(3) = e−
i
h̄H0

∆t
2 c(1)+

∆t
2

[
φ1(

∆t
2
)−2φ2(

∆t
2
)

]
k1

+∆tφ2(
∆t
2
)k2, k3 =−

i
h̄
HI(t +

∆t
2
)c(3),

c(4) = e−
i
h̄H0∆tc(1)+∆t [φ1(∆t)−2φ2(∆t)]k1

+∆tφ2(∆t)2k3, k4 =−
i
h̄
HI(t +∆t)c(4),

(3.55)
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with the subsequent propagation of the solution given by

c(t +∆t) = e−
i
h̄H0∆tc(t)

+∆t[4φ3(∆t)−3φ2(∆t)+φ1(∆t)]k1

+∆t[−4φ3(∆t)+2φ2(∆t)](k2 +k3)

+∆t[4φ3(∆t)−φ2(∆t)]k4. (3.56)

3.3.4 Comparison between the methods

We will now compare the three methods considered in this thesis. The expo-
nential propagator (Sec. 3.3.1), the exponential Lawson scheme (Sec. 3.3.2)
and the time-differencing scheme (Sec. 3.3.3) will be referred to as method A,
B and C, respectively. As a test case, we chose a hydrogen atom exposed to
a Gaussian-shaped laser pulse, polarized in the z-direction and in the dipole
approximation. In particular, the vector potential is given by

A(t) = A0e−(t/T )2
sin(ωt)ẑ, (3.57)

with ω = 0.6 a.u. and T = 4π/ω ≈ 21 a.u.. The peak intensity of the pulse is
1×1015 W/cm2.

We seek the probability for the atom to remain in its electronic ground
state after exposed to the laser pulse. Using a spectral decomposition of Ψ,
this population is given by |c0|2, where c0 is the coefficient assigned to the
ground state Φ0. To construct the eigenstates of H0 we use 7th order B–splines
defined on a linear knot sequence for the radial part of the TISE. The distance
between two consecutive knot points is 1 a.u. and the box size is R = 200 a.u..
For the angular part, spherical harmonics with `≤ 2 are used.

Figure 3.1 shows the relative error of the computed populations for the
three different methods and for different integration-steps (note the logarithmic
y-axis). The population that is taken to be exact was obtained using method C
(exponential time-differencing) with a sufficiently small time-step, such that
there is no doubt that convergence has been reached. The integration-steps
required to complete one optical cycle, 2π/ω , are shown on the x-axis. Hence,
a large value on the x-axis corresponds to a short time-step. In particular, the
integration-step is halved between two consecutive data points.

For method A (exponential propagator), the matrix exponential was con-
structed without approximations by diagonalizing H0 +HI(t +∆t/2) in each
time-step (see Paper I). Hence, whereas method B (exponential Lawson) and C
require a similar amount of numerical operations (four matrix-vector multipli-
cations for each integration-step), method A is much more costly in this form.
However, even if the workload of method A was reduced to the equivalence of
the others, method C is still a better choice of propagator.
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Figure 3.1: The relative errors of the computed populations |c0|2 using the meth-
ods in Sec. 3.3.1–3.3.3 for different step-sizes. The peak intensity of the laser
pulse is 1× 1015 W/cm2. For large time-steps, method B gives a numerically
unstable solution. Overall, method C shows the best performance.

The increase in error for large time-steps is expected for method B, since
the Euclidean norm is not preserved with a Runge-Kutta formula. In principle,
a similar behavior can also occur for method C. However, we have increased
the laser intensity to 1×1016 W/cm2, without noticing any such tendancy for
method C.

The main difference between method B and C is that the former is based
on a Taylor expansion (although approximated by a Runge-Kutta scheme) of
exp(iH0t/h̄)HI(t)c(t), whereas the latter is based on the expansion of only [see
Eq. (3.50)] HI(t)c(t). Since the atom is initially prepared in its ground state,
the highest energy components in c are typically negligible. We therefore ex-
pect that HI(t)c(t) change at a rate dictated by the lower energy-components.
Hence, the expansion in method C can be done to a low order. Upon mul-
tiplication with exp(iH0t/h̄) we introduce rapid oscillations for the energetic
components in method B and a higher-order Taylor expansion is required (or,
equivalently, smaller time-steps).

Lastly, consider a system where high energy components decay (or dissi-
pates in some way). We can then be certain that HI(t)c(t) change at a slow
rate, and thus that the exponential time-differencing method works well.
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3.3.5 Combined with first order TDPT

For weak enough light fields, an approximate solution to the TDSE can be ob-
tained based on Time-Dependent Perturbation Theory (TDPT). This formalism
can be found in several textbooks, see, for instance, Ref. [31]. In general, the
first order approximation to the wave function can be found at a low computa-
tional cost. It is therefore interesting to incorporate the first order TDPT into
the integration schemes previously discussed.

To include the first order TDPT into the methods, we split c into

c(t) = c(0)(t)+ c(1)(t)+ c̃(t), (3.58)

where c(0) and c(1) are the zeroth and first order terms obtained with TDPT. In
particular, c(0) gives the field-free time-evolution of the initial state c(ti). This
means, in turn, that c(1)(ti) = c̃(ti) = 0. In this manner, the matrix-vector form
of the TDSE [Eq. (3.35)] can be separated into

ih̄
∂

∂ t
c(0)(t) =H0c(0)(t), (3.59)

ih̄
∂

∂ t
c(1)(t) =H0c(1)(t)+HIc(0)(t), (3.60)

ih̄
∂

∂ t
c̃(t) =H0c̃(t)+HI[c(1)(t)+ c̃(t)]. (3.61)

Note that c(0) evolves by a trivial phase factor and thus c(1) is given by an
integral of an analytically known expression. If this integral cannot be solved
directly, c(1) can, for instance, be evaluated step-wise in time using only a
Taylor expansion of the (analytically known) vector potential.

An approximate solution to c̃ can now be obtained with, for instance, the
exponential Lawson scheme or the time-differencing scheme. The extra term
HIc(1) in Eq. (3.61), makes the exponential propagator less suitable. The extra
workload required for including the first order TDPT in the scheme is negligi-
ble. Hence, since an accurate c(1) can be obtained at a low computational cost,
this allows us to propagate c using large time-steps (compared to without the
TDPT). This scheme is, although never stated, used in Paper III.
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4. Uniform complex scaling

The method of uniform complex scaling is based on a continuation of the radial
variables, r j, into the complex valued-plane,

r j→ r jeiθ , (4.1)

and consequently
∇ j→ ∇ je−iθ . (4.2)

The scaling angle, θ , is typically limited to 0 < θ < π/4 and should not be
confused with the polar angle in Sec. 3.1. In this chapter, the consequences of
these transformations for atomic systems are discussed.

4.1 The TDSE

Using Eq. (4.1) and (4.2), we transform the TDSE into

ih̄
∂

∂ t
Ψ

θ ({r j}, t) = Hθ ({r j}, t)Ψθ ({r j}, t), (4.3)

where

Hθ ({r j}, t)≡ H({r jeiθ}, t), (4.4)

Ψ
θ ({r j}, t)≡Ψ({r jeiθ}, t). (4.5)

The fact that H and Ψ are analytical expressions in {r j} has here been used to
obtain Hθ and Ψθ .

In the present work, the wave functions Ψ are localized in {r j} and square
integrable (see Sec. 2.3.2). Consequently, Ψθ will also be L2-normalizable,
with the asymptotic behavior

lim
r j→∞

Ψ
θ ({r j}, t) = 0, (4.6)

for all finite values of t. This means particularly that the numerical techniques
discussed for Ψ (see Sec. 3) can also be applied to Ψθ .

A key aspect of the complex scaling method is that Hθ , which governs
the time-evolution of Ψθ , is a non-Hermitian operator, such that

(
Hθ
)† 6= Hθ .

Before we can discuss the solution to the scaled TDSE [Eq. (4.3)], the spectral
properties of Hθ need therefore to be considered in more detail.
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4.2 The Hamilton operator Hθ

Unlike its Hermitian counterpart H, the non-Hermitian Hθ has a set of complex
eigenenergies Eθ

n . In this section, we will focus on the spectrum of field-
free systems. Systems exposed to light fields will only be considered briefly
towards the end.

For field-free systems, the eigenstates of Hθ
0 can be categorized into bound,

continuum and, depending on the system, resonance states. The bound eigen-
states have real energies, identical to those of the unscaled H0, whereas the con-
tinuum and resonance solutions will have complex energies with Im(Eθ

n )< 0.
The energies of the continuum solutions depends on θ . In contrast, the ener-
gies of the resonance states are independent on a large enough θ . A typical
spectrum of Hθ

0 can be seen in Fig. 4.1.
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Figure 4.1: The spectrum of Hθ
0 for H− in 1Se-symmetry. The only bound state

(with real energy) is the atomic ground state. From each ionization threshold
starts a series of pseudo-continuum energies, rotated downwards by 2θ in the
complex energy-plane. The resonance states, however, have θ -independent com-
plex energies. Only parts of the resonance states in this symmetry are shown.
The dashed-dotted horizontal line shows the real energy-axis.

We now discuss the features of Eθ
n and Hθ

0 in more detail. In particular, we
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consider a hydrogen atom, with Hθ
0 given by

Hθ
0 (r) =−

h̄2
∇2

2m
e−i2θ − e2

4πε0r
e−iθ , (4.7)

which can be derived from Eq. (2.5) using Eq. (4.1) and (4.2). Note that the ki-
netic and potential energy terms have different complex phase factors. To find
the spectrum of Hθ

0 in Eq. (4.7), we follow the procedure outlined in Sec. 2.3.2
and confine its eigenfunctions to a sphere of characteristic radius R,

Hθ
0 (r)Φ

θ
n (r) = Eθ

n Φ
θ
n (r), (4.8)

Φ
θ
n (r)

∣∣
r=R = 0. (4.9)

Note that the Dirichlet boundary condition is not transformed in the complex
scaling method. In other words, Φθ

n is obtained with the same condition as
the eigenstate, Φn, to the unscaled H0 [see Eq. (2.39)]. Consequently, only for
certain eigenstates Φn, satisfying

Φn(r)|r=R = Φn(reiθ )
∣∣
r=R = 0, (4.10)

will complex scaling be equivalent to a variable transformation, such that

Φ
θ
n (r) = Φn(reiθ ). (4.11)

If the condition in Eq. (4.10) is met, then Eθ
n = En follows in turn.

We will now test the condition in Eq. (4.10) on the bound, Φb, and contin-
uum eigenstates, Φk, of H0 for hydrogen. The asymptotic behaviors of these
states are given in Eq. (2.36) and (2.37), respectively. After transformation of
the radial variable we find that

lim
r→∞

Φb(reiθ )reiθ ∼ e−
√
−2mEb cos(θ)r/h̄e−i

√
−2mEb sin(θ)r/h̄, (4.12)

lim
r→∞

Φk(reiθ )reiθ ∼ sin
(

kreiθ +
Z

ka0
ln(2kreiθ )− `π

2
+σ`

)
. (4.13)

Since cos(θ) > 0, the bound states will approximately satisfy the condition
in Eq. (4.10) when R is large enough. Hθ

0 will therefore have a set of real
eigenenergies, Eθ

b , associated with the bound eigenstates, Φθ
b . These Φθ

b are,
in turn, related to Φb through Eq. (4.11). The simple relation between the
two different sets of eigenstates, Φθ

b and Φb, has far reaching consequences
for the applicability of the complex scaling method, as will be discussed in
Sec. 4.5.1. In contrast, the continuum states in Eq. (4.13) will diverge after the
transformation in r. Consequently, such states do not satisfy Eq. (4.10). There
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will then be no simple relation, as that in Eq. (4.11), that connects a non-bound
state of H0 to that of Hθ

0 .
Consider now the pseudo-continuum states of H0, which obey Φk(R) = 0.

For such states to satisfy Φk[Rexp(iθ)], which is the boundary condition with
complex scaling, we transform k. In particular, note that

Φk(R) = Φke−iθ (Reiθ ), (4.14)

if the Coulomb potential from the nucleus is neglected. Based on the trans-
formation k→ k exp(−iθ), the approximate energies of the pseudo-continuum
states of Hθ

0 are then obtained as

Eθ
k = Eke−i2θ , (4.15)

where

Ek =
h̄2k2

2m
, (4.16)

is the approximate eigenenergy of Φk. The energy in Eq. (4.16) is that of a
free electron, since the Coulomb interaction is neglected. The general features
of the correct eigenenergies, with the Coulomb potential accounted for, of the
pseudo-continuum states can still be explained by Eq. (4.15). For the N elec-
tron atom, we will, apart from the real eigenenergies of the bound states, see
similar series of eigenenergies rotated downwards in the complex energy plane
by 2θ from each ionization threshold (see Fig. 4.1).

In the field-free case, resonance states are multiply excited electronic states,
with sufficient energies to decay through Auger transitions. Hence, they will
not appear in the spectrum of hydrogen. They will also not be found as single
eigenstates to any Hermitian Hamilton operator. The reason is that they are
not steady states. On the contrary, they consist of a localized part that decay to
the surrounding continuum at a constant rate, Γ. One can, however, perceive
their presence in a Hermitian calculation as local accumulations of pseudo-
continuum states. The width of the density peak will then be directly related
to the decay rate. To find resonance states as single eigenstates, we need to
impose outgoing wave (or Siegert) boundary conditions [32]. This gives us a
non-Hermitian Hamilton operator. The outgoing electrons of resonance states
are asymptotically described by exponentially growing functions in r,

lim
r→∞

Φ
Res.
k (r)r ∼ eike−iβ r, (4.17)

where β > 0. With complex-scaling, such a state becomes

lim
r→∞

Φ
Res.
k (reiθ )reiθ ∼ eikei(θ−β )r. (4.18)
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Hence, when θ > β the asymptotic function will decrease exponentially in
r. The transformed resonance state can then, similar to any bound state, be
described within a limited space and thus be found as eigenstates to Hθ

0 [33–
44]. Its energy will be given by ERes. = Epos− iΓ/2, where Γ is the decay
rate.

We now turn on a modest electromagnetic field. With complex scaling, the
field dressed states produced in this way have complex eigenenergies. For a
static field, the real and imaginary components of the dressed ground state give
directly the dc Stark shift and ionization rate of the system, respectively [45–
47] (provided that the static field is adiabatically turned on). The same type of
information can be retrieved from the spectrum of the scaled Floquet Hamilton
operator [48], Hθ

F ≡ Hθ − ih̄∂t , for atoms exposed to monochromatic radia-
tion [45; 49; 50]. Floquet theory will be discussed in more detail in Sec. 5.1.

To compute the eigenstates to Hθ
0 in practice, the techniques discussed in

previous sections are applicable to a large extent. Using complex scaling influ-
ences only the radial part of the Hamilton operator. The spherical harmonics
will still represent the angular part of the eigenstates. Furthermore, with com-
plex scaling it is the Hamilton operator that undergoes the transformation, not
the B–splines or the volume element dV = r2 sinθdrdθdφ . For hydrogen, the
scaled version of Eq. (3.17) is therefore given by[
Hθ

0

]
i, j

=∫ R

0
B(k)

i (r)
[
− h̄2

2m

(
∂ 2

∂ r2 e−i2θ − `(`+1)
r2 e−i2θ

)
− e2

4πε0r
e−iθ

]
B(k)

j (r)ei3θ dr.

(4.19)

The appearance of exp(i3θ) follows from the definition of the inner product,
which we consider next.

4.3 The inner product

The inner product follows directly from the condition of pairwise orthogonal
eigenstates of Hθ

0 . This condition is met if the inner product is defined as the
product between a left and a right eigenstate of Hθ

0 . In matrix-vector form we
write

Hθ
0 dθ

R = Eθ
n dθ

R, (4.20)

dθ
LHθ

0 = Eθ
n dθ

L , (4.21)

where dθ
R and dθ

L are the right and left eigenvectors of Hθ
0 , respectively. Note

that dθ
L is a row-vector. Based on the Hermitian property of H0, we find [51]
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(see also Paper I) that

Hθ
0 =

(
H−θ

0

)†
, (4.22)

and consequently that

dθ
L =

(
d−θ

R

)†
,
(

E−θ
n

)∗
= Eθ

n (4.23)

where d−θ

R is the right eigenvector of H−θ

0 . Based on Eq. (4.23), we see that the
inner product should be taken between Φθ and

(
Φ−θ

)∗. This inner product is
what Moiseyev and co-workers have labeled the c product, see Refs. [51–55].

There is a freedom in choosing normalization. Here, the Φθ
n -s are normal-

ized to unity according to:

δn,m =
∫ [

Φ
−θ
n ({r j})

]∗
Φ

θ
m({r j})ei3Nθ dV. (4.24)

This ensures that an unscaled wave function Φn, associated with H0, and nor-
malized according to the conventional formula, remains normalized after the
transformation r→ r exp(iθ). Note that the conventional inner product is re-
covered with θ = 0.

4.4 The wave function Ψθ

In contrast to Ψ, the time-evolution of Ψθ is generally non-unitary, in the sense
that the L2-norm is not preserved, since it is governed by a non-Hermitian Hθ .
To see this property manifested in Ψθ , we expand it in eigenstates of Hθ

0 ,

Ψ
θ ({r j}) = ∑

n
cθ

n (t)Φ
θ
n ({r j}). (4.25)

Note that Ψθ can now be expanded with resonance states in the basis. Note
also that the initial wave function, i.e., the atomic ground state, is easily con-
structed, since the bound eigenstates of H0 are transformed and found as eigen-
states to Hθ

0 (see Sec. 4.2).
Assuming a field-free propagation, the expansion coefficients, cθ

n , evolve
as

cθ
n (t +∆t) = e−

i
h̄ Re(Eθ

n )∆te
1
h̄ Im(Eθ

n )∆tcθ
n (t). (4.26)

The coefficients associated with non-bound states will, since Im(Eθ
n ) < 0 for

such states, decay exponentially in time. This is in sharp contrast to the time-
evolution of cn discussed in Sec. 3.3. Furthermore, the energetic components
decay fastest. The bound energy components, however, will not decay due to
their real energies.
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If we turn on an electromagnetic field, cθ
n are coupled by a non-Hermitian

Hθ
I . Hence, for strong fields, it is possible for the Euclidean norm to grow

also beyond unity for certain times. However, in most cases, this norm will
be suppressed. As discussed in Sec. 3.3.3, the decay of energetic components
make the exponential time-differencing scheme a well-suited method for the
integration of Ψθ . However, other integration schemes can also be used for a
numerically stable solution.

The decay of the energetic part of Ψθ can, alternatively, be seen from a
wave packet expressed as a superposition of outgoing waves. Without complex
scaling, such a wave packet is given by

Ψ(r)∼∑
n

cneiknr, (4.27)

with kn > 0. With complex scaling, this function is modified into

Ψ
θ (r)∼∑

n
cneikn cos(θ)re−k sin(θ)r. (4.28)

Note here the exponential damping factor, −k sin(θ), introduced for Ψθ and
that a larger k gives rise to a faster decay. Hence, the superposition of scaled
outgoing waves is suppressed as well as delayed compared to the unscaled
wave packet. Therefore we anticipate that a smaller computational box can be
used to represent the scaled wave function Ψθ . The suppression of an outgoing
wave packet can be seen in Paper I (Fig. 6).

4.5 Physics from Ψθ

Assuming that Ψθ has been obtained, we now desire to know certain properties
of the atomic system. Two possible ways to extract such information will be
discussed in this section.

4.5.1 Active transformation of Ψθ

The first option is an active transformation of Ψθ to recover Ψ,

Ψ
θ ({r j}, t)→Ψ({r j}, t). (4.29)

When Ψθ and Ψ are expanded in the eigenstates to Hθ
0 and H0, respectively,

this back-transformation [56; 57] is given by

∑
n

cθ
n (t)Φ

θ
n ({r j})→∑

n
cn(t)Φn({r j}). (4.30)
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Once Ψ has been constructed, any physical property is accessible in the usual
manner. With the approach of Eq. (4.30), the part of Ψ that is expanded in
bound eigenstates, Φb, is easily obtained. In this case, complex scaling is
equivalent to a variable transformation, Eq. (4.11), and the coefficients associ-
ated with Φθ

b and Φb are equal,

cb(t) = cθ
b (t). (4.31)

In combination with the efficient representation of the continuum, Eq. (4.31)
shows that complex scaling is an ideal method to compute, for example, ion-
ization probabilities. This efficiency is illustrated in Fig. 4 of Paper I, where
the population of the atomic ground state of hydrogen is shown during the
exposure to a laser pulse.

The coefficients cθ
n alone, however, are not sufficient if we wish to extract

information about the continuum. There is no simple relation between the non-
bound coefficients of Ψθ and Ψ (see Sec. 4.2). Hence, in this case, the back-
rotation in Eq. (4.30) has to be implemented in practice. This can be done
either by a direct variable transformation of r or by the back-transformation
operator [58; 59] S−θ . Both of these methods are studied in Paper I. The latter
approach is given by

S−θ ({r j})Ψθ ({r j}, t) =e−i 3Nθ

2 Ψ({r j}, t), (4.32)

S−θ ({r j})≡e
−iθ

2 ∑
N
j=1(r j·∇ j+∇ j·r j), (4.33)

which is a non-unitary transformation. A brute-force application of Eq. (4.32)
gives often very unstable numerical results. To recover the non-bound part of
Ψ from the heavily suppressed counterpart of Ψθ is, in practice, feasible only
in very few cases.

4.5.2 Passive transformation of Ψθ

An alternative to the active transformation of Ψθ back to Ψ in Eq. (4.29), can
be a passive transformation of the system; we keep Ψθ and transform the oper-
ators or functions that act on it. For that purpose, the Hermitian operator S−θ

in Eq. (4.33) can be used. In particular, the identity 1 = S−θ Sθ can be intro-
duced to connect an Hermitian expression to its complex scaled counterpart.
For instance, we can introduce this identity into the normalization of Ψ, such
that∫

Ψ
∗({r j}, t)Ψ({r j}, t)dV =

∫
Ψ
∗({r j}, t)S−θ ({r j})Sθ ({r j})Ψ({r j}, t)dV

=
∫

Ψ
∗(r, t)S−θ ({r j})Ψθ ({r j}, t)ei3Nθ/2dV.

(4.34)
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Using S−θ =
(
S−θ

)†, we find that (see Paper I)∫
Ψ
∗({r j}, t)Ψ({r j}, t)dV =

∫ [
Ψ
−θ ({r j}, t)

]∗
Ψ

θ ({r j}, t)ei3Nθ dV,

(4.35)
where [

Ψ
−θ ({r j}, t)

]∗
≡Ψ

∗({r je−iθ}, t). (4.36)

Hence, we have connected the conventional inner product used in quantum
mechanics, with the one used in the complex scaling-method, Eq. (4.24). A
related concept is the correct way to calculate expectation values with complex
scaling. A similar procedure as for the inner-product above, gives∫

Ψ
∗({r j}, t)O({r j})Ψ({r j}, t)dV =∫ [

Ψ
−θ ({r j}, t)

]∗
Oθ ({r j})Ψθ ({r j}, t)ei3Nθ dV, (4.37)

where
Oθ ({r j})≡ O({r jeiθ}), (4.38)

for operators O that can be expressed as a sum of operators rn
j and ∇n

j . Note,
however, that Eq. (4.36) does not imply that the two integrands are equal. We
finally conclude that if both the left state vector,

(
Ψ−θ

)∗, and the right state
vector, Ψθ , are known, then all information about the system is accessible.

4.6 The wave function
(
Ψ−θ

)∗
To find

(
Ψ−θ

)∗, we can expand it as[
Ψ
−θ ({r j}, t)

]∗
= ∑

n

[
c−θ

n (t)
]∗ [

Φ
−θ
n ({r j})

]∗
. (4.39)

In Eq. (4.39),
(
Φ−θ

n
)∗ are the left eigenstates to Hθ

0 . Note that the initial,
bound, wave function can, in a way similar to that of Ψθ , easily be constructed.
In agreement with Eq. (4.3), the equation that governs the time-evolution of the
left state vector is given by

− ih̄
∂

∂ t

[
Ψ
−θ ({r j}, t)

]∗
=
[
H−θ ({r j}, t)

]∗ [
Ψ
−θ ({r j}, t)

]∗
. (4.40)

Using the expansion in Eq. (4.39), we write this time-evolution in matrix-
vector form as

− ih̄
∂

∂ t

[
c−θ (t)

]∗
=
[
Hθ (t)

]T [
c−θ (t)

]∗
, (4.41)
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where we have used the relation
(
H−θ

)∗
=
(
Hθ
)T .

The field-free time-evolution of
(
c−θ

n
)∗ is given by[

c−θ
n (t +∆t)

]∗
= e

i
h̄ Eθ

n t
[
c−θ

n (t)
]∗
, (4.42)

where
(
E−θ

n
)∗

= Eθ
n has been used. Hence, the coefficients of the non-bound

states diverge in time. If a dilation of r with +θ suppresses the non-bound
part of the wave function, a transformation with −θ will then enhance its am-
plitude. In order to extract information from the reduced wave function Ψθ ,(
Ψ−θ

)∗ needs a large amplitude. In the field-free case, the “generalized popu-
lation” Pθ

n of eigenstate Φθ
n , defined by

Pθ
n (t)≡

[
c−θ

n (t)
]∗

cθ
n (t), (4.43)

will be preserved in time. The decay of one coefficient cancels the divergence
of the other.

We expose the atomic system to a light field that couples
[
c−θ

n
]∗. Unlike

for Ψ and Ψθ , the step-wise integration of
[
Ψ−θ

]∗ yields numerically very
unstable results. This problem is connected to the intrinsic tendency for high-
energy components to grow exponentially. We need thus to consider alterna-
tives to, or modifications of, the integration schemes presented in Sec. 3.3 for
the construction of

[
Ψ−θ

]∗.
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5. Energy distributions computed
with complex scaling

In the previous chapter, we discussed the possibility to extract information
about the continuum-part of the system using both the right, Ψθ , and left
state vector, (Ψ−θ )∗. In this chapter, we focus on the applicability of such
an approach. In particular, we will focus on the calculation of the energy-
distribution, dP/dE, for the system above the ionization threshold.

Using Eq. (4.37), we write the energy distribution of the system after its
exposure to a laser pulse as (see Paper I and IV)

dP(E)
dE

=
1
π

Im
(∫ [

Ψ
−θ ({r j}, t)

]∗
Gθ

0 (E)Ψ
θ ({r j}, t)ei3Nθ dV

)
, (5.1)

with the scaled Green’s operator of the field-free system given by

Gθ
0 (E) =

(
Hθ

0 ({r j})−E
)−1

. (5.2)

With the expansion of the right state vector in the right eigenstates to Hθ
0 and

the left state vector in the left eigenstates to Hθ
0 , Eq. (5.1) can be written as

dP(E)
dE

=
1
π

Im

(
∑
n

[
c−θ

n (t)
]∗ cθ

n (t)
Eθ

n −E

)
. (5.3)

The expansions used for the state vectors are seen in Eq. (4.25) and (4.39),
respectively. The key-feature in Eq. (5.3) are the complex eigenenergies Eθ

n
of the non-bound states. The denominator is consequently distinguished from
zero, for real values of E above the first ionization threshold. Each non-bound
state will contribute to dP/dE over a range of energies. Such states will thus
acquire large energy widths (see Fig. 5 in Paper I). For a smoothly varying
continuum, surprisingly few scaled pseudo-continuum states are typically re-
quired for an accurate description. Additionally, we have resonance states in
our basis. The influence of these states is then also accurately described with
a minimum of basis states.

In Paper IV, we have chosen to study dP/dE for H− in the vicinity of a
resonance state. In particular, we have investigated the possibility to change
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the structure of dP/dE by exposing the ion to different kinds of few-cycled
laser pulses. In this study, the accurate description of the resonance was vital,
and thus complex scaling is a well-suited method for this problem.

There is, however, one major difficulty connected to Eq. (5.3); we need
to accurately compute the left state vector. As discussed in Sec. 4.6, the non-
bound part of such a wave function is enhanced. For an accurate description
of (Ψ−θ )∗, the wave function should not be reflected by the artificial boundary
at r = R. Consequently, a larger computational box is needed for (Ψ−θ )∗ than
for Ψθ . The need of a larger basis is illustrated in Fig 7 in Paper III, where
we compare the populations obtained from the right and the left state vector,
respectively, of the atomic ground state for hydrogen after its exposure to a
laser pulse. However, for sufficiently short laser pulses, the left state vector
can be constructed with a reasonable box size.

As described in Sec. 4.6, the integration of Eq. (4.41) gives a very unstable
numerical solution. In order to solve this problem, we have considered three
different methods. These three methods are thoroughly discussed in Paper I,
III and IV, respectively. Consequently, we will only give a brief account of
them here.

5.1 Floquet theory

The first method, presented in Paper I, is based on Floquet’s theorem [60]. The
combination of complex scaling and Floquet theory is well-established, see,
e.g., Refs. [45; 49; 50; 61], but few attempts seem to have been made to study
explicit time-evolution of the wave functions. We follow the formulation pro-
posed by Shirley [48] and truncate an infinite-dimensional, time-independent
matrix representation of the Floquet Hamilton operator, Hθ

F . The right and
left state vectors, Ψθ and (Ψ−θ )∗, are then retrieved, at any finite time t, from
the eigenvalues and the (right and left) eigenvector of Hθ

F . Hence, the time-
dependent problem has been rephrased into a time-independent one, which
can be solved more easily for

(
Ψ−θ

)∗.
This approach is now illustrated for Ψθ . For Hamilton operators periodic

in time, Hθ (t + 2π/ω) = Hθ (t), we can make use of Floquet’s theorem and
express the associated state vector as

Ψ
θ ({r j}, t) = ∑

j
aθ

j e−
i
h̄ εθ

j t
χ

θ
j ({r j}, t), (5.4)

with the constants aθ
j given by

aθ
j =

∫ (
χ
−θ

j ({r j},0)
)∗

Ψ
θ ({r j},0)ei3Nθ dV. (5.5)

54



The χθ
j -states are obtained, along with the quasi energies εθ

j , from(
Hθ ({r j}, t)− ih̄

∂

∂ t

)
χ

θ
j ({r j}, t) = ε

θ
j χ

θ
j ({r j}, t). (5.6)

Thus, exp(−iεθ
j t/h̄)χθ

j ({r j}, t) are solutions to the scaled TDSE, and conse-
quently they form a complete basis set. The operator Hθ ({r j}, t)− ih̄∂t is
usually referred to as the scaled Floquet Hamilton operator. Although Hθ cor-
responding to a single laser pulse is not periodic in time, it can be rewritten in
a Fourier series expansion which appears as a train of separate laser pulses. If
we evaluate the system under only the first laser pulse in the train, the physical
situation is identical to that of a single laser pulse (within the dipole approx-
imation). Through a similar Fourier series expansion of χθ , Eq. (5.6) can be
expressed in matrix form. We can diagonalize this matrix to obtain its eigen-
vectors χθ and construct Ψθ using Eq. (5.4). If we expand the spatial parts of
χθ in Φθ

n , the coefficients cθ
n are easily computed at any finite time t. A similar

procedure for (Ψ−θ )∗ gives an expression for (c−θ
n )∗ at any finite time t. The

two expressions can now be combined into a single expression for (c−θ
n )∗cθ

n
and an accurate energy distribution can subsequently be calculated (see Fig. 8
in Paper I).

This method, although promising, has two major drawbacks. The first
is that it is computationally expensive to diagonalize the typically large Hθ

F -
matrix. In particular, this means that it is important to minimize the number
of basis functions Φθ

n in the calculation. The second is that the combined ex-
pression of (c−θ

n )∗cθ
n (t) is also difficult to compute numerically. In particular,

the generalized population is expressed as a sum of diverging terms in t, which
needs to be truncated. Hence, this method will eventually fail.

5.2 Complex time-propagation

In order to examine the continuum for systems where the wave functions are
expanded in a larger basis, we have considered an alternative approach to Flo-
quet theory (see Paper III). Instead of using a global propagator, we will im-
prove the stability of the step-wise evaluation of (Ψ−θ )∗.

To improve on the integration of the left state vector, one option would be
to search for a more suitable integration scheme. However, we have favored
another option; to change the integration path. In particular, we will consider
an integration in the complex-valued time-plane. This idea will be discussed
for Hamilton operators that are holomorphic, also known as analytic, in time.

For Hamilton operator analytic in t, there is a freedom in choosing the
integration path. This freedom follows directly from Cauchy’s theorem and
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will be explored to search for a path, between the initial and final state at the
real time-axis, where the numerical integration of (Ψ−θ )∗ is stable. To see
which path to choose, consider the field-free time-evolution of the left state
vector, [

c−θ
n (t)

]∗
= e

i
h̄ Eθ

n t
[
c−θ

n (0)
]∗
. (5.7)

Note that this is the same expression as in Eq. (4.42). The exponential growth
of a non-bound coefficient was introduced by its complex eigenenergy. By al-
lowing complex values for t, we can force the coefficient to decay instead. For
instance, assuming that Eθ

n = |Eθ
n |exp(−i2θ) (which will be approximately

true for high energies) we can write[
c−θ

n (|t|eiα)
]∗

= e
i
h̄ |E

θ
n ||t|ei(α−2θ)

[
c−θ

n (0)
]∗
, (5.8)

where t = |t|exp(iα). Hence, (c−θ
n )∗ decays for α > 2θ . In this manner,

we can obtain a stable integration scheme when the light field couples the
coefficients to one another. If the vector potential is approximately zero, then
we may propagate the wave function in any direction in time assuming a field-
free time-evolution. It is only when

(
H−θ

I (t)
)∗ 6= 0 that the direction in the

complex time-plane matters for the numerical stability.
The advantage of a complex time-propagation is thus that we can influ-

ence the intrinsic decay (or growth) of the coefficients and thereby obtain a
numerically stable solution. The drawback is that the vector potential, and
thus

(
H−θ

I (t)
)∗

, typically grows from the real time-axis. This growth limits
somewhat the applicability of the method especially for large values of θ , and
has to be taken into account when choosing the integration path (see Paper III).

Using this method, the electron spectra shown in Fig. 5 in Paper III was
obtained. It is noteworthy that also the right state vector, Ψθ , can be com-
puted with a higher accuracy using a complex time propagation (see Fig. 4 in
Paper III).

5.3 Time-dependent perturbation theory

The third method, used in Paper IV, is based on TDPT. In particular, we make
use of the analytical time-integration introduced via a Fourier transform of the
vector potential.

In TDPT, the vector-representation of the wave function is expanded as

c(t) =
∞

∑
n=0

c(n)(t) (5.9)
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We illustrate thus the approach for Ψ, but it can be transferred directly to Ψθ

and (Ψ−θ )∗. The subscript, (n), denotes the order of the expansion. Using
Eq. (5.9), we split the TDSE into

ih̄
∂

∂ t
c(0)(t) =H0c(0)(t), (5.10)

ih̄
∂

∂ t
c(n)(t) =H0c(n)(t)+HI(t)c(n−1)(t), for n > 0, (5.11)

where the initial state vector is given by c(ti) = c(0)(ti). To find the solution
c, we rewrite Eq. (5.11) and (5.11) in the interaction picture. We introduce
c̃ = exp(iH0t/h̄)c(t) such that

ih̄
∂

∂ t
c̃(0)(t) = 0, (5.12)

ih̄
∂

∂ t
c̃(n)(t) = e

i
h̄H0tHI(t)e−

i
h̄H0t c̃(n−1)(t), for n > 0, (5.13)

where the time-independent zeroth order term is given by c̃(0) = c(ti). We
will now make a Fourier transform of the time-dependent part of HI(t) such
that all explicit time-dependence is in an exponential form. This approach
leaves us with an integral in the frequency domain, which typically has to be
solved numerically using, for instance, Gaussian quadrature. There is thus no
difficulty in obtaining a numerically stable solution to this integral.

Once the expression for the generalized population has been obtained,
complex scaling can be introduced. One has though to pay attention to possi-
ble pole contributions in the integrations. In particular, we need to integrate on
the same side of the poles in the expression with and without complex scaling
(see Paper IV).
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Sammanfattning

I den här avhandlingen undersöks möjligheten att använda komplex-skalning
till att studera tidsberoende kvantmekaniska fenomen.

Den senaste tidens tekniska utveckling med allt kortare laserpulser gör det
intressant att studera atomära processer i tiden. Av speciellt intresse är studi-
er av så kallade resonanta tillstånd. Detta är multiexciterade elektroniska till-
stånd med tillräcklig energi för att sönderfalla genom Auger-övergångar till det
närliggande kontinuumet. För att enkelt beskriva sådana tillstånd används of-
ta komplex-skalningsmetoden. Detta betyder att den radiella koordinaten blir
komplex. På detta sätt erhålls en icke-Hermitsk beskrivning av systemet.

Vi önskar nu ta reda på huruvida man med denna metod även kan studera
resonanser då de utsätts för korta laserpulser. Med detta tillvägagångsätt vi-
sar det sig vara enkelt att konstruera vågfunktionen som beskriver systemet.
Med andra ord, den icke-Hermitska tidsberoende Schrödingerekvationen kan
relativt enkelt lösas. Problemet dock är att analysera denna vågfunktion för att
kunna säga något om det undersökta systemet. Ett sätt att analysera systemet
är att konstruera en andra vågfunktion, motsvarande vänstervågfunktionen.

Beräkningen av den vänstra vågfunktionen är dock väldigt krävande nume-
riskt. För att lyckas konstruera en sådan funktion har tre metoder presenterats.
Dessa är baserade på Floquet teori, en komplex tidspropagering samt tidsbero-
ende störningsräkning.

Efter en noggrann numerisk analys av den vänstra vågfunktionen lyckades
vi slutligen studera, exempelvis, resonanta tillstånd. Närmare bestämt så un-
dersöktes hur man med två korta pulser kunde modifiera energifördelningen
hos det atomära systemet i närheten av resonanser. Denna typ av studier är av
intresse för framtida möjligheter att styra kvantmekaniska processer.
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I. INTRODUCTION

To describe processes induced when atomic systems inter-
act with electromagnetic fields or with impinging particles,
an adequate description of excited states is necessary. Of
special interest are resonance states. These are states that are
mainly localized, but with a coupling to the continuum. The
coupling can be due to the electron-electron interaction �the
Auger effect�, as well as to static or time-dependent external
fields �field ionization�. The large spatial overlap between
resonance states and bound states can result in substantial
transfer of population from the latter to the former when the
system absorbs energy. Due to the coupling to the con-
tinuum, the net result is an efficient path to ionization, often
manifested in strong resonances in ionization spectra.

A widespread theoretical approach to handle resonance
states is that of complex scaling �also called complex rota-
tion�, see, e.g., Refs. �1,2�. The radial coordinate is then
scaled by a complex phase factor, and as a consequence the
energy positions and half widths of the resonances are ob-
tained as real, respectively, imaginary parts of complex ei-
genvalues to a non-Hermitian Hamiltonian matrix. The
imaginary part, the half width, gives directly the transition
rate from the localized part of a resonance state due to the
coupling to the continuum. For states that decay through Au-
ger emission the method has, in its traditional form of uni-
form scaling, been combined with a number of calculation
schemes such as Hylleraas wave functions �3–5�, configura-
tion interaction �6�, many-body perturbation theory �7–9�,
parametric coordinates �10,11�, or the hyperspherical har-
monic method �12�. Most studies have focused on the deter-
mination of resonance parameters, but the method has also
been employed to calculate resonances in the photoabsorp-
tion cross section �13–15� as well as electron-ion recombina-
tion cross sections, both in a nonrelativistic and a relativistic
framework �16–25�. Also states that couple to the continuum
due to the interaction with a static electric field have been
successfully treated with complex rotation �26–28�. Here, as
in the case of Auger decay, it is a time-independent interac-
tion that causes the decay. The interaction between an atom
and an ac field is in contrast time-dependent. With the Flo-
quet formalism by Shirley �29� it was shown that the com-

bined atom-field system can, for a time-periodic field, any-
how be characterized by eigenstates and eigenvalues of a
time-independent, albeit in principle infinite-dimensional,
matrix. Upon diagonalization of this matrix the atom-field
interaction is included nonperturbatively; the atomic states
are dressed by the field. The combination of the Floquet
approach with complex rotation, proposed by Chu, Rein-
hardt, and co-workers �26,30,31�, allowed for an efficient
inclusion of the field-induced coupling to the continuum. As
in the time-independent case, this results in complex eigen-
values �this time to the Floquet Hamiltonian matrix� and
again the imaginary parts give the transition rate to the con-
tinuum. This combination has since then successfully been
used to examine various strong field phenomena, a rather
recent review can be found in Ref. �32�.

An alternative to the uniform complex scaling �used in the
studies mentioned so far� is exterior complex scaling, where
the scaling of the coordinates starts at some finite distance
from the origin. Also this method has been applied to obtain
resonance parameters in connection with electronic autoion-
ization �33,34�, but it has been even more utilized to obtain
cross sections for electron impact ionization �35,36�, and
nonresonant photoionization �37,38�. The key interest here
has not been the calculation of resonances, but to profit from
the fact that the complex scaling at large radial distances can
act as an absorbing boundary while at the same time the
unscaled inner region allows extraction of cross sections in
the same manner as with real coordinates.

The last decade has seen a rapid development of the abil-
ity to produce laser pulses of shorter and shorter time dura-
tion. Furthermore, the free-electron facilities coming into op-
eration will provide pulses that are also highly energetic. Due
to this development, experimental studies of several atomic
processes can nowadays be made in the time domain. Natu-
rally, this development has been accompanied by theoretical
efforts to handle truly time-dependent Hamiltonians and to
model the time-evolution of the wave functions. For this sev-
eral successful schemes aiming for straightforward solutions
to the time-dependent Schrödinger equation have been devel-
oped, involving both basis sets and finite difference methods,
see, e.g., Refs. �39–41�.

The first authors that used the method of complex scaling
together with explicit time propagation of wave packets were
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McCurdy et al. �42,43�, who argued �43� that the key to
practical applications of complex coordinates to time depen-
dent problems is exterior complex scaling. More recent stud-
ies using the same approach can be found in Refs. �44,45�.
However, 10 years ago Scrinzi and Piraux �46�, in a calcula-
tion on two-electron atoms exposed to short intense laser
pulses, demonstrated convincingly that also uniform com-
plex scaling may fruitfully be applied to study dynamics.
Later related studies can be found in Refs. �47,48�. Regard-
ing the combination of the Floquet approach and complex
scaling, few attempts seem to have been made to use it to
study explicit time evolution, although an important excep-
tion is the work by Buchleitner et al. �49�.

The most obvious benefit from complex rotation is the
ability to account for effects due to resonances when an atom
is exposed to time-dependent perturbations. However, as we
will demonstrate, the method has additional advantages
which are valuable also in the absence of resonances. For
instance, convergence with respect to the number of basis
states is achieved with surprisingly few states for uniform
complex scaling. The purpose of the present work is to fur-
ther investigate the possibilities with this type of scaling. We
have used three different procedures, all based on uniform
complex rotation, to solve the time-dependent Schrödinger
equation for our model system; the hydrogen atom exposed
to a short laser pulse. Two of the methods solve the time-
dependent Schrödinger equation directly, while the third
method utilizes the Floquet formalism. The basic concepts
with complex rotation are reviewed and discussed in relation
to the solution of explicitly time-dependent problems in Sec.
II. We penetrate especially the question of what information
can be obtained from the time-propagated complex rotated
wave function. In this respect we show, in Sec. III C, that the
Floquet formalism offers unique possibilities. Numerical ex-
amples supporting these findings are shown in Sec. IV, where
also solutions with and without complex rotation are com-
pared, and the dramatically improved convergence for the
latter is discussed.

II. COMPLEX ROTATION

In this section we review and discuss the proper calcula-
tion of different quantities with complex rotation. Of special
interest is the form of the inner product. This has earlier been
discussed in detail by Moiseyev et al. �50�, who introduced
the label c product. A later study focused on the time-
dependent case �51�. As will be discussed below our conclu-
sions about the inner product in a time-dependent framework
differ from those of Ref. �51�.

The complex rotation of the Hamiltonian, H→H�, is usu-
ally performed by a direct transformation of the radial vari-
able

r → rei�. �1�

A well-studied example is the one-particle hydrogenlike
Schrödinger equation without external fields which trans-
forms as

H =
p2

2m
−

Ze2

4��0r
→ H� =

p2

2m
e−2i� −

Ze2

4��0r
e−i�. �2�

For the discussion on complex rotation it is useful to note
that the same transformation can be obtained through the

rotation operator exp�Â� �49�, where

Â �
− ��r · p + p · r�

2�
. �3�

To see this we apply exp�Â� from the left to the time-
independent Schrödinger equation

eÂH��r� = EeÂ��r� . �4�

Noting that exp�−Â� is the inverse of exp�Â�, we insert unity

in the form of exp�−Â�exp�Â�,

eÂHe−ÂeÂ��r� = EeÂ��r� . �5�

With the help of the Baker-Hausdorf lemma �52�,

eÂHe−Â � H + �A,H� +
1

2!
†A�A,H�‡ +

1

3!
†A,†A�A,H�‡‡ + ¯ ,

�6�

it is readily shown that

eÂHe−Â � H� �7�

for any Hamiltonian, H, that can be written as sums of the
operators rn and pn, with n being a positive or negative in-
teger. In particular, this is true for the atomic Schrödinger
Hamiltonian in the presence of an electromagnetic field ex-
pressed in either length or velocity gauge, see further Sec.
III. We thus have

H�eÂ��r� = EeÂ��r� �8�

and it is obvious that exp�Â���r� is an eigenfunction to H�

with eigenvalue E. The rotated eigenfunction, ��rei��, must
then, up to a possible constant, be obtained from the appli-

cation of exp�Â� on ��r�. From the fact that the operator Â
can be rewritten as

Â = −
�

�
r · p −

�

2�
�p,r� = i�r · � +

i3�

2
�9�

and since exp�i�r ·��r=r exp�i��, which can be seen from a
Taylor expansion of the exponential operator, it is possible to
find this constant;

eÂ��r� = ei3�/2��rei�� . �10�

This constant assures that a normalized function stays nor-
malized after rotation as will be seen below. Similarly, a
rotated wave function can be transformed back to the unro-
tated one through the inverse transformation

e−Â��rei�� = e−i3�/2��r� . �11�

Note finally that the eigenenergy, E, in Eq. �8� is not affected
by the rotation.
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The rotation operator can now be used to investigate the
connection between calculations with and without complex
rotation. We start with how the inner product should be cal-
culated with rotated wave functions, a question that has been
discussed in quite some detail in the literature, see, e.g., Ref.
�51�. Starting with the expression used for ordinary unrotated
wave functions in the Hermitian formulation of quantum me-
chanics,

� �*�r���r�dV , �12�

we insert unity in the form of the rotation operators

� �*�r�e−ÂeÂ��r�dV =� ��e−Â�†��r��*eÂ��r�dV .

�13�

For wave functions � and � that vanish asymptotically, this
equals

� �e−Â��r��*eÂ��r�dV , �14�

since Â is Hermitian. From Eq. �3� it is clear that if exp�Â�
rotates the wave function with �, exp�−Â� rotates it with −�.
The expression in Eq. �14� can thus be written in coordinate
form as

� �*�re−i����rei��dVe3i�, �15�

where the complex constant follows from Eqs. �10� and �11�.
We note that with this constant it is also clear that for nor-
malizable states, complex rotation will be equivalent to a
variable transformation through Cauchy’s theorem. In addi-
tion, although the choice of normalization is to some extent
arbitrary, it is convenient that a wave function normalized
according to the usual inner product in Eq. �12� stays nor-
malized after complex rotation. It is finally worth noting that
if the unrotated wave function, ��r�, is real, then �*�re−i��
will be equal to ��rei��, i.e., the inner product will be cal-
culated as

� ��rei����rei��dVe3i�. �16�

This is the type of inner product always used in complex
rotation calculations, although often stated in a less formal
way. As an example Ref. �13� expresses it as “�* is defined
by taking the complex conjugate of all angular functions, but
not of the radial coordinates.” This inner product is, except
for the explicit appearance of the factor exp�3i��, what Moi-
seyev and co-workers have labeled the c product, see Refs.
�50,51,53–55�.

One might think that the question how to calculate inner
products after complex rotation is solved with the expression
in Eq. �15�. The situation is, however, somewhat more com-
plicated. This complication is related to how calculations are
performed in practice. In a practical calculation the goal is
generally to obtain a finite number of solutions to a given

Hamiltonian. The calculation is consequently usually con-
fined to a space that is finite, but still adequate to describe the
desired solutions. Typically this means that it is restricted in
r, for example, restricted to a box with r�R, and that it
allows only a finite number of nodes. As a consequence of
these restrictions, the space can now be spanned by a finite
basis set. The expansion in such a basis set can be found by
diagonalization of a matrix representation of the Hamiltonian
in the finite space. It is important to notice that the space
restrictions imply a modification of the Hamiltonian. If, for
example, the calculation is constrained to a space r�R, this
is equivalent to the addition of a potential V�r�→	 for r

R. The original Hamiltonian and that of which we have a
matrix representation will in fact only have some eigenstates
in common, namely those of the original Hamiltonian for
which the space is adequate. The Hamiltonian obtained when
the space is restricted is further not possible to rotate as in
Eq. �7� since the implicitly added potential destroys the
equivalence between this rotation and the Hamiltonian ro-
tated through r→r exp�i�� as in Eq. �2�. One clear manifes-
tation of this is that although the eigenvalues to the true
rotated Hamiltonian, Eq. �8�, are real, those of its finite space
matrix representation, H�, are generally complex. The fact
that this complexity arises due to the use of a restricted space
can be seen as follows. The asymptotic form of the con-
tinuum solutions to the Schrödinger equation for hydrogen-
like systems is proportional to

�sin�kr −
Z

ka0
ln�2kr� −

��

2
+ ��	 , �17�

where a0 is the Bohr radius and �� is the Coulomb phase
shift. The requirement that all eigenvectors should vanish at
the border of a finite space, R, i.e.,

��r = R� = 0, �18�

leads to a quantization of k. When r→r exp�i��, Eq. �17�
transforms to

�sin�krei� −
Z

ka0
ln�2krei�� −

��

2
+ ��	 . �19�

For Eq. �18� still to hold, k must be rotated into the complex
plane so that it compensates the rotation of r. For Z=0 this
amounts to a transformation k→k exp�−i��, leading to

Ek → Eke
−2i�. �20�

For Z�0 the relation in Eq. �20� is an approximation. It
improves with increasing k, however. Hence it is the combi-
nation of complex rotation and boundary conditions that re-
sults in complex energies for the pseudocontinuum. Although
well-known, see, e.g., Ref. �56�, this is not always pointed
out in the literature on complex rotation.

We conclude thus that Eq. �7� does not hold for a Hamil-
tonian that we can represent with a matrix, and consequently
a general eigenstate to the rotated matrix representation can-

not be obtained through operation with exp�Â�. Again, only
those eigenstates for which the space is adequate, obey the
relation in Eq. �8�. This might seem as a severe limitation,
but in practice all interesting cases fall into this category.
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First, any bound state can be well-described in a finite space
�although this finite space may still have to be large�. Sec-
ond, an outgoing wave packet, representing, e.g., an electron
leaving the system, can for a finite time be well-represented
in a finite space.

A. Calculating the eigenfunctions in a finite space

When we want to work with a matrix representation of the
Hamiltonian, it is reassuring to know that the form of the
inner product follows directly from matrix algebra and is a
consequence of the symmetry of the matrix. A general diag-
onalizable n�n-matrix has n right �column� eigenvectors,
Ri, corresponding to n eigenvalues, i. It has also n left �row�
eigenvectors, Li, corresponding to the same n eigenvalues.
Left and right eigenvectors associated with different eigen-
values are orthogonal to each other, i.e., Li ·R j =0 if i� j.
As is well-known, the left eigenvector of a symmetric matrix
�real or complex� is identical to the transpose of the corre-
sponding right eigenvector, while for a Hermitian matrix it
also has to be complex conjugated. Below we derive a gen-
eral relation between right and left eigenvectors to any ma-
trix representing an initially Hermitian operator that has been
complex rotated. The matrix representation of an unrotated
Hermitian operator is a Hermitian matrix B;

B = BRe + iBIm, �21�

where BRe and BIm are real matrices. Since B is Hermitian,
BRe is symmetric and BIm antisymmetric, i.e.,

BT = BRe − iBIm. �22�

The matrix elements in both BRe and BIm will be built from
terms which, when the matrix representation of the rotated
operator is constructed, are multiplied with exp�ni��, where
n is a positive or negative integer given by the r-dependence
of each term. For example, in the matrix representation of
the Hamiltonian in Eq. �2� the kinetic energy terms are mul-
tiplied with exp�−2i�� and the potential energy terms with
exp�−i��. This will make the matrices BRe and BIm complex,
but they will still be symmetric, respectively, antisymmetric,
with respect to transposition, i.e.,

�B��T = BRe
� − iBIm

� . �23�

We now return to the question of how a left eigenvector to a
matrix relates to the corresponding right eigenvector. Ac-
cording to the definition, a left eigenvector to a matrix B is a
row vector, L, that fulfills

LB = L . �24�

When the transpose is taken of both the left- and the right-
hand side of Eq. �24� it reads

�LB�T = LT

⇔

BTLT = LT. �25�

Before proceeding we note that if B is symmetric, BT=B,
Eq. �25� is identical to the corresponding right eigenvalue

equation and thus LT=R. If we further take the complex
conjugate of Eq. �25�, we get

BT*LT* = *LT*

⇔

B†L† = *L†. �26�

We see that if B is Hermitian, i.e., B†=B,  is real and Eq.
�26� is identical to the corresponding right eigenvalue equa-
tion, and consequently L†=R. For the matrix in Eq. �23�,
which has the symmetry of the matrix representation of the
rotated Hamiltonian, we have

�B��† = �BRe
� �* + i�BIm

� �*. �27�

Since all the complexity in the matrices BRe and BIm comes
from the factors exp�ni�� introduced through complex rota-
tion, complex conjugation simply means that exp�ni��
→exp�−ni��, which identically gives the matrix representa-
tion of the operator rotated with −�, i.e.,

�B��† = BRe
−� + iBIm

−� = B−�. �28�

From Eq. �26� it now follows that

�B��†L† = *L†,

B−�L† = *L†, �29�

and we can conclude that the left eigenvectors of the matrix
after rotation with � are the complex conjugated transpose of
the right eigenvectors to the matrix after rotation with −�,

L� = �R−��†, �30�

where the eigenvalue associated with R−� is * if that asso-
ciated with L� is . Equation �30� is valid for left eigenvec-
tors to all matrices, symmetric or not, produced by complex
rotation of an initially Hermitian matrix. It is further consis-
tent with the expression in Eq. �15�. The ordinary Hermitian
formulation is found as the special case when �=0.

B. Time development

We now consider the time development, which is gov-
erned by the Schrödinger equation,

i�
�

�t
��r,t� = H��r,t� . �31�

The rotation operator can again be used to obtain the corre-
sponding complex rotated equation,

eÂi�
�

�t
��r,t� = eÂHe−ÂeÂ��r,t�

⇔

i�
�

�t
���r,t� = H����r,t� , �32�

where ��=��rei� , t�. When the Hamiltonian, H, is time-
independent, eigenstates to it multiplied with exp�−iEnt /��,
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where En is the corresponding eigenenergy, will be solutions
to Eq. �31�. The time evolution of a wave function that is not
an eigenstate to H can be found by expanding it in eigen-
states. In a practical calculation this expansion will be made
not in eigenstates to the true Hamiltonian H but in eigen-
states to the matrix representation of it. In the case of com-
plex rotation the pseudocontinuum eigenstates to the matrix
representation, H�, will have complex eigenenergies, as in
Eq. �20�. As a consequence the exponent in the time-
dependent part, exp�−iEnt /��, will no longer be purely
imaginary, and the magnitude of the time-dependent function
will, if ��0, decrease exponentially when t increases. A
rotated wave packet traveling out from the origin will thus be
strongly suppressed before it reaches the boundary of the
space used for its description. A rotation with ��0 will con-
sequently result in the opposite behavior. Which conse-
quences does this have? Can we use the time-propagated
complex rotated wave function to obtain physical informa-
tion about our system? One approach to try and answer these
questions is naturally to rotate back the complex rotated
wave function to recover the unrotated one. If this is pos-
sible, all information should be available. In principle such a
back rotation can be done either by the variable transforma-

tion r→r exp�−i�� or by invoking exp�−Â�. We have studied
both these approaches in practice and they are discussed in
Sec. IV. Another possibility is to follow the procedure indi-
cated by the expression in Eq. �15�. The identity between the
expressions in Eqs. �12� and �15� holds at each instant in
time, as long as the wave function ��r , t� is well-represented
in the space we use to describe it. The original �time-
independent� norm can thus, at any time t, be recovered from
the integral between the time propagated wave function ro-
tated with � and the complex conjugated corresponding func-
tion rotated with −�;

� �*�r,t���r,t�dV =� ��−��r,t��*���r,t�e3i�dV .

�33�

The norm calculated as on the right-hand side of Eq. �33� is
clearly identical to the norm in the Hermitian formulation, in
spite of the fact that the integrands themselves are not iden-
tical. The norm is calculated with the so-called c product,
which in Ref. �51� is dismissed due to what is called the
“time-asymmetry problem.” Although a calculation as on the
right-hand side of Eq. �33� presents complications, we want
to emphasize that it is formally correct. The challenge for the
calculation is to preserve enough information in the time
propagated states �� �exponentially decreasing� and �−�

�exponentially increasing� that the integrand on the right-
hand side of Eq. �33� remains finite. For long enough times
the numerical accuracy required during the time-propagation
will eventually grow beyond what is practically achievable,
although it might be possible for a limited time. With the
Floquet formalism, where the wave function at any time, t, is
obtainable from the eigenstates to the time-independent Flo-
quet matrix, the situation is radically different. Here it is
possible to directly construct the integrand on the right-hand
side of Eq. �33�. This promising result for practical calcula-

tions of the c product will be further discussed in Sec. III C.
A related issue is that of the correct calculation of expecta-
tion values. The same argument as for the norm can be ap-

plied to a matrix element of a general operator Ô taken be-
tween states for which the restricted space is adequate.

Application of the operator exp�Â� as before gives

� �
a
*�r,t�Ô�b�r,t�dV =� �

a
*�r,t�e−ÂeÂÔe−ÂeÂ�b�r,t�dV

⇔

� �
a
*�r,t�Ô�b�r,t�dV =� ��a

−��r,t��*eÂÔe−Â�b
��r,t�e3i�dV

⇔

� �
a
*�r,t�Ô�b�r,t�dV =� ��a

−��r,t��*Ô��b
��r,t�e3i�dV ,

�34�

where Ô�= Ô�r→rei��, cf. Eq. �7�. We conclude, in contrast
to what is stated in Ref. �51�, that the so-called c product will
for bound states and physical wave packets give the same
result as a Hermitian formulation for expectation values of
any operator which is possible to rotate with the rotation
operator, i.e., all operators which can be written as a sum of
operators rn and pn.

With many schemes for time-propagation neither the pro-
cedure to propagate both �−� and ��, nor the back rotation
of the complex rotated solution will be practical due to the
numerical limitations. It is thus important to establish what
information we can get from �� alone. Consider the wave
function

��r,t� = 

n

dn�t��n�r� , �35�

where each �n is an eigenstate with energy En to a matrix
representation of a time-independent Hamiltonian H0. The
set of �n’s thus span the restricted space to which we limit
our calculation. If also the full Hamiltonian is time-
independent, the time-dependence of dn�t� is, as mentioned
above, readily obtained from the Schrödinger equation, Eq.
�31�. We choose to keep that part separate and write

��r,t� = 

n

e−iEnt/�cn�t��n�r� . �36�

Assuming that the restricted space is adequate to describe
��r , t�, it can then be complex rotated by application of

exp�Â�,

ei3�/2���r,t� = eÂ��r,t� = eÂ

n

dn�t��n�r� . �37�

The rotated wave function can also be expressed in eigen-
states to H0

�, the time-independent part of the complex ro-
tated Hamiltonian,
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���r,t� = 

n

dn
��t��n

��r� = 

n

e−iEn
�t/�cn

��t��n
��r� . �38�

Thus

eÂ

n

dn�t��n�r� = ei3�/2

n

dn
��t��n

��r� . �39�

Note that generally exp�i3� /2��n
��r��exp�Â��n�r� since

most of the states �n�r� will be eigenstates only to the matrix
representation of the Hamiltonian. If now a specific �n�r� is
an eigenstate to the true Hamiltonian, and not only to a ma-
trix representation of it, then indeed

eÂ�n�r� = ei3�/2�n
��r� �40�

and consequently the coefficients dn
��t� in Eq. �38� and dn�t�

in Eq. �35� are equal. Furthermore, in this case En
� will be

real and equal to En
�=0, and thus also cn

� in Eq. �38� and cn in
Eq. �36� are equal. The same conclusion was also reached by
Scrinzi and Piraux �46�. The population of any bound state,
well-represented in the finite space addressed by the calcula-
tion, can thus be calculated as �dn

��2= �cn
��2.

Consider now a general wave function ��r , t�, e.g., rep-
resenting an atomic state after exposure to a laser pulse, de-
scribed in a restricted but adequate space. The complex ro-
tated counterpart, ���r , t�, will be a superposition of
eigenstates �n

� to a matrix representation of the complex ro-
tated Hamiltonian. This superposition may represent the situ-
ation discussed above; a state that is a mixture of a bound
part and a wave packet traveling out from the atom. The
eigenstates building up the wave packet will in general have
complex energies. The magnitude of the coefficients dn

� in
Eq. �38� will, when En is complex, decrease exponentially
with time. The sum of the absolute squares of the dn

�’s will
therefore after sufficient time approach the sum of the abso-
lute squares of coefficients of the bound part of the wave
function, or more precisely the bound part of the wave func-
tion that is adequately described in the restricted space, i.e.,
it will approach the survival probability,



n

�dn
��t��2t → 	→ 


i=bound
�dn

��2 = 

i=bound

�cn
��2. �41�

We have thus found that if the time-dependent Schrödinger
equation is solved with complex rotation, the coefficient pre-
ceding each bound state is identical to what would be found
in a Hermitian calculation, and thus its absolute squared
value can still be interpreted as the probability to find the
system in that particular state. Furthermore, after some inter-

action, the sum of the absolute squares of all coefficients,
preceding bound as well as pseudocontinuum states will ap-
proach the survival probability of the system as time in-
creases. This statement also holds when resonances are
present. Important information about the process at hand can
thus be obtained from the time-propagation of ���r , t� only.

Finally we want to discuss one physically interesting
quantity that cannot be obtained with ���r , t� alone, the pho-
toelectron spectrum. To obtain it we see at least two possi-
bilities. The first is to back-rotate ���r , t� to obtain ��r , t�.
How this is done in practice will be described in Sec. V B.
The second possibility is to utilize the decomposition in Eq.
�38� and the fact that the c product norm, the right-hand side
of Eq. �33�, is time-independent. Assuming a normalized
wave function at t=0 we have

� ��−��r,t��*���r,t�e3i�dV

= 

m,n

� �dm
−��t��m

−��r��*dn
��t��n

��r�e3i�dV

= 

n

�dn
−��t��*dn

��t� = 1. �42�

For the bound states in the sum over n, each term �dn
−��t��*

dn
��t� gives the probability to find the electron in that state.

For the part of the electron spectrum that lies in the con-
tinuum, the ionization probability per energy interval,
dPion /d�, can be extracted through

dPion

d�
=

1

�
Im�


n

�dn
−��t��*dn

��t�
En

� − �
	 , �43�

where � is the continuum energy and En
� is the �generally

complex� eigenvalue associated with �n
��r�. The sum over n

runs over the whole spectrum since each pseudocontinuum
state contributes over a wide range of energies, see further
the discussion in Sec. V. The above relation is analogous to
the optical theorem. By considering the Hermitian expecta-

tion value of the Green’s operator, Ĝ���=1 / �H−��, it is

found that Im���Ĝ�����=����� ���2=�dPion /d�, see, e.g.,
Ref. �13�. As previously discussed, expectation values calcu-
lated with rotated wave functions and operators using the c
product should reproduce the corresponding Hermitian re-
sult. Hence the expectation value may be calculated using
the rotated wave function and the rotated Green’s operator

Ĝ���� instead of the Hermitian representation. By applying
the closure relation we find that

�
dPion

d�
= Im�


n

� ��−��r��*�n�r�e3i�dV� ��−��r���*���r��e3i�dV�

En
� − �

� , �44�
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which is equivalent to Eq. �43�. Calculations using both Eq.
�43� and the back-rotated wave function are presented in Sec.
V.

III. METHOD

In the following we will be concerned with the solution of
the time-dependent Schrödinger equation, Eq. �31�, where
the time-development is governed by the Hamiltonian H,

H = H0 + HI, �45�

with H0 being the time-independent part, e.g., for a one-
particle system

H0 =
p2

2m
−

Ze2

4��0r
, �46�

and HI an explicitly time-dependent perturbation from a light
pulse. The interaction between an electron and the light pulse
is in the velocity gauge given by

HI =
e

m
p · A�t� . �47�

We work here in the dipole approximation and do not con-
sider any spatial dependence in the vector potential A. We
assume linearly polarized light and consider in most cases
sin2-shaped envelopes

A�t� = A0 sin��t + ��sin2��t/T�ẑ , �48�

where T is the pulse duration. Also the length gauge version
of HI,

HI = − er ·
�A�t�

�t
, �49�

has been used to check for gauge invariance, but all the
presented examples are calculated in the velocity gauge. Our
prime interest is to investigate advantages and possible prob-
lems with complex rotation. As discussed in Sec. II, this
rotation is performed by the transformation r→rei�, which
also implies that p→pe−i�.

To obtain a complete and finite basis set well-suited to
solve the Schrödinger equation, Eq. �31�, we use so-called B
splines, see, e.g., Ref. �57�. The use of B splines in atomic
physics was pioneered by Johnson and Sapirstein �58�
20 years ago and later it has been the method of choice in a
large number of studies, as reviewed, e.g., in Ref. �59�. B
splines are piecewise polynomials of a chosen order k de-
fined on a so-called knot sequence, and they form a complete
set in the space defined by the knot sequence and the B
spline order �57�. If N is the number of knots there are N
−k B splines in the set. The radial part of the eigenstates to
the Hamiltonian, Rn,�, is expanded in B splines

rRn,��r� = Pn,��r� = 

i=2

N−k−1

�iBi�r� , �50�

where the first and last B spline have been removed. Hereby
the boundary conditions that Pn,��r=0�=0 and Pn,��r=R�

=0 are imposed. Typically 40–70 points are used in the knot
sequence, distributed either linearly throughout the domain
or linearly in the inner region and then exponentially further
out. The last knot, defining the box to which we limit our
problem, is in most cases around 100 Bohr radii and the
polynomial order k is seven. The coefficients �i in Eq. �50�
are found by diagonalization of the matrix

H�� = �B� , �51�

where

Hij
� =� Bi�r�Y

�m
* ���H�rei��Bj�r�Y��m����dV �52�

and

Bij =� Bi�r�Bj�r�dr . �53�

Equation �51� is a generalized eigenvalue problem that can
be solved with standard numerical routines. The angular
parts of the eigenstates are given by the spherical harmonics,
Y�m, and for each angular symmetry we get N−k−2 eigen-
states. For the lower energy eigenstates the box and the knot
sequence provide an adequate description of the real physical
space. For these states we find the solution to the true physi-
cal Hamiltonian. The higher energy eigenstates are deter-
mined mainly by the box. They are thus unphysical, but still
essential for the completeness of the basis set. As discussed
in connection with the relation in Eq. �20�, the energy of the
latter will be complex.

For the solution to the Schrödinger equation, Eq. �31�, we
have investigated three different procedures. Two of the
methods solve the problem on a time grid. With the first
method, Sec. III A, we work with eigenstates to H0

�, i.e.,
H�=H0

� in Eq. �51�, and HI
��t� is treated as a perturbation.

With the second method, Sec. III B, we use eigenstates to
H0

�+HI
��ti� for each time interval, i.e., it is an expansion in

field dressed basis sets. The third method, Sec. III C, is an
implementation of the Floquet formalism. Here eigenstates
to the unperturbed Hamiltonian, H0

�, are used to expand the
spatial part of the eigenstates to the time-dependent Floquet
Hamiltonian.

A. Time propagation in eigenstates to the unperturbed
Hamiltonian

Consider the expansion of ���r , t�, Eq. �38�, in eigen-
states, �n

�, to the time-independent Hamiltonian H0
�. To first

order in time the coefficients ci
��t� obey

ci
��t + �t� = ci

��t� + �tċi
��t� . �54�

Insertion of Eq. �38� into the Schrödinger equation, Eq. �31�,
then gives
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ċi
��t� = −

i

�



j

cj
��t�e−i�Ej

�−Ei
��t/�

�� ��i
−��r��*HI

��r,t�� j
��r�e3i�dV . �55�

Hence Eqs. �54� and �55� allow a stepwise evaluation of ��

in time. The efficiency of this method is improved consider-
ably with some higher order Runge-Kutta scheme that can
provide a better estimate of ci

��t+�t� by weighting several ċi
�

at different times. The scheme used here is a fifth order
Runge-Kutta method with Cash-Karp coefficients �60�. This
scheme has also the advantage that it allows a simple error
analysis, which here is explored in an adaptive step-size con-
trol. We have further found that calculation of
ċi

��t�exp�−iEi�t+�t� /�� and storage of ci
��t�exp�−iEit /�� is

numerically more stable than calculation of ċi
��t� and storage

of ci
��t�. This is due to numerical difficulties in the calcula-

tion of exp�−i�Ej
�−Ei

��t /�� with complex eigenenergies.

B. Expansion in field dressed basis sets

Another possibility is to find the eigenfunctions to H�ti�
for each ti. Between the time-points the system is allowed to
develop according to H�ti�. At the next point in the time grid
the system is just projected onto the solutions of H�ti+1�.
Assuming the solutions to the full Hamiltonian to be known
at the time ti, i.e.,

H��ti���i
n,R = Ei

n��i
n,R , �56�

a state that is in a superposition of solutions to H��ti� will
develop in time as

���ti� = 

n

cn
i ��i

n,R ⇒ ���ti + �t� = 

n

cn
i ��i

n,Re−iEi
n�t

�57�

and can then be projected onto solutions to H�ti+1�. For this
we need the closure relation



n

��i+1
n,R��i+1

n,L� = 1, �58�

where the labels R and L denote the right and left eigenvec-
tor to the Hamiltonian, H�ti+1�, as discussed in Sec. II A.
There is an important difference between the Hamiltonian
expressed in the length, respectively, velocity gauge when
complex rotation is used. The matrix representation of the
field free Hamiltonian is symmetric. If the interaction with
the electromagnetic field is expressed in the length gauge,
this symmetry is preserved and the left eigenvectors are just
the transposes of the right eigenvectors, cf. Eq. �25�. When
the interaction with the electromagnetic field is expressed in
the velocity gauge, on the other hand, the Hamiltonian will
be of the general form of Eq. �21�, and the left eigenvectors
are distinctly different from the right eigenvectors. However,
standard numerical routines provide right as well as left
eigenvectors, and we can easily construct ��ti+1� in the new
basis

���ti+1� = 

n

��i+1
n,R��i+1

n,L���ti + �t� = 

n

cn
i+1��i+1

n,R .

�59�

The procedure is then repeated from Eq. �57� to obtain the
wave function at the next time step. Compared to the method
outlined in Sec. III A, substantially fewer time points are
needed. On the other hand, the Hamiltonian has to be redi-
agonalized at every time step.

C. Floquet theory

The third and last method investigated in this work is
based on Floquet’s theorem �61�. We follow the formulation
proposed by Shirley �29� and truncate an infinite-
dimensional, time-independent matrix representation of the
Floquet Hamiltonian, HF. The quantum state vector is then
retrieved, at any finite time t, from the eigenstates and eigen-
values of HF. However, we differ from Shirley’s formulation
in that we examine the application of Floquet’s theorem to
quantum systems in the context of complex rotation. Com-
bining complex rotation with Floquet theory means specifi-
cally that we consider a non-Hermitian matrix HF

� . The Her-
mitian description can be recovered with �=0. Although the
combination of Floquet theory and complex rotation has
been used before, see, e.g., Ref. �32� and references therein,
we repeat the basic steps here in order to be able to discuss
the time propagation of wave functions.

For Hamiltonians periodic in time, H��t+2� /��=H��t�,
we may make use of Floquet’s theorem and express the as-
sociated state vector as

���r,t� = 

j

aj
�e−i�j

�t/�� j
��r,t� �60�

with the constants aj
� given by

aj
� =� �� j

−��r,0��*���r,0�e3i�dV . �61�

The � j
� states are obtained, along with the quasienergies � j

�,
from

�H� − i�
�

�t
	� j

��r,t� = � j
�� j

��r,t� . �62�

Thus exp�−i� j
�t /��� j

��r , t� are solutions to the complex ro-
tated time-dependent Schrödinger equation, and conse-
quently they form a complete basis set. Furthermore, the
imaginary part of � j

� gives the half width of the field dressed
state � j

��r , t�. The operator H�− i��t is usually referred to as
the Floquet Hamiltonian.

An important property of the solutions � j
�, easily seen

from Eq. �62�, is that they evolve with the same periodicity
in time as the Hamiltonian describing the system. The peri-
odicity of � j

�, as well as that of the Hamiltonian, is frequently
used to expand both of them in complex Fourier series. The
idea is thus to expand � j

� in products of a spatial function,
� j,k

� �r�, and a time-periodic function. Subsequently, the spa-
tial functions are expanded in the box-normalized eigen-
states, �n

�, to the unperturbed Hamiltonian H0
�,
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� j
��r,t� = 


k=−	

	

� j,ke
ik�t� j,k

� �r� = 

k=−	

	

eik�t

n

bj,k
�,n�n

��r� .

�63�

If the � j
� states, constructed using Eq. �63�, are normalized at

time t=0, they remain orthonormal to each other at later
times, a property very convenient for an instantaneous basis
in space. The full Hamiltonian is given in the velocity gauge
for light linearly polarized along the z direction as

H� = H0
� +

e

m



q=−	

	

Aqeiq�tpze
−i� �64�

with

Aq =
�

2�
�

0

2�/�

A�t�e−iq�tdt . �65�

For monochromatic light we have only two nonzero Aq’s
corresponding to q= �1. If the expansion of �� in the set of
functions �n

� is known at time t=0, the expression for the
coefficients aj

� in Eq. �61� can be given in a more convenient
form. Comparing the general expansion of ��, Eq. �38�, in
the unperturbed atomic states �n

� at t=0, with that of Eq.
�60�, i.e.,



n

dn
��0��n

��r� = 

j

aj
�� j

��r,0� , �66�

we find that

aj
� = 


n

dn
��0� � �� j

−��r,0��*�n
��r�e3i�dV

= 

n

dn
��0� 


k=−	

	

�bj,k
−�,n�*, �67�

where the expansion in Eq. �63� and the orthonormality of
the basis �n

��r� are used in the last step. Finally, combining
Eqs. �60�, �63�, and �67� we find the expression for dn

��t� as

dn
��t� = 


j
�


n�

dn�
� �0� 


k�=−	

	

�bj,k�
−�,n��*	e−i�j

�t/� 

k=−	

	

eik�tbj,k
�,n.

�68�

The sum over j in Eq. �68� will in practice run over a finite
number of N� states. This number, N�, is furthermore identi-
cal to the number of included basis states, �n

��r�. The num-
ber of B splines, discussed in connection with Eq. �50�, along
with the number of partial waves is therefore what deter-
mines the number of basis states � j

�.
For a wave function rotated in the opposite direction,

�−��r,t� = 

n

dn
−��t��n

−��r� , �69�

the expression corresponding to Eq. �68� is given by

dn
−��t� = 


j
�


n�

dn�
−��0� 


k�=−	

	

�bj,k�
�,n��*	e−i��j

��*t/� 

k=−	

	

eik�tbj,k
−�,n.

�70�

In Eq. �70� the relation � j
−�= �� j

��* is used, analogous to what
is discussed in connection with Eq. �30�.

Combining Eq. �68� and Eq. �70� gives

�dn
−��t��*dn

��t� = 

j,j�

�aj�
−��*aj

�e−i��j
�−�

j�
� �t/�

� 

k,k�=−	

	

ei�k−k���tbj,k
�,n�bj�,k�

−�,n �* �71�

with

�aj�
−��*aj

� = �

n�

�dn�
−��0��* 


k�=−	

	

bj�,k�
�,n�	

��

n

dn
��0� 


k=−	

	

�bj,k
−�,n�*	 . �72�

In disagreement with Buchleitner and co-workers, see Eq.
�36� of Ref. �49�, we argue that � j�

� in Eq. �71� is not to be
complex conjugated. For bound states, as discussed in con-
nection with Eq. �42�, �dn

−��t��*dn
��t� gives the probability of

the system to be in the particular state �n
�. We want to em-

phasize that a numerically more stable approach to finding
this probability is to follow the procedure indicated in Eq.
�41� and compute �dn

��2 using Eq. �68�. For unbound states,
however, dn

−� is not given from dn
� and a general expression

such as Eq. �71� is required. Unlike the corresponding ex-
pressions obtained with the methods in Secs. III A and III B,
in which we would have to evaluate �−� and �� separately
and stepwise in time, the convenient form of Eq. �71� allows
a simple numerical analysis of �dn

−��t��*dn
��t�. We notice first

that as long as the sums over j and j� run over a finite
number of states, �dn

−��t��*dn
��t� will eventually diverge be-

cause of the imaginary parts of � j
� and � j�

� . However, for
moderate times, convergent results are obtainable with Eq.
�71�. A higher density of pseudocontinuum states in the
imaginary region of � j

�, made possible by choosing a larger
box and/or a smaller scaling angle �, will suppress this di-
vergence and thus prolong the applicability of Eq. �71�. In
practice, however, since any numerical error is blown up by
the exponential factor, the divergence will generally occur
earlier than expected. The numerical error is, if larger than
machine accuracy, usually caused by the early truncation of k
in Eq. �63� necessary to keep the size of HF

� down, as will be
discussed shortly. To reduce this error a cut in Im�� j

�−� j�
� � is

introduced. It is important that with this cut the largest al-
lowed exponent is large enough to include all the significant
terms in Eq. �71� but still small enough to suppress the terms
that blow up due to numerical limitations. Also it is impor-
tant that the truncation of k is such that significant terms
associated with large exponential factors are accurately com-
puted. Checking whether Eq. �42� holds offers a possible test
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for accuracy. Finally we want to point out that expectation
values should in principle be possible to compute using this
technique as discussed in Sec. II B.

We will now focus on how � j
�, bj,k

�,n, and bj,k
−�,n are com-

puted in practice. By introducing Eqs. �63� and �64� in Eq.
�62� we obtain an infinite set of coupled equations:



n�



k�=−	

	 ��En�
� + k�����n�n�k�k

+
e

m
Ak−k�� ��n

−��r��*pze
−i��n�

� �r�e3i�dV�bj,k�
�,n� = � j

�bj,k
�,n,

�73�

where En
� is the eigenvalue associated with �n

�. An approxi-
mate solution to Eq. �73� is obtained through truncation of k,
−km�k�km, in the Fourier expansion of � j

�. This truncated
version of Eq. �73� is easily transformed to a matrix repre-
sentation as a �2km+1�N�-dimensional matrix, HF

� . The quan-
tities � j

� and bj,k
�,n are subsequently obtained as eigenvalues

and individual elements of the corresponding right eigenvec-
tors. The �bj,k

−�,n�*’s are, as described in Sec. II A, found as
elements of the left eigenvectors. A set of 2�km+1�N� states
� j

� is generated in this procedure. However, as indicated ear-
lier, only N� of these states are required in Eq. �68�. The
reason why not all states are included in Eq. �68� is that
several states obtained from the diagonalization of the Flo-
quet Hamiltonian represent the same solution
exp�−i� j

�t /��� j
�. This redundancy is seen from the following

transformation:

� j → � j + mj�� , �74�

� j
��r,t� → eimj�t� j

��r,t� , �75�

with mj being an integer number. Now, as easily verified, Eq.
�62� remains satisfied after this transformation. Hence, both
� j

� and exp�imj�t�� j
� are eigenvectors to the truncated ver-

sion of Eq. �73� with eigenvalues � j and � j +mj��, respec-
tively. Although they represent the same solution to the ro-
tated time-dependent Schrödinger equation, a subtle
difference exists between the two states. This difference is
caused by the imposed truncation of k,

e−i�j
�t/�� j

��r,t� = e−i�j
�t/� 


k=−	

	

eik�t

n

bj,k
�,n�n

��r�

⇔

e−i��j
�+mj���t/�eimj�t� j

��r,t�

= e−i��j+mj���t/� 

k�=−	

	

eik��t

n

bj,k�−mj

�,n
�n

��r� , �76�

with k�=k+mj. Hence as k and k� are truncated, the two
formulations will use different sets of spatial functions � j,k

� .
The last part of this section will be devoted to the limita-

tions of the method just described. One significant limitation
is obviously that Floquet’s theorem only applies to periodic

perturbations. This means specifically that atoms exposed to
finite laser pulses cannot be treated within this formalism.
Several modifications have, however, been suggested to
evade this theoretical restriction. For pulses lasting a sub-
stantial number of optical cycles, one successful approach
�62� is to express the electromagnetic field as

E�t�ẑ = E0�t�sin���t�t + ��t��ẑ �77�

and treat the amplitude E0�t�, frequency ��t�, and phase ��t�
as a slowly varying modulation on some periodic carrier
wave. Another possible modification is the use of the many-
mode Floquet theorem, as described by Ho and co-workers
�63�, for systems exposed to multicolor lasers with incom-
mensurate frequencies. For sin2-shaped pulses with duration
of only a few optical cycles we would like to introduce the
possibility of yet another approach: If, instead of a single
laser pulse, a train of identically shaped pulses perturbs the
atom, the Hamiltonian becomes periodic in time. In this case,
Eqs. �63� and �64� are adequate expressions if used with a
period defined by the pulse length rather than the period of
the carrier. Furthermore, if the single pulse consists of an
integer number of optical cycles �as will be considered in
this work�, the Fourier expansion of A, Eq. �65�, consists
generally of only six nonzero Aq’s. Now, the spatial indepen-
dence of A �as assumed in the dipole approximation� implies
that the interaction between the atom and the very first pulse
in the infinite sequence of pulses is identical to that experi-
enced between the atom and the single pulse in our original
problem. However, if we were to examine the system at a
finite time after its exposure to the first pulse, the two physi-
cal descriptions will obviously differ. Hence time has to be
divided into two regions; one in which the atom is exposed
to the single laser pulse and another in which it is not. In the
first region propagation using Floquet theory, as described
here, is applicable and in the second the field-free evolution
of the atomic states has to be used. Alternatively, if the fre-
quencies defined by the envelope and the carrier wave are
incommensurate, a bicolor laser field could be generated by
allowing for nonidentical pulses in the pulse train. The sys-
tem could then be treated with the many-mode Floquet theo-
rem. This alternative approach was earlier used by Huang
and Chu �64�. A second limitation of the method just consid-
ered is that the Floquet matrix usually becomes extremely
large in practice. However, only a fraction of the eigenstates
and eigenvalues are required which improves the situation,
see, e.g., the techniques used in Refs. �65,66�. Since we only
consider hydrogen here, diagonalization of the entire matrix
is still possible. Instead, we are faced with the difficulty of
selecting a complete set of � j

� out of all eigenvectors ob-
tained from the diagonalization of HF

� . For the identification
of a complete set the basic problem is that we lack knowl-
edge of mj, see Eqs. �74� and �75�, for the different � j

�-states
obtained. However, this knowledge could be retrieved
through the parameter

xj =



k

k

n

��bj,k−mj

−�,n �*bj,k−mj

�,n �



k



n

��bj,k−mj

−�,n �*bj,k−mj

�,n �
. �78�

For infinite Fourier series, xj will differ by mj between two
states with quasienergies � j and � j +mj��, respectively.
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Hence a complete set of � j
� is obtained from choosing those

with xj in any interval of unity length. The truncation of k
spoils this nice behavior. Nevertheless, the most converged
eigenstates are likely to be located in an interval centered at
xj =0. In practice, the interval could be expanded slightly to
include a minimum of N� states before choosing those best
satisfying the closure relation. Fortunately, however, for km
large enough to accurately describe the dynamics of the sys-
tem, N� states will generally be found having −0.5�xj
�0.5 and the later modification is not necessary. Thus in
comparison �see Fig. 1� to the frequently used technique of
excluding all states except those with real parts of � j located
in some window of size ��, this approach has two advan-
tages. First, it always identifies a complete set of � j states,
even for moderate values of km. Second, the states identified
are likely to be the most accurately described.

IV. EXAMPLES

In the following we aim to illustrate some of the numeri-
cal advantages and challenges related to the application of
uniform complex scaling to dynamical systems. We have
demonstrated in Sec. II that all physical information obtain-
able with a Hermitian formalism may be obtained also with a
complex rotated formalism. The drawback is that “left state”
refers to the Hamiltonian H−�, instead of H�, and propagation
with H−� may not be very convenient. The following numeri-
cal examples will focus on the propagation of the “right
state,” ��, only. In addition, to illustrate which numerical
benefits that may be achieved with complex rotation, we will

also discuss to what extent physical information may be ex-
tracted from the rotated wave function.

We have argued, cf. Eq. �41�, that the population of the
nth bound state can be obtained as �dn

��t��2, which should be
independent of � as long as the allocated space is adequate.
If the left eigenstates of the unperturbed Hamiltonian, �n

−�,
are known, each dn

��t� is found through the projection

dn
� = �

0

R

��n
−��r��*���r,t�e3i�dV . �79�

This is illustrated in Fig. 2, which shows the population of
the ground state of the unperturbed hydrogen atom when the
atom is exposed to a sin2-shaped laser pulse of a duration
corresponding to five optical cycles, a maximum electric
field strength of 10 a.u. �corresponding to a peak intensity of
3.5�1018 W /cm2�, and a central frequency � of 2.0 a.u.
�corresponding to a photon energy of about 54 eV�. The
population is seen to coincide with the result of a corre-
sponding Hermitian calculation. The latter is performed by a
split operator scheme on a spherical grid �41,67�. It has also
been checked that the methods of Secs. III A–III C all give
the same result. Since the amplitudes of the pseudocon-
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FIG. 1. �Color online� Upper panel: The population of the
atomic ground state of hydrogen obtained using the method of Sec.
III A. The atom is perturbed by a sin2-shaped pulse that has a peak
intensity of 1.5�1015 W /cm2, a central frequency of �=0.6 a.u.,
and a duration corresponding to four optical cycles. The scaling
angle � is here 30°. Middle panel: The relative difference between
the population of the ground state as calculated using Floquet
theory, Eq. �68�, and that obtained in the upper panel. Convergence
is seen with increasing km, i.e., with increasing limit to the Fourier
series expansion of � j�r , t�. A complete set of � j states is identified
based on Eq. �78�. Lower panel: Identical to the second panel ex-
cept that the set of � j states is obtained by choosing those with
−�� /2�Re�� j���� /2.

FIG. 2. �Color online� Population of the initial state and the sum
of the absolute squares of the amplitudes as functions of time for a
hydrogen atom initially in the ground state exposed to an oscillating
electric field with a sin2-shaped envelope with a duration of five
optical cycles. The maximum electric field strength is 10 a.u. �cor-
responding to a peak intensity of 3.5�1018 W /cm2�, and the cen-
tral frequency is 2.0 a.u. �corresponding to a photon energy of about
54 eV�. The thin black curve is the vector potential. The full �red�
curve is the population of the initial state in the velocity gauge
obtained as described in Sec. III A, which is checked to coincide
with the solution according to the methods of Secs. III B and III C.
The scaling angle � is here 15°. The dashed �green� one is the same
quantity obtained by numerical integration of the Hermitian
Schrödinger equation on a grid. The dash-dotted �blue� curve is the
sum 
n�dn

��t��2 where the dn
�’s are the coefficients in an expansion of

the rotated wave function in eigenstates of the unperturbed Hamil-
tonian, H0

�. The inset shows how this sum converges towards the
probability of the system not being ionized, see the limit in Eq.
�41�.
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tinuum states in the expansion in Eq. �38� vanish exponen-
tially after the interaction, it is also seen that the sum of the
absolute square of all the amplitudes, 
n�dn

��t��2 in the limit in
Eq. �41�, converges towards the survival probability of the
system. Interestingly, during the interaction this sum, indi-
cated by the dash-dotted curve in the figure, is not a strictly
decreasing function of time; in several intervals it increases.
These fluctuations are consequences of the fact that the for-
malism is not Hermitian when only propagation of the
“right” state �� is considered. The anti-Hermitian part of the
representation of the Hamiltonian is the reason why the sum

n�dn

��t��2, which in general does not represent any physical
quantity, is not conserved in time. The anti-Hermitian contri-
bution from the matrix representation of the unperturbed
Hamiltonian, Hmn

� − �Hnm
� �*=2i�mn Im�En

��, will always lead
to a decrease in the magnitude of the amplitudes correspond-
ing to pseudocontinuum states since it is never positive
�Im�En

���0�. The anti-Hermitian contribution from the inter-
action alternates in sign, however, causing 
n �dn

��t�� to in-
crease at certain times. Another manifestation of this phe-
nomenon is the fact that the eigenenergies of the full, time-
dependent Hamiltonian, Eq. �57�, have, depending on the
phase of the field, positive imaginary parts in certain time
intervals. In order to avoid this increase in the magnitude of
the rotated wave function, He et al. �45�, who used exterior
complex scaling as a way of imposing an absorbing bound-
ary, removed the complex scaling of the interaction term
altogether. For stronger fields, the sum 
n�dn

��t��2 may in fact
even exceed unity. This clearly demonstrates that it may not
be interpreted as any probability. Analogously, the integral
�����r��2dV does not have any meaningful physical interpre-
tation either. This disagrees with the statements made in con-
nection with Eq. �15� of Ref. �47�; the equation may hold in
the specific case of a single populated bound state, but it is
formally incorrect for the general case.

For weaker fields the fluctuations in the above-mentioned
sum are absent or at least very small. Since we know that the
sum eventually is to converge towards the survival probabil-
ity of the system, physical information may in this case be
extracted from the coefficients dn

� also during the interaction
with the laser pulse. It has been demonstrated that for atoms
exposed to dc fields, the ionization rate may be found di-
rectly from the imaginary part of the ground state energy of
the full Hamiltonian �27�. Figure 3 demonstrates how ioniza-
tion rates may be found also for atoms exposed to ac fields
through the sum 
n�dn

��t��2. Here a hydrogen atom is exposed
to an oscillating electric field with a constant amplitude of
0.1 a.u. �corresponding to a peak intensity of 3.5
�1014 W /cm2� between a two-cycle ramp on/off. The fre-
quency � is 0.7 a.u. �corresponding to the photon energy
���19 eV�. The sum 
n�dn

��2 is shown for three different
choices of � on a semilogarithmic scale along with the prob-
ability of being in a bound state �in the velocity gauge�. It is
clearly seen that after a certain time the three curves are
parallel on such a plot and that they all eventually coincide
with the final survival probability. Thus we may use this
time-dependent sum to assign an ionization rate to the pro-
cess. This rate may also be extracted from the imaginary part
of the quasienergy, �0

�, associated with the field-dressed
ground state of the Floquet Hamiltonian, cf. Eq. �62�, of an

atom exposed to a monochromatic field �30�. The corre-
sponding time evolution of the population of this state,
exp�2 Im��0

��t /��=exp�−�t /��, is included in Fig. 3 as a dot-
ted line. As is seen from the figure, the two procedures yield
the same ionization rate. In this particular case it is � /�
=7.0�10−3 a.u.=2.9�1014 s−1.

One advantage of complex scaling, compared to the ordi-
nary Hermitian formalism, is that the coupling between
bound states and the continuum is adequately described with
surprisingly few pseudocontinuum states. In Fig. 4, where
again the population of the atomic ground state of hydrogen
is considered, this advantage is easily seen. As the number of
unrotated pseudocontinuum states increases, the population
converges towards that computed using complex rotation—
even when the number of unrotated basis states exceeds the
number of rotated ones by far. It should further be empha-
sized that the number of rotated states used in this calcula-
tion is not the lowest number possible for convergent results.
Longer pulses, corresponding to narrower energy distribu-
tions, require a denser set of unrotated pseudocontinuum
states. For the cases of complex rotation, on the other hand,
each pseudocontinuum state is, as we will discuss in the
following section, associated with a broader energy width
which makes accurate predictions possible with relatively
few states even for pulses with narrow frequency distribu-
tions.
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FIG. 3. �Color online� The sum 
n�dn
��t��2, see the caption of

Fig. 2, during interaction between a hydrogen atom initially in the
ground state and an electric field oscillating with a constant ampli-
tude �indicated by the black curve�. The field is “ramped on/off”
over a period of two optical cycles. This sum is shown for three
choices of �, namely, from the top, 5° �full blue curve�, 10° �dashed
red curve�, and 15° �dash-dotted magenta curve�. The oscillating
curve below these three is the population of all bound states in the
velocity gauge �full green curve�. Finally, the survival probability of
the “ground state” of the Floquet Hamiltonian for monochromatic
laser light �dotted curve� is also shown. These curves are shown on
a semilogarithmic scale in order to demonstrate that they are all
parallel, i.e., they all correspond to the same ionization rate. The
field has a peak intensity of 3.5�1014 W /cm2, a frequency of
0.7 a.u. �corresponding to the photon energy ���19 eV�, and a
duration corresponding to 15 optical cycles.
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V. TRANSFORMATION TO THE TRUE CONTINUUM

The fact that convergence of the “right” rotated wave
function, with respect to the number of pseudocontinuum
states, is achieved faster for higher values of � may be un-
derstood from the relation between rotated pseudocontinuum
states and rotated true continuum states. When the energy
spectrum of the continuum is discretized through a “box po-
tential,” one may somewhat simplified think of each pseudo-
continuum state as effectively representing an interval, with
a certain width, of the true energies. When complex scaling
is imposed, the width of this interval is increased, and as the
scaling angle � increases, so does the energy interval repre-
sented by each rotated pseudocontinuum state. This phenom-
enon is illustrated in Fig. 5, which shows the projections of a
particular box normalized complex rotated eigenstate onto
rotated continuum functions for the hydrogen atom. The lat-
ter behave asymptotically as outgoing plane waves. More
specifically the figure shows

Fn,�,m
� �k� � �

0

R

��n,�,m
−� �r��*�k,�,m

out �rei��e3i�dV . �80�

The left function, ��n,�,m
−� �r��*, coincides with �n,�,m

� since all
complexity arises from the complex scaling in this case. The
rotated outgoing wave is defined by

�k,�,m
out �rei�� =

1
�2

�gl,k�rei�� + if l,k�rei���Y�m��� , �81�

where f�,k and g�,k are the regular and irregular Coulomb
wave functions, respectively. This representation is chosen

because of its behavior for large r; it falls off exponentially,
whereas any other linear combination of the two Coulomb
functions would grow exponentially. A program for calculat-
ing these functions numerically for complex arguments is
provided in Ref. �68�. The eigenenergy corresponding to the
box normalized state in Fig. 5 is complex, whereas the
eigenenergies of the �k,�,m

out states are real. For the illustration
in Fig. 5 a “box energy” En

� with a real part of 2.0 a.u is
chosen, the angular quantum number � is zero and the scal-
ing angle � is 5°. The figure clearly shows a broad distribu-
tion in the projection Fn,�=0

� centered around the real part of
En

�. The width of the distribution is dictated by the scaling
angle �.

If we, in the �=0 channel, neglect the Coulomb potential,
both the outgoing wave and the pseudocontinuum states
have very simple analytical forms; the reduced wave
functions are r exp�i���k,�=0

out =�2 /�exp�ikr exp�i��� and
r exp�i���n,�,m

� �r�=�2 /Rsin�knr� with kn=n� /R. The latter
wave function is thus unaffected by the complex scaling,
although the energy En

� is, as in the Coulomb case, complex:
En

�= ��kn�2 exp�−2i�� /2m, cf., the relation in Eq. �20�. In this
context, the projections Fn,�

� may be found analytically:

�Fn,�=0
� �2 =

2�2

�mR

�En
��

�En
��2 + �k

2 − 2�En
���k cos�2��

�82�

with �k���k�2 /2m. Although the neglect of the Coulomb
potential is a rather crude approximation, the simple function
of Eq. �82� exhibits most of the relevant features of the one
which includes the Coulomb potential. For fixed “box en-
ergy” En

�, the function has its maximum value for
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FIG. 4. �Color online� Upper panel: The population of the
atomic ground state of a hydrogen atom is computed with and with-
out complex scaling. In the latter case the calculation was per-
formed using 50 �blue line with circles� and 100 �red line with
triangles� atomic states for each angular symmetry. For �=20°
�black line� the corresponding number of states is 30. As seen, the
significantly lower number of rotated states gives an accurate popu-
lation during the entire pulse. The better description is explained by
an energy width associated with each rotated pseudocontinuum
state. Lower panel: The vector potential, corresponding to a peak
intensity of 5.0�1013 W /cm2 and carrier frequency of �=0.6 a.u.
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FIG. 5. �Color online� The figure shows the projection of a box
normalized pseudocontinuum state onto rotated analytical con-
tinuum states with outgoing, plane wave asymptotic behavior, i.e.,
Fn,�,m

� in Eq. �80�. The x axis shows the energy of the analytical
continuum states. The half width of the distribution increases with
increasing �. More specifically, the width of �Fn,�,m

� �2 coincides quite
well with twice the absolute value of the imaginary part of the
energy of the box normalized pseudocontinuum state, Im�En�. This
particular case corresponds to the �=0 channel with the scaling
angle �=5° and a box state with Re�En�=2.0 a.u.
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�k = �En
��cos�2�� = Re�En

�� , �83�

and the half width is

��k

2
= �En

��sin�2�� = Im�En
�� . �84�

Numerical inspection shows that the identification of the
maximum of �Fn,�

� �2 with the real part of En
�, as well as that of

the half width of �Fn,�
� �2 with the imaginary part of En

�, remain
very reasonable estimates also when the Coulomb potential
is included.

A. Obtaining the true wave function through back rotation

As we have seen, the wave function may be well-
represented with rather few basis states in a complex rotated
context. This raises the question of whether information con-
tained in the wave function is lost when complex scaling is
imposed—at least from a numerical point of view. Analyti-
cally, all information about the system should, in principle,
be obtainable from ��rei�� simply by a variable transforma-
tion back to the unrotated coordinate, i.e., r exp�−i�� is used
instead of r in the complex rotated wave function, as sug-
gested in Ref. �46�. It is not obvious, however, to what extent
this is feasible in practice. To illustrate how it can be done,
we use as an example the same simple case as above, namely
an isotropic wave subject to no interaction. If we start out
with a wave packet with the initial momentum distribution
��k�, its evolution is given by

��r,t� = �
0

	

��k�exp�− i
�k2

2m
t	� 2

�

sin�kr�
r

dkY0,0.

�85�

With no boundary condition imposed, the corresponding
complex rotated wave function, ���r , t�, is obtained by the
usual substitution. Note that in this representation, our basis
functions, �2 /� sin�kr exp�i��� /r exp�i��, grow exponen-
tially with r. However, a propagating wave packet may still
be well-represented by these functions. The box representa-
tion of this rotated wave function is found as

�box
� �r,t� = 


n

cn
� exp�− i

�kn
2e−2i�

2m
t	

��2e−i�

R

sin�knr�
rei� Y0,0, kn =

n�

R
, �86�

where the coefficients cn
� are obtained from �� by cn

�

=�0
	��k��0

R�2 /R sin�knr��2 /� sin�krei��exp�3i� /2�drdk.
The integral over r is easily done analytically. Now, if Eq.
�86� is a good representation of the rotated wave function,
the unrotated wave function should be reobtainable from
�box

� by back substitution:

�BR�r,t� = 

n

cn
� exp�− i

�kn
2e−2i�

2m
t	�2e−i�

R

sin�knre−i��
r

Y0,0.

�87�

Although complex scaling is not simply a variable substitu-
tion when a confining potential is imposed, this “back sub-
stitution” should still give us the true wave function back as
long as it has not reached the boundary. The fourth panel in
Fig. 6 demonstrates that the unrotated wave function may
indeed be obtained from the rotated one in this way. It also
demonstrates, in agreement with Ref. �42�, that complex ro-
tation may provide a description superior to the unrotated
one. Figure 6 will be discussed in detail shortly.

The downside of this “back substitution” method is its
lack of numerical stability. It is evident that since the basis
functions at hand diverge as r becomes large, the upper limit
of the integration cannot be too large when projections and
expectation values are calculated in practice with these basis
functions. However, it must be chosen large enough to actu-
ally include the wave packet.

B. Restoring the wave function using the rotation operator

The rotation operator formalism, Eqs. �3�–�11�, represents
an alternative way to perform the back rotation. By diago-

nalizing the operator Â=−��r ·p+p ·r� /2�, the exponent of
the rotation operator, in a basis set consisting of, e.g., B
splines, we obtain a discrete set of eigenvalues, ak, and
eigenfunctions, �k�r�, i.e., a spectral representation of the

FIG. 6. �Color online� The propagation of an isotropic outgoing
spherical wave subject to no potential in five different representa-
tions. From top to bottom: The true wave function �r��2, Eq. �85�,
an unrotated box representation of the wave �r�box�2, the corre-
sponding representation of the complex rotated wave �r�box

� �2 in the
box, Eq. �86�, the “back-rotated” wave function �r�BR�2 obtained
via a variable substitution, Eq. �87�, and finally, the back-rotated
wave function obtained by applying the rotation operator, Eq. �89�.
The scaling angle � is here 5°. The wave functions are shown at
three instances, namely t=3 a.u. �left�, t=6 a.u. �middle�, and t
=10 a.u. �right�. The vertical bars in the four lowest panels indicate
the box size, which is R=30 a.u.
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rotation operator. Since Â is Hermitian, the eigenfunctions
are orthogonal according to the ordinary Hermitian inner
product. Formally, with normalized eigenfunctions, the rota-
tion operator may now be written as

e�Â = 

k

e�ak��k��k� , �88�

which leads to the following expression for the back-rotated
wave function:

e−Â�� = 

k=kmin

kmax

e−ak�� ��k�r��*���r�r2dr��k�r� . �89�

Analogous to adjusting the upper integration limit in the pre-
vious example, the sum in Eq. �89� may have to be truncated
such that −ak does not become too large. This is due to the
fact that the eigenvalue appears in the exponent, which
causes the sum to be very sensitive to numerical uncertain-
ties in the higher values of −ak. To determine this upper
limit, inspection of whether the norm of the resulting wave
function is unity may serve as a check of accuracy and com-
pleteness.

In Fig. 6 the propagation of a spherical, outgoing wave
packet which is not subject to any potential is shown in five
different representations. The first row corresponds to the
actual, unrotated wave function, Eq. �85�, at three different
times. The second row is a box representation of the unro-
tated wave function, whereas the third row shows the corre-
sponding complex rotated wave function in the same box,
Eq. �86�. The back-rotated wave function obtained from a
direct variable substitution, Eq. �87�, is shown in the fourth
row, and the final row shows the back-rotated wave function
calculated using the rotation operator, Eq. �89�. In Fig. 6, the
rotation of the Jacobian �r2� is not included in the notation
since it only constitutes a phase factor which does not affect
the absolute value. We see that �r�box�2, second row, is
strongly affected by unphysical reflections when the wave
packet reaches the box boundary. Referring to the wave
packet on the third row, �r�box

� �2, which does not represent
any physics, we see that it is strongly distorted compared to
the other representations. This is due to the suppression of
high momentum components; the absolute values of the
time-dependent factors in the expansion in Eq. �86�,
�exp�−i�kn

2e−2i�t /2m� � =exp�−�kn
2 sin�2��t /2m�, are seen to

vanish more rapidly for higher values of kn. This distortion
delays the wave packet’s arrival to the boundary and there-
fore postpones the appearance of reflection effects. Interest-
ingly, since the “backwards rotated” basis functions, propor-
tional to sin�knr exp�−i��� /r, are nonzero at the boundary,
�BR on the fourth row may reproduce the true wave function
from �box

� even at the boundary and beyond. Hence as is
clearly seen by comparing the second and fourth row of the
figure, a rotated wave function in a box may be able to rep-
resent the true wave function far better than an unrotated
wave function in the same box, cf. Ref. �42�. Since the rota-
tion operator representation is only well-defined in the space
spanned by the B splines, this behavior is not reproduced by
this method. As we see in row five, the wave function be-
comes unphysical as the true wave function reaches the

boundary, but up to this point the method works well.
Returning to the less trivial case in which the Coulomb

potential is included, it should be possible also here to obtain
the true continuum wave function from the rotated one. As
an example, a hydrogen atom exposed to a 4-cycle laser
pulse of central frequency �=0.7 a.u. �corresponding to a
photon energy of �19 eV� and maximum electric field
strength E0=0.1 a.u. �corresponding to a peak intensity of I
=3.5�1014 W /cm2� has been studied. Figure 7 shows the
time evolution of the �=1 component of the wave function.
Both the rotated and back-rotated wave functions are shown
during, immediately after, and at a time of about 27 atomic
time units, 0.65 fs, after the interaction is over. The scaling
angle � is here 5°. The back-rotated wave function is ob-
tained through Eq. �89�.

As mentioned, the ability to reconstruct the true wave
function enables us to obtain information about the photo-
electron spectrum. For instance, the energy distribution of
the ionized electron, dPion /d�, may be found. This is shown
for the above case in Fig. 8 along with the corresponding
prediction from Eq. �43�, where the �dn

−��t��*dn
��t�’s are ob-

tained through Floquet theory, Eqs. �71� and �72�. The results
of the two methods are clearly seen to coincide. For this
specific case a clear peak corresponding to the absorption of
one photon may be observed. A smaller peak indicative of
two photon ionization may also be seen on a semilogarithmic
plot.

VI. CONCLUSION

The formalism of inner products in the context of uniform
complex scaling was reviewed in detail. We showed that it
may be formulated such that all physical quantities coincide
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FIG. 7. �Color online� The radial part of the wave function for
the �=1 channel of the wave function corresponding to a hydrogen
atom exposed to a sin2-shaped laser pulse of a duration T corre-
sponding to four optical cycles. The central frequency is �
=0.7 a.u., and the peak intensity of the field is 3.5�1014 W /cm2.
The upper panels correspond to the wave function rotated by 5°,
and the lower ones correspond to the back-rotated, physical wave
function. The times correspond to, from left to right, when the field
intensity is at its maximum, immediately after the interaction and
about 27 atomic time units after the interaction is over. Note that the
scales of the y axes differ between the upper and lower panels.
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with the results of a corresponding Hermitian calculation.
Specifically, left and right wave functions are expanded in
left or right eigenfunctions, respectively, to some complex
scaled operator. The left eigenfunctions are obtained in the

same manner as the right ones, but with opposite sign of the
scaling angle. In the case of dynamical systems, the right
wave function is found by propagation with the rotated
Hamiltonian, H��t�, whereas the left wave function is ob-
tained from the Hamiltonian with the opposite rotation,
H−��t�.

Furthermore, we demonstrated that uniform complex scal-
ing has considerable advantages when calculating ionization
probabilities. Numerical convergence is obtained faster when
we propagate with the rotated Hamiltonian H� for the right
rotated wave function than for the unrotated one for two
reasons. First, the whole spectrum of continuum energies is
covered by fewer pseudocontinuum states. Second, unphysi-
cal reflection effects at the boundary of the confining poten-
tial are, to a large extent, avoided. An important point here is
that the probability of finding the system in any bound state
can be obtained from the right rotated wave function alone.

Finally, physical information about the continuum state
was shown to be obtainable from the complex rotated wave
function by imposing the opposite variable substitution, as
well as by back-rotation with a spectral representation of the
complex rotation operator. It was further found that the Flo-
quet formalism offers a possibility to directly form the inner
product of the left and right wave function at any time from
the eigenstates to the time-independent Floquet matrix,
thereby a numerically much more robust path to the same
information is obtained.
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the nonrelativistic Schrödinger equation for hydrogenlike systems exposed to intense laser pulses. It is found
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I. INTRODUCTION

With the ongoing improvements in laser technologies, in-
tensities are reached that make it important to test the com-
mon nonrelativistic approaches for light-matter interaction
against a full relativistic treatment based on the Dirac equa-
tion. In addition, the higher photon energies, envisaged with
the upcoming free-electron laser projects, will most probably
result in measurements on ions and then also the requirement
on the atomic structure description will call for a relativistic
treatment of the ion laser-pulse interaction. In spite of the
current large theoretical interest in the interaction of intense
short electromagnetic pulses with atoms, the relativistic
equations tend to be treated in a simplified manner, e.g., by
adapting a classical description �1� or by resorting to lower
dimensional �2–5� approaches. A recent review of the field
can be found in Ref. �6�. Here we present a full solution of
the time-dependent Dirac equation for hydrogenlike ions ini-
tially prepared in the ground state and subjected to short
electromagnetic pulses.

An important issue when the Dirac equation is treated is
the handling of its negative energy solutions. Dirac’s original
prescription was to consider the negative energy states to be
populated even in vacuum. The Pauli principle forces then
additional particles to occupy positive energy states. This
prescription is kept by quantum electrodynamics, but the in-
terpretation is slightly rephrased. An unoccupied negative
energy state represents now the presence of a positron and
annihilation is the physical manifestation of the transition of
an electron to such an empty state. Due to the possibility of
annihilation and its time reverse, pair creation, the number of
particles is no longer constant in time. Still, a new electron-
positron pair cannot be created if not an energy amount
equivalent to at least twice the electron rest mass energy is
available and one might therefore think that the process of
pair creation can be neglected under normal conditions.
However, there is always the possibility for creation and sub-
sequent annihilation of virtual electron-positron pairs. In a
practical calculation this is accounted for by the admixture of
negative energy states into the electron wave function, see
e.g., the discussion by Furry �7�. It was noted already by

Dirac �8� that these effects can be very important: “for a free
electron and radiation of low frequency, where the classical
formula holds, the whole of the scattering comes from such
intermediate states.” The phenomenon is discussed in more
detail by Sakurai �9� in connection with Thomson scattering:
“…it is absolutely necessary to take into account transitions
involving negative energy states if we are to obtain the cor-
rect non-relativistic results.” Yet, this is still today not always
recognized. We show below that virtual electron-positron
pairs greatly influence the interaction with a time-varying
electromagnetic field beyond the so-called dipole approxima-
tion when the interaction with the electromagnetic field is
described in the velocity gauge.

In this study we treat hydrogenlike ions. We use complex
rotation and investigate the probability for the systems to
remain in the ground state, as well as the ionization rate
during exposure to a short electromagnetic pulse. The theory
behind the calculation is recapitulated in Sec. II. The method
is described in Sec. III and finally the results are presented
and discussed in Sec. IV.

II. THEORY

We will follow the time evolution as governed by the
time-dependent Dirac equation;

i�
�

�t
� = HD� , �1�

where

HD = �c� · �p + eA���� + V + mc2�� ,

� � � 0 �

� 0
	, � � �I2 0

0 − I2
	 , �2�

where I2 is a 2�2 unity matrix and the Lorenz invariant
quantity � is defined as

� � k�x� = �t − k · r . �3�

A is the vector potential such that E=−�A /�t and
B=��A. We will work in the Coulomb gauge and A is thus
perpendicular to the wave vector of the electromagnetic field
k. Since the Dirac matrices � and � are 4�4 matrices, also
the wave function in Eq. �1� will have four components. The
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spatial part of it will have two components, often called the
large and small component, respectively. This refers to the
fact that for electrons that travel with nonrelativistic veloci-
ties the contribution from the large component to the prob-
ability density is 
1 /�2 larger than those from the small
component, where � is the fine structure constant.

Equation �2� is given in what is often called the velocity
form. Compared to its nonrelativistic counterpart,

i�
��NR

�t
= � p2

2m
+ V +

e

m
A��� · p +

e2

2m
A2�����NR, �4�

it has a compact structure. While Eq. �4� has one term linear
and one term quadratic in the vector potential, the relativistic
equation, Eq. �2�, has only a linear term, through which the
vector potential couples to the Dirac � matrix and thus to the
electron spin. Important for the findings presented below is
the fact that the interaction is nondiagonal with respect to the
large and small component of the relativistic wave function.
We will return to this point later. If the spatial variations of A
are neglected, only the electric component of the field can be
represented and we get the dipole approximation. The effects
accounted for within this approximation dominate the phys-
ics for a wide range of intensities and frequencies. The main
interest here is, however, effects that are beyond a nonrela-
tivistic treatment in the dipole approximation. When such
effects are accounted for through a refined treatment of the
nonrelativistic Schrödinger equation, Eq. �4�, it is customary
to distinguish between relativistic corrections and the correc-
tions that can be accounted for through a space-dependent
vector potential �i.e., magnetic effects, electric quadrupole
effects etc.�. For strong time-dependent electromagnetic
fields it is well known �10–12� that the dominating contribu-
tion of the latter kind comes from the so-called diamagnetic
term, 
A2, in Eq. �4�. Physically, the dominating effect is
due to the coupling of a fast electron, accelerated by the
electric component of the time varying field, with the mag-
netic component of the same field. Relativistic corrections,
on the other hand, are expected when the ponderomotive
energy �eE02 /4m�2� approaches a substantial fraction of
the mass energy �mc2�. To account for such effects within the
framework of Eq. �4� one could for example make a Foldy-
Wouthuysen �13� type transformation of Eq. �2�, which will
lead to the nonrelativistic equation with the usual Breit-Pauli
corrections plus additional terms depending on the external
field. If, instead, we choose to work directly with the Dirac
equation, the dipole approximation is still obtained if the
space variations of the vector potential are neglected, but
there is no easy way to distinguish between diamagnetic cor-
rections and other corrections to it, and the relativistic effects
are now always present.

A. Dynamics and negative energy states

The question of how the negative energy eigenstates to
the Dirac Hamiltonian �2� should be treated is still today
giving rise to discussions. For example, Ref. �14�, which
presents a fully relativistic close-coupling method for elec-
tron collisions with atoms and ions, argues that negative en-
ergy eigenstates of the unperturbed Hamiltonian H0 should

be removed from the basis as long as the creation of real
positron-electron pairs �in the scattering process� is energeti-
cally out of reach. The argumentation refers to Dirac’s origi-
nal statement that the negative energy continuum is filled.
The conclusion reached in the present study is actually very
different. We find that, since the negative energy continuum
of the full, time-dependent Hamiltonian H�t� and the unper-
turbed one, H0, differ, exclusion of negative energy eigen-
states of H0 leads to inclusion of negative energy eigenstates
of the actual Hamiltonian H�t�.

It is constructive to start to look at the problem from a
mathematical point of view. A trivial but still very important
observation is then that only together do the negative
�E	−mc2� and positive eigenenergy states of Hamiltonian
�2� form a complete set. The distinction between negative
and positive energy states �positron and electron states� is
further not fixed, but changes with the field present �15�. If
we for example want to express the ground state of hydrogen
in a basis of hydrogenlike functions for any other charge than
unity, we need to allow also for negative energy eigenstates
of that Hamiltonian. Mathematically this is just a conse-
quence of the completeness of the full set of solutions, but
not of the positive energy solutions alone. Physically we can
understand that all states are altered when the external field
changes and thus that the Pauli blockade resulting from the
“filled negative energy sea” changes as well. Formally the
adjustment of the negative energy states �empty positron
states� is accomplished through the creation of virtual
electron-positron pairs, which in turn provides the possibility
for electron-positron annihilation, i.e., the transitions of elec-
trons into negative energy states.

Is the situation any different when we deal with a time-
dependent field? As long as we deal with a field much
smaller than the critical field needed for a substantial amount
of real pair production, Ecrit=m2c3 /e��1.3�1018 V /m
�3�106 a.u. �16�, we do not think so. The definition of
positive and negative energy states changes now at every
instance in time, and in our opinion the blockade imposed
from the “filled negative energy sea” changes consequently.
Support for this view can be obtained from early studies of
relativistic scattering theory �7�. Another supporting finding
was reported recently by Boca and Florescu �5�. Studying a
one-dimensional model atom exposed to an electromagnetic
pulse, they found that negative energy states of the field free
Hamiltonian may indeed be significantly populated during
the pulse, even when the ponderomotive energy of the elec-
tron was two orders of magnitude smaller than its rest mass
energy, whereas such states belonging to a basis of field
dressed states remain virtually unpopulated.

Still one might ask how large the effects from virtual
electron-positron pair creation can be. In the example above
where the hydrogen ground state is expanded in a basis set of
eigenstates of the Hamiltonian for a hydrogenlike ion, these
effects will be small and they will vanish in the nonrelativ-
istic limit. Here the situation is very different. It will be
demonstrated below, Sec. IV A, that if we neglect electron-
positron pair creation and annihilation, while sticking to the
definition of them given by the zero-field Hamiltonian, we
no longer get correct results in the nonrelativistic limit.

In order to illustrate the effects of different choices when
the negative energy states are excluded from the calculation
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we compare in Sec. IV A results obtained following two rea-
sonings. In the first case we simply remove all eigenstates of
H0 that have an energy less than −mc2 before propagation. In
the second case we diagonalize the full, time-dependent
Hamiltonian H�t�. The negative eigenenergies of this Hamil-
tonian are consecutively removed from the basis. Hence, in
the latter method diagonalization is necessary at every time
step, and the Hilbert space at hand changes in time.

III. METHOD

The solution of the Dirac equation is based on the method
by Salomonson and Öster, Ref. �17�, where a one-particle
Dirac Hamiltonian is discretized in a spherical box and on an
exponential radial mesh, ri=exi. Diagonalization of the re-
sulting matrix gives a finite radial basis set for each angular
symmetry �defined by �, j, and in principle also by mj�,
which is complete on the chosen grid. Keeping angular sym-
metries up to some maximum � and j, we have a basis set
that can be used to solve the time-dependent Eq. �1�. The
basis set may refer either to the Dirac Hamiltonian without
the time-varying field or to the full Hamiltonian �including
the time-varying field� at a particular instance in time. Both
approaches have been used and they lead naturally to tech-
nically rather different solutions of the time-dependent equa-
tion as will be discussed below. If the basis set refers to the
full Hamiltonian, it can be obtained either through a direct
diagonalization or through a stepwise procedure where the
first step gives the basis set with respect to it without the
time-varying field. In the second step this basis set is used to
diagonalize the full Hamiltonian. If no truncations of basis
sets are made, these two methods are equivalent, in principle
as well as in practice.

We have further imposed uniform complex rotation—
defined by r→rei
—for all the calculations presented here.
This has not been stated explicitly in the equations, but the
scaling with a complex phase should be considered as im-
plicit whenever the radial variable is referred to. The grid
discretization of the Dirac Hamiltonian �17� and complex
rotation has been combined earlier in a different context; see
Ref. �18� and references therein. The complex rotation has
here two important advantages. First, it ensures that the con-
tinuum can be covered by very few basis states within each
symmetry. Second, the transformation tends to “kill off” high
energy components of the wave function so that the rotated
wave function is described more easily than the true unro-
tated one on a finite grid �19�. The population of bound states
is, in principle, unchanged by the rotation, whereas informa-
tion about the ionized part of the system may be hard to
extract from the rotated wave function. Hence, this is an
ideal method for calculations of excitation and ionization
probabilities. One might be skeptical, though, to the use of
complex rotation in connection with functions that are peri-
odic in space, since such a function diverges exponentially
after rotation. This would indeed be a problem for a plane-
wave vector potential extending over the whole space, but
for an electromagnetic pulse the situation is much better
since the envelope kills the interaction in far off regions. For
instance, for a pulse with a Gaussian envelope we have

A 
 exp�− �� − �0�2/2�2�cos � → ei Im�−�� − �0�2/2�2�

� e−���t − �0�2+�kx�2cos�2
�−2��t−�0�kx cos 
�/2�2

�
1

2
�ei Re���e+kx sin 
 + e−i Re���e−kx sin 
� . �5�

It is seen that as x approaches infinity, the divergences in
the exponential factors in the carrier are “killed off” by the
term proportional to x2 in the exponential of the envelope
provided that 
	45°.

The atomic system is initially prepared in the ground
state. In Sec. III A we describe how the calculation of the
coupling to the electromagnetic field, causing excitation and
ionization, is done in practice.

A. Coupling to the electromagnetic field

The stationary solutions to the time-independent Dirac
equation, i.e., the eigenstates of Hamiltonian �2� with A=0,
for an electron in a spherically symmetric time-independent
potential may be written as

�n,,j,m�r� =
1

r
� Pn,�r�X,j,m

iQn,�r�X−,j,m
	 , �6�

where

 � � l , j = l − 1/2
− �l + 1� , j = l + 1/2,

�
and

X,j,m � �
ml,ms

�l,m,s = 1/2,msj,m�Yl,ml
�r̂��ms

, �7�

i.e., the spinors X,j,m are linear combinations of products of
spherical harmonics and spin eigenstates.

The vector potential A in the interaction term in Eq. �2�,
ec� ·A, is chosen to have the form

A��� = �E0

�
sin2���

�T
	cos�� + �� , � � �0,T��

0 , otherwise,
� �8�

with � defined in Eq. �3� and A0=E0 /�. The dipole approxi-
mation, in which the spatial dependence of the field is ne-
glected, is obtained by the substitution �→�t. Within this
approximation with polarization along the z axis the quantum
number m remains a good quantum number also in the pres-
ence of the field. This simplifies the numerical scheme con-
siderably. In this context, the couplings read

��n�,�,j�,mec� · A�n,,j,m�

= − iecA�t���
0

�

Qn�,�Pn,dr�X−�,j�,m�zX,j,m�

− �
0

�

Pn�,�Qn,dr�X�,j�,m�zX−,j,m�	 , �9�

with angular factors
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�X�,j�,m�zX,j,m� = �− 1� j�−j+l−m+s�2j� + 1��2j + 1��s���s�

� �l�,l
��s j� l

j s 1
�

�� j 1 j�

m 0 − m
	�

s=1/2
, �10�

where the reduced matrix element �s���s� s=1/2=�6.
To go beyond the dipole approximation the full spatial

dependence of the vector potential, Eq. �8�, is needed. One
possibility is to expand the vector potential in plane waves of
the type exp��i��t−K ·r��. The spatial part may be further
expanded in spherical harmonics,

exp��iK · r� = 4��
�,�

��i��j��Kr�Y�,�
� �k̂�Y�,��r̂� , �11�

where j��Kr� is a spherical Bessel function of the first kind.
Hence, the total coupling, ec� ·A, may be calculated as a
sum of couplings of the type j��Kr�Y�,��r̂��q. The index
q= �1,0 corresponds to the polarization direction. Specifi-
cally,

��n�,�,j�,m�j��Kr�Y�,��r̂��q�n,,j,m�

= − i��
0

�

Qn�,�j�Pn,dr�X−�,j�,m�Y�,��qX,j,m�

− �
0

�

Pn�,�j�Qn,dr�X�,j�,m�Y�,��qX−,j,m�	 .

�12�

Numerical values for the spherical Bessel functions of com-
plex arguments are obtained by a combination of an analyti-
cal expression valid for small kr �20� and a numerical rou-
tine provided in Ref. �21�. By combining the spherical tensor
operators C�

� ��4� / �2�+1�Y�,� and the spin operator �q,

C�
��q = �

L=�−1

�+1

��,�,1,qL,M��C� · ��M
L , M = � + q ,

�13�

the angular parts of the full coupling, Eq. �12�, may be writ-
ten

�X�,j�,m��C
� · ��M

L X,j,m�

= �− 1�2j−j�−m���2L + 1��2j + 1��2j� + 1�

��l��C
��l��s���s��l� � l

j� L j

s 1 s
�

��� L j j�

M m − m�
	�

s=1/2
. �14�

We have thus obtained a multipole expansion of the interac-
tion with the vector potential expressed as a plane wave. The
different terms in the expansion can be classified according
to their angular structure in Eq. �14�. The electric dipole type
interaction is for example obtained with �=0 and L=1. If the

electric field is polarized in the z direction, we have in addi-
tion M =0 leading to the selection rule, m=m�, as discussed
above. Magnetic dipole type interactions are obtained with
�=1 and L=1, etc. If instead all possible interactions leading
to a transition from �j� to ���j�� are included, there are
no longer any restrictions on which m state that can be popu-
lated. Hence, in such a treatment, the number of required
basis states is proportional to 2��max+1�2 as opposed to
2�max+1 in the dipole case �with jmax=�max+1 /2�. It is thus
clear that a substantial increase in computational effort is
required to consider all types of interactions. In addition the
evaluation of the couplings becomes more cumbersome.
Note finally that a Fourier expansion of the vector potential
describing an electromagnetic pulse as in Eq. �8� requires
infinitely many plane-wave terms and it is thus necessary to
resort to approximations. We will return to this issue in Sec.
III C.

B. Nonrelativistic treatment

In order to distinguish truly relativistic effects from higher
order multipole terms, cf. Eqs. �12�–�14�, predictions from
the Dirac equation, Eq. �1�, must be compared with those
from the Schrödinger equation, Eq. �4�. As was mentioned
above it has previously been demonstrated that in the high
intensity regime, the contributions beyond the dipole ap-
proximation come more or less exclusively from the diamag-
netic term �10–12�, 
A2, in the Schrödinger Hamiltonian,
Eq. �4�. Hence, for simplicity, we include in our nonrelativ-
istic calculation such contributions from this term only. If we
again use the expansion in plane waves and utilize Eq. �11�,
we find

��n�,l�,m�
NR e�iK·r�n,l,m

NR �

= �− 1�m��4��2l� + 1��2l + 1��
�=1

lmax

i���l� � l

0 0 0
	

�� Rn�,l��r�j��Kr�Rn,l�r�dr

� �
�=−�

�

Y�,�
� �k̂�� l� � l

− m� � m
	 , �15�

where �n,l,m�r�=1 /rRn,l�r�Yl,m�r̂� are eigenstates to the un-
perturbed Hamiltonian. Alternatively, corrections to the di-
pole approximation may be found by expanding the interac-
tion to first order in the spatial coordinate of propagation, say
x �10,22�:

e2

2m
�A����2 �

e2

2m
��A��t��2 −

x�

c
�2A���

dA���
d�

�
x=0
� .

�16�

The couplings induced by x are then found as
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��n�,l�,m�
NR x�n,l,m

NR � =
�− 1�l�−m�

�2
� Rn�,l�rRn,ldr�l��C1�l�

��� l� 1 l

− m� − 1 m
	 − � l� 1 l

− m� 1 m
	� .

�17�

For simplicity we have used the last procedure for the com-
parisons below.

C. How to incorporate nondipole effects

We will now return to the question of how the full inter-
action can be implemented in our propagation scheme. Ob-
viously, when using a time-independent basis representation
for the wave function, be it eigenstates to some time-
independent Hamiltonian or simply grid points in time, the
spatial dependence and the time dependence of the interac-
tion should preferably be separated to avoid calculations of
new couplings at every time step. We would thus like to
write the time-dependent interaction term

H��t,r� = ce� · A��� �18�

as

H��t,r� = �
n

cnHn
t �t�Hn

r�r� . �19�

Taylor or Fourier expansions are natural ways to achieve
such a separation.

For a pulse with high central frequency � and a duration
T that extends over several optical cycles, the carrier depends
more strongly on the spatial coordinate than the envelope
does. It may thus seem like a good approximation to neglect
the spatial dependence in the envelope and retain it only in
the carrier;

A��� �
E0

�
sin2��t/T�cos�� + �� . �20�

In this case the interaction may be written

H� �
ce

2�
� · E0 sin2��t/T� � �e−i��t+��eik·r + ei��t+��e−ik·r� .

�21�

Note that numerical problems may arise when combining Eq.
�21� with complex rotation. The reason is that the interaction
is no longer confined in space �there is no spatial dependence
in the envelope�, and for large distances the space periodic
function will diverge. In practice this imposes an upper limit
to the applied rotation angle 
. Another more fundamental
problem arising from Eq. �20� is that since the vector poten-
tial A no longer depends only on the Lorenz invariant quan-
tity �, the Lorenz covariance of the Dirac equation is lost.
The approximation in Eq. �21� is here used in connection
with the calculation of ionization rates in Sec. IV B below. It
is only meaningful to talk about a rate during a period in
time when the field amplitude is constant. Thus, if it makes
sense to calculate a rate, the approximation to neglect the

spatial dependence in the envelope is automatically justified.
As mentioned in Sec. III A, a more general method to

obtain the interaction on the form given in Eq. �18� would be
to make a full Fourier expansion of the interaction,

H� =
ce

�
� · E0�

n

cn exp�i
2�n

P
�	 , �22�

where the expansion coefficients cn are found from the field.
Since, in a real calculation, the Fourier expansion has to be
truncated, we will never obtain a true pulse but rather a train
of pulses. P determines the fundamental period of the Fou-
rier terms and at a first glance it may seem natural to choose
it such that it corresponds to the length of the pulse, P=�T.
T is here the pulse length and equals an integer number, N, of
cycles of the carrier wave, T=N2� /�. With P=�T the en-
velope in the vector potential, Eq. �8�, can be written exactly
with three Fourier terms and then the whole vector potential
requires only six terms with n= �N , � �N�1�. In order to
interact with one pulse only, the time propagation should
now be made from t=0 to t=T only. However, as the atom
gains spatial extension during the interaction, the true inter-
action time is in fact slightly longer than T. Now a problem
arises; if a longer propagation time is used then the next �and
nonphysical� pulse of the “pulse train” might interfere with
the dynamics. In principle this problem can be solved by
keeping enough terms in the Fourier expansion that there is a
clear dead time between the pulses so that the physical pulse
has time to leave the interaction region before the next pulse
enters it. We would thus like the pulse train to have a peri-
odicity longer than T, or equivalently we would like to use
P��T. The drawback now is that with such a choice the
vector potential can no longer be expressed with a finite
number of Fourier terms, and for a reasonable representation
of, e.g., a pulse of five optical cycles at least 20 terms are
needed. In reality the effect we miss if the interaction time is
not increased is rather small. This can be understood from
the fact that the drift of the electron, caused by the electric
field, is of the order of a few Bohr radii for the fields studied
here, and thus the needed increase in interaction time is
around 1/137 a.u. In view of the complexity of the just dis-
cussed improved scheme and also of the fact that the spatial
extension in the direction of the pulse is very small, the
present calculation is made with P=�T and is propagated
until t=T. The reason that the spatial extension in the propa-
gation direction is very small is that it is driven by the mag-
netic field, while the electric field drives the electron in a
direction perpendicular to the propagation direction.

From this consideration we expect that the introduced er-
ror in the final wave function should be of minor importance.
Still, for high intensities and short pulses, it can be challeng-
ing to find the correct ionization probability since the popu-
lation of Rydberg states may be somewhat modified by the
fact that the Hamiltonian at the time T does not completely
coincide with the unperturbed one. The predicted population
of the ground state, which is well localized, should, however,
not suffer from this problem.
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D. Time propagation

Two different schemes have been used to solve the time-
dependent Dirac �or Schrödinger� equation. In the first
scheme the wave function is expanded in eigenstates, �0, to
the time-independent Hamiltonian, H0,

��t� = �
k

cn�t��k
0. �23�

Equation �1� is now transformed to an equation for the c
coefficients, which in matrix form reads

ċ = −
i

�
�H0 + �

r=1

R

fr�t�Hr��c , �24�

where Hn
��� are matrices and c�t� is a vector containing the

expansion coefficients of the wave function. The number of
terms in the perturbation, R, is one in the dipole approxima-
tion, two for Eq. �21� as well as for the nonrelativistic ap-
proximate account of effects beyond the dipole approxima-
tion, Eq. �16�, and six for the pulse train approach described
in connection with Eq. �22�. Equation �24� has been solved
with an adaptive step Runge-Kutta method, which has the
advantage that the results it provides are “always” accurate.
The downside of this method is that it may be slow when
energies, i.e., diagonal elements of H0, with large absolute
values are involved. With this scheme it is hard to avoid
inclusion of negative energy states to H�t�, but it is straight-
forward to remove negative energy states with respect to
H0—it is just to omit them from expansion �23�. In fact
inclusion of negative energy states to H0 is here hard to
combine with complex rotation since the energies of such
states have positive imaginary parts, which would cause the
wave function to blow up when propagated.

In contrast, truncation of negative energy states of the
perturbed Hamiltonian H�t� is readily done with our second
approach to the time propagation. We work then directly
with the propagator

��t + �t� � e−iH�t��t/���t� �25�

and utilize the field dressed eigenstates � j�t�, with eigenval-
ues Ej�t�, of the full Hamiltonian at a specific time, H�t�, to
express the exponentiation of the Hamiltonian,

e−iH�t��t/� = �
j

e−iEj�t/�� j�t���� j�t� . �26�

Diagonalization of H�t� to obtain the set � j is here done at
every time step; see Ref. �19� for further details. Negative
energy states of H�t� can now be excluded just by adjusting
the sum in Eq. �26�. An important point here is that, although
negative energy states of the full Hamiltonian are excluded,
it allows a certain admixture of negative energy states of H0.
As the method relies on Eq. �25�, convergence in �t must be
checked carefully and naturally the method quickly becomes
very costly when large basis sets are at hand. Therefore it is
crucial to keep the number of basis states low, but still ad-
equate. To this end, complex rotation is very useful.

When the second approach is combined with complex ro-
tation numerical problems might arise since there is a possi-
bility for the magnitude of the �rotated� wave function to

increase over certain time periods. This behavior can be
traced back to the anti-Hermitian part of the scaled interac-
tion as noted in �23� and discussed in �19�. The problems
arise if the magnitude blow up beyond what is numerically
stable, which might happen if 
 is chosen too large. Hence,
the rotation angle must be chosen increasingly moderate as
the intensity of the field increases—at the expense of having
to include more radial points in the grid.

IV. RESULTS AND DISCUSSION

A. Negative energy states and nondipole effects

In Fig. 1 we show the convergence of the probability for a
hydrogen atom to remain in the ground state after being ex-
posed to an electromagnetic pulse with central frequency �
=2.0 a.u., which corresponds to a photon energy of 54.4 eV,
a peak electric field strength E0=30 a.u., corresponding to a
peak intensity of 3.16�1019 W /cm2, and a pulse duration T
that corresponds to N=5 optical cycles �
380 as�. It is
known from calculations performed in the Kramers-
Henneberger frame that effects beyond the dipole approxi-
mation are significant for such a pulse �22�, but since the
ponderomotive energy is only 
0.3% of the electron rest
mass energy, relativistic effects are expected to be small.
Hence comparison with the time-dependent Schrödinger
equation seems reasonable. The relativistic survival probabil-
ity of the ground state is calculated with two different imple-
mentations of the field: the dipole approximation and the
pulse train implementation discussed in connection with Eq.
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Dip., TDSE
N.D., TDSE

FIG. 1. �Color online� The convergence with respect to �max of
the probability to remain in the initial state �the ground state� for a
hydrogen atom exposed to a laser pulse of a maximum electric field
strength E0=30 a.u. �
3.16�1019 W /cm2�, a central frequency
�=2 a.u. �corresponding to a photon energy of 54.4 eV� and a
duration of five optical cycles �corresponding to 380 as�. For the
relativistic calculations four different approaches have been applied.
Specifically, calculations have been performed with and without the
dipole approximation �“Dip./N.D.”� and both including and exclud-
ing negative energy states �“NES”� of the unperturbed Hamiltonian.
The �max-converged nonrelativistic results �”TDSE”� have also been
included as lines for comparison �thin black curves�.
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�22�. Furthermore, both forms of the Hamiltonian have been
implemented using each of the two ways of excluding nega-
tive energy states discussed in Sec. II A.

Figure 1 has several interesting features—the most inter-
esting one being that beyond the dipole approximation the
result coincides with the result within the dipole approxima-
tion when negative energy states of H0 are excluded. This is
in marked contrast to the nonrelativistic result which shows a
substantial contribution from effects beyond the dipole ap-
proximation. When negative energy states are included, how-
ever, the converged result agrees very well with the nonrel-
ativistic one. In other words, these states are absolutely
necessary in order to account for nondipole effects. This con-
clusion is substantiated in Fig. 2. Here the total population of
negative energy states, with respect to H0, is plotted as a
function of time. Note that this quantity is not physical in the
sense that it depends on both gauge and rotation angle 
,
which is 10° in this case. However, as this “population” is
rather significant during the interaction, it still serves to il-
lustrate that the result of a calculation may depend on
whether they are included or not. Higher population of nega-
tive energy states is seen for stronger fields �2,5�. The distri-
bution in negative energy states of H0 is strongly concen-
trated just below the barrier at −mc2, but at higher intensities
a “tail” extending a few atomic units into the negative energy
continuum is seen during interaction. To some extent this is a
situation analogous to that for the inclusion of high partial
waves, �. Even when only modest � values are found to be
populated after the pulse, high � values might be required
during the pulse for a correct description of the dynamics,
and the needed maximum � is gauge dependent. Mathemati-
cally the substantial population of negative energy states can
be understood from the fact that the interaction term is non-
diagonal with respect to the upper and lower component of
the wave function. A clear illustration of what happens is
obtained if we consider the possibility to get an admixture of
a virtual state m into the wave function describing an elec-
tron in state a. In second-order perturbation theory the state

m will contribute to the energy of the electron in state a as

�E 
 �
m

�aec� · Am��mec� · Aa�
Ea − Em

. �27�

If m is a positive energy state, the whole contribution is of
order unity �in a.u.�. The factor c2 in the nominator compen-
sates the radial integrals, which are small since the Dirac �
matrices mix the large and small components of the relativ-
istic wave function. If m is a negative energy state, on the
other hand, there are contributions to the radial integrals that
are much larger, of the order unity. This is because the large
and small components are found at opposite places in the
eigenfunctions for positive and negative energy states. Now
the energy denominator is of the order 2mc2, but this is com-
pensated by the factor c2 in the nominator and again the
whole contribution is of the order unity. We see thus that
when it comes to virtual states the role played by the nega-
tive energy states can be as important as that of the positive
energy states. Note that although the expression in Eq. �27� is
valid for both positive and negative energy states, they cor-
respond to rather different time ordered Feynman diagrams.
While the expression with a positive energy state, m, de-
scribes the fluctuation from a to m and back again, that with
a negative energy state is describing the process when the
excitation of an electron from the negative state m happens
first. This creates a virtual electron-positron pair in addition
to the already present electron; see Fig. 3. In a second step
this electron annihilates the positron �24�.

We emphasize that the contribution from virtual pairs de-
pends on which Hamiltonian we use to distinguish between
electrons and positrons. If we instead use the instantaneous
Hamiltonian H�t� for this purpose, the contributions from
virtual electron-positron pairs are minimal when ���2mc2.
A clear manifestation of this is that when the time-dependent
Dirac equation is solved with the parameters given above,
the population of negative energy states of H�t� is zero to
machine accuracy �if the time evolution is made with a small
enough step� even if they are not actively removed. As men-
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FIG. 2. The population of negative energy states of the unper-
turbed Hamiltonian H0 during the electromagnetic pulse for the
same case as in Fig. 1. Although this quantity depends on the rota-
tion angle 
, which is 10° here, it demonstrates that population of
such states is significant and may very well influence the dynamics
of the positive energy states. The pulse itself is shown in the upper
right corner

FIG. 3. Feynman diagrams describing electron-positron pair cre-
ation and the subsequent annihilation of the positron by another
electron. In the left diagram the first photon �lower� is absorbed and
the second is emitted. In the diagram to the right the situation is the
opposite. If the photon energy would match the total energy of the
two created particles, the left diagram would describe real pair cre-
ation. Far from resonance �i.e., when ���2mc2� the two diagrams
might be of equal importance.
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tioned, a similar conclusion was drawn by Boca and Florescu
�5�.

The importance of negative energy states, or virtual
electron-positron pair creation, for certain processes has been
observed before. In Ref. �9� Sakurai illustrates what happens
very clearly. Thomson scattering, in which a highly energetic
photon scatters off a free electron, is described to lowest
order perturbation theory within the scope of both the
Schrödinger equation and the Dirac equation. The nonrela-
tivistic treatment describes the process as a first-order inter-
action through the diamagnetic term, whereas it is necessary
to include second order in the relativistic description. More-
over, only when negative energy states are included in the
sum over intermediate states is the cross section obtained
from the Schrödinger equation reobtained. In other words, if
negative energy states of the unperturbed system are left out
altogether, the Dirac equation is not able to describe dynam-
ics that arises from the diamagnetic term in the analogous
Schrödinger representation �4�. Since this term, e2 /2mA2,
only depends on time in the dipole approximation, it is at this
level irrelevant for the dynamics. We also see numerically
that inclusion of negative energy states is not crucial for the
time-dependent Dirac equation within the dipole approxima-
tion. However, the diamagnetic term gives by far the largest
contribution beyond the dipole approximation, and indeed, as
is seen in Fig. 1, the relativistic nondipole results coincide
with those from a nonrelativistic calculation only when nega-
tive energy states are included.

Figure 4 may serve to illustrate this phenomenon further.
It shows the lower part of the eigenenergy spectrum for a
hydrogen atom as a function of the magnitude of a homog-
enous external vector potential. These eigenenergies, which
do not represent any physical quantity by themselves, are
relevant for the time evolution of a system exposed to a
time-dependent vector potential. The dash-dotted curves
show the lowest eigenenergies of the Schrödinger Hamil-
tonian, cf. Eq. �4�—including the diamagnetic term. The full
curves, on the other hand, are obtained from the eigenener-

gies of the Dirac Hamiltonian, cf. Eq. �2�, when diagonalized
within a basis of eigenstates of H0 corresponding to positive
energies only—plus the nonrelativistic diamagnetic term,
e2 /2mA2. As the curves coincide only when this term is
added, it is clear that the Dirac representation without nega-
tive energy states does not feature the analog of the diamag-
netic term in the Schrödinger representation. In other words,
phenomena that in the nonrelativistic representation involve
this interaction term cannot be represented in a relativistic
treatment unless negative energy states of H0 are included in
the basis.

It may seem odd that even though the results in Fig. 1
converge toward the same value in the dipole approximation,
the convergence is quite different depending whether nega-
tive energy states of H0 are included or not. I. e., for a cal-
culation which is not convergent in �max, the truncation af-
fects the two representations differently. This may be related
to the fact that the correspondence with the diamagnetic term
in the nonrelativistic case requires an adequate representation
of the physical space. There is no obvious reason why the
correspondence between the diamagnetic term and the inclu-
sion of negative energy states should prevail in an incom-
plete description such as the one we have with truncation at
a low �max. It is hard to draw a clear conclusion regarding in
which case, with or without negative energy states, the con-
vergence is fastest in the dipole approximation since the con-
vergence pattern varies with field strength and frequency.

It is also worth noting that there is a practical aspect to the
inclusion or truncation of negative energy states. When
eigenstates with a very large energy magnitude are important
for the time propagation, Eq. �25� indicates that a corre-
spondingly smaller time step should be required. When nega-
tive energy states are included and important, one would
suppose that the required time step would be �t�1 /2mc2. A
full inclusion of negative energy states thus causes computa-
tional difficulties, at least if they are �virtually� populated.
Even when they are not virtually populated with a short
enough time step, a larger step size might result in spurious
population. In this respect the definition of negative and
positive energy states with respect to the instantaneous H�t�
has an advantage over that with respect to H0�t�; with the
former definition negative energy states can safely be ne-
glected �as long as the intensities used are not enough for
real pair production�, while their inclusion is called for in the
latter case. It is sometimes argued �3� that if the studied
intensities are too low to allow for real pair production, nega-
tive energy states are not populated and a larger �t is al-
lowed. From the above considerations, this point of view is
not completely justified.

As has been mentioned, the contribution from virtual
electron-positron pairs is gauge dependent. It is thus interest-
ing to discuss what the situation regarding negative energy
states would be if the interaction with the electromagnetic
field were studied in the length gauge. We follow here Ref.
�25� and obtain the length gauge expression when HD, Eq.
�2�, is transformed according to

UHDU† + i�
�U

�t
U† �28�

with
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FIG. 4. �Color online� The lowest eigenenergies for a system
“exposed to” a homogenous vector potential obtained in two ways.
The dash-dotted curves are constructed from the lowest eigenener-
gies of the Schrödinger Hamiltonian including the diamagnetic
term, cf. Eq. �4�. The full curves are obtained through diagonaliza-
tion of the Dirac Hamiltonian, Eq. �2�, excluding states correspond-
ing to negative energies �”NES”� of the unperturbed Hamiltonian,
and then adding the diamagnetic energy of the Schrödinger equa-
tion, e2 /2m2A2.
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U = exp� ie

�
A · r	 . �29�

The field interaction term in Eq. �2�, ec� ·A, is then replaced
by

er · E + ec�� · k��r ·
dA

d�
	 . �30�

Here an electric field term identical to the one in the nonrel-
ativistic length gauge Hamiltonian appears, but there is now
also an additional term. This term is proportional to the mag-
netic field and again we have a term nondiagonal with re-
spect to the large and small component of the wave function.
As was discussed above, important contributions beyond the
dipole approximation arise when the electron is accelerated
to high velocities by the electric field and then interacts with
the magnetic field. In the length gauge such contributions
would arise from the cross terms between the two operators
in �30�. Looking again at the matrix elements involved we
have in analogy with Eq. �27�

�E 
 �
m

�aer · Em��mec�� · k��r ·
�A

��
	a�

Ea − Em
. �31�

It is easy to see that for positive energy states, m, the first
matrix element is large, but the second is suppressed. For
negative energy states, m, the situation is the opposite; it is
the first matrix element that is suppressed and the second that
is large. However, the energy denominator is in the second
case large, 
2mc2, and the whole contribution is thus a fac-
tor �2 �with � being the fine structure constant� smaller than
when m is a positive energy state. Thus, negative energy
states are here not contributing in leading order but in rela-
tive order �2, which is the same order as relativistic effects in
general.

It might be possible to push the contributions from virtual
electron-positron pairs even further away. Consider the alter-
native transformation

U = exp�1

2
��mc2�−1�ec� · A�� = exp� e

2mc
�� · A	 ,

�32�

where the exponent is half the ratio of the interaction energy
over the mass energy. The result of this transformation on the
wave function cannot be written in closed form, but expand-
ing it in terms of the aforementioned ratio we find in leading
order that the interaction may be written

H� =
e

m
�A · p +

e2

2m
�A2 +

e�

2m
�� · B + O��

ec� · A

mc2 	 .

�33�

Here all the nonrelativistic velocity gauge operators, includ-
ing the diamagnetic term, reappear although still in the
framework of the four-component Dirac equation. Also the
spin-dependent interaction is here easily recognized. Note
that the first three terms are all diagonal with respect to the
small and large components of the wave function and we

expect very small contributions from virtual electron-
positron pairs �negative energy states�. Again this underlines
the close connection between these contributions and the dia-
magnetic term.

B. Relativistic effects for systems of high nuclear charges

Relativistic effects arise when the atomic system is ex-
posed to external fields which drives the electron up to rela-
tivistic velocities. In addition, highly charged ions are “in-
trinsically relativistic” in the sense that the Coulomb
potential alone causes the energy level of the atom to deviate
strongly from the Bohr formula. When such a system is ex-
posed to strong external fields, a relativistic treatment should
be necessary in order to describe the dynamics.

When we study the dynamics for hydrogenlike systems of
different nuclear charges Z, we may scale the field param-
eters such that the dynamics becomes analogous for every
nuclear charge. As is well known, the time-dependent
Schrödinger equation, for a time independent Hamiltonian,
remains the same for any Z if the time t and position r are
substituted by t̃�Z2t and r̃�Zr, respectively. Furthermore,
the addition of a time-dependent perturbation within the di-
pole approximation preserves this Z dependence if the elec-
tric field strength, E0, and the central frequency of the field,
�, are also scaled. Specifically, they should be substituted by

Ẽ0 = E0/Z3,

�̃ = �/Z2, �34�

respectively, cf. �1�. The Dirac equation reproduces the scal-
ing of the Schrödinger equation only in the nonrelativistic
limit. Hence, any deviation from properly scaled predictions
from a solution of the time-dependent Schrödinger equation
in the dipole approximation for, e.g., hydrogen is either a
relativistic effect or a magnetic one.

Figure 5 shows the ionization rate for various hydrogen-
like ions exposed to monochromatic fields with �
=1.0Z2 a.u. �i.e., with �̃=1.0 a.u.�. The nuclear charges fol-
low the noble gas sequence, except for Z=1 and 70. Of

course, when Ẽ0 and �̃ of Eq. �34� are held fixed, the true
field parameters become rather unrealistic for the higher
nuclear charges. However, we still find these calculations
interesting as they say something about to what extent rela-
tivistic effects become important as the nuclear charge in-
creases.

We will start by discussing the results obtained within the
dipole approximation. These correspond to the full and the
dashed curves in Fig. 5. Here the rates are found via an
exponential fit to �ncn2 of Eq. �23�. Note that due to the
complex rotation, this sum is for the most part a decreasing
function in time. For these calculations the negative energy
states of H0 have been removed in the relativistic version
�which does not affect the result within the dipole approxi-
mation as discussed above�, and hence the dynamics can be
resolved by the Runge-Kutta method. The rotation angle 
 is
here 15°. This method of obtaining ionization rates is
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described in detail in Ref. �19�. The pulse has a constant
amplitude between a two-cycle ramping on and off.

It is seen that the system features stabilization; the ioniza-
tion rate is not monotonously increasing with the amplitude
of the electromagnetic field. A clear and pronounced stabili-

zation peak is seen near Ẽ0=1.0 a.u. for all nuclear charges.
Furthermore, within the dipole approximation, we do not see
any significant differences between relativistic and nonrela-
tivistic calculations until we reach Z=36. Beyond this
nuclear charge, however, the stabilization peaks for the rela-
tivistic calculations are increasingly shifted outwards relative

to Ẽ0. This may be understood in the context of high fre-
quency Floquet theory �26�. According to this formalism, a
sufficient criterion for stabilization may be written as

�� � W��0� , �35�

where the parameter �0�eE0 /m�2 is the amplitude of the
quiver motion of a free classical electron. W is the effective
�or dressed� ground-state energy in the high frequency limit.
It is shown in Ref. �26� to increase from the true ground-state
energy toward zero as �0 increases. Since the relativistic
ground-state energy is lower than the nonrelativistic one
�presumably also its effective ground-state energy W for all
�0�, a higher value of the electric-field strength is necessary
to satisfy condition �35� than in the nonrelativistic case,
which explains the observed shift.

When it comes to the magnitude of the ionization rates,
we see that the ones obtained via the Dirac equation are
lower than the ones obtained with the Schrödinger equation
for Z=36 and 54, whereas they are more or less equal for
Z=70, and for Z=86, the relativistic ionization rate reaches a

higher value than the nonrelativistic one. The latter situation
seems to be more easily understood since absorption of one
photon of energy �� brings the photoelectron closer to the
threshold, where the density of states is high, in the relativ-
istic case. However, for slightly lower nuclear charges, this
effect is seen to be dominated by some other effect—
possibly one related to the increased inertia of the relativistic
electron induced by the external field.

Although the dynamics in the hydrogen case �Z=1� is
well described within the dipole approximation, cf. �27�, it is
expected that this approximation will eventually break down
as Z increases. This can be seen from classical consider-
ations; the translation of the electron due to the magnetic
field per optical cycle should be of the order e2E0

2 /cm2�3

=e2Ẽ0
2 /cm2�̃3. In other words, this translation is unaffected

by Z when �̃ and Ẽ0 are held fixed. However, the extension
of the initial state and the wavelength of the external field is
shortened by a factor Z−1 and Z−2, respectively, and therefore
the relative importance of the magnetic translation increases.

The results from solving the Dirac equation beyond the
dipole approximation are indicated in Fig. 5 by black circles.
Indeed it is clearly seen that the ionization rates differ from
the ones predicted in the dipole approximation for higher
nuclear charges. As mentioned, since the ionization rate is a
quantity extracted during the interaction with the pulse at
maximum, it cannot be sensitive to whether the spatial de-
pendence of the envelope is included or not. Hence, the in-
teraction Hamiltonian of Eq. �21� should be adequate. For
these calculations the method corresponding to Eq. �26� has
been used �including negative energy states of H0�. The ro-
tation angle is here 2°. As these calculations are considerably
more complicated than the ones performed in the dipole ap-
proximation, precise conclusions about the ionization dy-
namics with the full interaction are hard to draw at this point.
However, it is clearly seen that inclusion of the magnetic
field increases the overall ionization rate.

It should be noted that for the higher nuclear charges, and
correspondingly higher photon energies, production of real
electron-positron pairs, which is not accounted for by the
present method, becomes more and more plausible and may
possibly take place for the most intense fields considered
here. For instance, an energy of 4.6��, i.e., only five pho-
tons, is necessary to create a real electron-positron pair for
Z=86.

V. CONCLUSIONS

We have demonstrated that in order to describe dynamics
of an atomic system exposed to strong external light sources
using the time-dependent Dirac equation in the velocity
gauge, the negative energy states of the unperturbed Hamil-
tonian H0 must be included in the representation. If these
states are excluded, the time-dependent Dirac equation is un-
able to give the correct results—even in the nonrelativistic
limit. We argued that the “filled sea” of negative energy
states should be associated with the time-dependent Hamil-
tonian at each time—not with the unperturbed one �H0�.

It was seen that the dynamics arising from the negative
energy states of H0 is related to the diamagnetic part of the
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FIG. 5. �Color online� The ionization rate of hydrogenlike sys-
tems exposed to a monochromatic laser of photon energy ��
=1.0Z2 a.u., where Z is the nuclear charge, as functions of the
amplitude E0 of the electric field. The field on the x axis is given in

units of Z3 a.u., i.e., the x axis corresponds to Ẽ0 of Eq. �34�, and the
rates on the y axis are given in units of Z2 a.u.. The full �blue�
curves are the results of relativistic calculations, whereas the dashed
�red� curves stem from nonrelativistic calculations—both within the
dipole approximation. The black circles are the results from relativ-
istic calculations beyond the dipole approximation.
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corresponding nonrelativistic Hamiltonian. Hence, exclusion
of negative energy states of H0 still gives correct results
within the dipole approximation.

The situation for other gauges was briefly discussed. It
seems that creation of virtual electron-positron pairs is of
less importance in certain alternative descriptions of the in-
teraction, e.g., in length gauge.

Finally, we used the relativistic formalism to study the
ionization rates for various hydrogenlike systems, with the
external field scaled with the nuclear charge to give identical
rates in the nonrelativistic limit in the dipole approximation.

Relativistic effects were seen for higher charges. These were
explained in terms of relativistic shifts in the effective bind-
ing energy. Magnetic effects were seen to contribute to en-
hance the ionization rate.
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We solve the time-dependent Schrödinger equation with the method of uniform complex scaling and investigate
the possibility to evaluate the solution on a complex time grid. With this approach it is possible to calculate
properties that relate directly to the continuum part of the complex scaled wave function, such as the photoelectron
spectrum after photoabsorption.
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I. INTRODUCTION

The method of uniform complex scaling [1–4] (also known
as complex rotation), which is based on a continuation of the
radial variable into the complex-valued plane [r → r exp(iθ )],
is a widely used technique. It is, for example, particularly
well suited for identification and characterization of multiply
excited electronic states coupled by Auger transitions to the
“ordinary” continuum of states and has, for this purpose,
been combined with a range of computational methods, see,
e.g., Refs. [5–16]. For large-enough scaling angles, θ , the
wave function describing such a resonance state becomes
exponentially damped in the asymptotic region of r . The
L2-normalizable state hereby produced can then, just as
any bound eigenstate, be obtained as the eigenstate of the
now “scaled” Hamiltonian, Hθ (r) ≡ H [r exp(iθ )], which is
non-Hermitian by construction. The eigenvalues of Hθ are
generally complex and for a resonance state, the real and
imaginary components are associated with energy position
and width, respectively. The same information cannot be
obtained in such a direct way from the energy spectrum of any
corresponding Hermitian Hamiltonian. With a Hermitian for-
mulation it is instead a local accumulation of pseudocontinuum
states in the real energy domain that reveals the existence of a
resonance.

Atoms exposed to electromagnetic fields can also be
treated most favorably with the complex scaling method. The
decay (or ionization) rate of an initially prepared system is,
for instance, given directly by the spectrum of the (time-
independent) scaled Hamiltonian, similarly to the situation
for the field-free case. The considered atom might be exposed
to either a static field [17–19] or, with the construction of the
Floquet-Hamiltonian [20], to a time-periodic one [17,21,22].
If the electromagnetic field is in the form of a sufficiently short
pulse, it is eventually necessary to solve the time-dependent
Schrödinger equation through explicit time propagation. Still
uniform complex scaling has proven to be a fruitful method,
at least as long as the physical information is retrieved
from the bound part of the wave function. A convincing
demonstration of this was made by Scrinzi and Piraux [23] for
two electron atoms exposed to short laser pulses. Their work
also underlined an additional (apart from the ability to account
for resonances) desirable property of complex rotation; the
unstructured continuum can be represented by surprisingly
few states. This property was also discussed in some detail in

Ref. [24] and exploited in order to solve the time-dependent
Dirac equation in Ref. [25].

In the time-dependent studies just mentioned [23,25] the
information that was obtained from the wave function was
primarily coming from the bound part, e.g., the ground state
survival probability after exposure to the pulse. It is less evident
if, and, in that case, how, information about the continuum part,
giving, for example, the photoelectron spectrum, of the time
propagated wave function can be accessed. One possibility
could be to use some kind of back-transformation, see, e.g.,
Refs. [24,26,27]. Although such methods have been shown to
be applicable on selected model examples, they are generally
not feasible for calculations of realistic situations. Here we
propose an alternative method to retrieve the information from
the complex rotated and time-propagated wave function. The
key ingredient in the method is that the time propagation is
made with a complex time coordinate. In Sec. II we briefly
review some properties of uniform complex scaling, with
particular emphasis on the time-dependent situation, Sec. II C.
In Sec. III the propagation on a complex time-grid is discussed
and some numerical results are also shown.

II. COMPLEX SCALING

A. General remarks

With uniform complex scaling, the radial variable is
transformed as

r → reiθ , (1)

and the Hamiltonian is transformed accordingly, i.e.,

Hθ (r,t) ≡ H (reiθ ,t). (2)

The scaling angle is in the range 0 < θ < π/4. The eigenvalues
of the scaled Hamiltonian are generally complex, and the
imaginary parts are connected to decay rates. It is illustrative
to consider how the eigenstates of this Hamiltonian will
be found in practice: In a typical numerical calculation a
finite set of L2 functions will span a domain to which the
Hamiltonian is eventually restricted. Approximate eigenstates
of the Hamiltonian are then found by diagonalization of its
matrix representation in this finite space. As a consequence,
we find a finite number of eigenvalues; one subset with real
energies corresponding to bound states and a second subset
forming a so-called pseudocontinuum with positive energies
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rotated approximately as E → E exp(−i2θ ) and, depending
on the particular physical system, a set of complex energy
eigenvalues that are independent of the scaling angle, i.e.,
corresponding to resonances. Only the first subset of these
eigenvalues, i.e., corresponding to bound states and with
real energies, will be identical to the eigenvalues of the
corresponding unrotated Hamiltonian.

Turning to the eigenvectors, we find also here a distinct
difference compared to the unrotated case. For a Hermitian
matrix the left, L, eigenvector with a certain eigenvalue is the
complex conjugated transpose of the right, R, eigenvector with
the same eigenvalue, and, thus, we have the familiar form of
the inner product. For a complex rotated (originally Hermitian)
matrix the left eigenvector of the matrix after rotation with
θ is, instead, the complex conjugated transpose of the right
eigenvectors of the matrix after rotation with −θ , see, e.g., the
discussions in Refs. [24,28], i.e.,

Lθ = (R−θ )
†
. (3)

Note, thus, that while Lθ is the left eigenvector of Hθ

with eigenvalue Eθ , R−θ is the right eigenvector of H−θ

with eigenvalue E−θ = (Eθ )∗. The special case of complex
rotation of an originally real symmetric matrix will give a
complex symmetric matrix where Lθ = (Rθ )T . When complex
rotation is employed to time-independent problems the matrix
is usually complex symmetric and most authors calculate the
inner products with the left eigenvector being just the transpose
of the right eigenvector without much discussion. As will be
evident below, the distinction between the two eigenvectors be-
comes much more important for time-dependent calculations.
However, before entering the discussion on the time-dependent
case we will, as an illustration, discuss the photoelectron
spectrum. It is an example of an important physical observable
which has to be derived from the continuum part of the wave
function. How can we calculate it from a complex rotated wave
function?

B. The photoelectron spectrum

The photoabsorption cross section in the weak-field limit is
conveniently calculated with complex rotation as [29]

σ (ω) = e2

4πε0

4π

3

ω

c

× Im

(∑
n

〈
�θ

0

∣∣ ∑
j rj e

iθ
∣∣�θ

n

〉〈
�θ

n

∣∣∑
j rj e

iθ
∣∣�θ

0

〉
Eθ

n − Eθ
0 − h̄ω

)
,

(4)

where |�θ
n〉 and 〈�θ

n| shall be understood as the right and
left eigenvectors of the rotated atomic Hamiltonian Hθ with
eigenvalue Eθ

n , cf. the discussion about the inner product
around Eq. (3). The usual sum over discrete states and integral
over continuum states is here replaced with the sum over the
finite eigenstates of the matrix representation of Hθ discussed
above. The eigenvalues Eθ

n are generally complex, leading to
finite denominators. The eigenstates representing the ordinary
unstructured continuum have large imaginary parts, thus the
contribution from each such state is smooth and varies slowly
with ω. The coherent sum over these states gives, then, a good

representation of the background photo-absorption also with a
very modest number of states [30,31]. Resonances, on the other
hand, around which the cross section might change rapidly, are
eigenstates of Hθ . They appear explicitly in the sum in Eq. (4),
and their contributions are accurately accounted for. The case
of the photoabsorption spectrum illustrates clearly the benefits
provided by complex rotation; the explicit representation of
the resonances and the good representation of the unstructured
continuum with few states.

Consider now a general wave function that can be written
as a superposition of eigenvectors of a rotated atomic Hamil-
tonian, Hθ . It may, in close analogy with Eq. (4), be analyzed
through the population per energy interval, dP/dε [24,29],

dP

dε
= 1

π
Im

( ∑
n

〈
	θ

∣∣�θ
n

〉〈
�θ

n

∣∣	θ
〉

Eθ
n − ε

)
, (5)

where ε is the total energy. Above the ionization threshold
dP/dε yields the energy distribution in the continuum, which
equals the photoelectron spectrum when only one ionization-
channel is open. Again |�θ

n〉 and 〈�θ
n| shall be understood as the

right and left eigenvectors of the rotated atomic Hamiltonian,
Hθ , with eigenvalue Eθ

n . Similarly, while the right state vector,
|	θ 〉, is a superposition of right eigenvectors of Hθ the left
state vector, 〈	θ |, is a superposition of left eigenvectors of
the same Hamiltonian. However, there is, unfortunately, no
simple way to get the latter from the knowledge of the former.
This is the key point: In order to be able to extract information
about the continuum part of the wave function it is necessary
to find a convenient way to obtain this superposition of left
eigenvectors. We will discuss this further in Sec. II D and
outline a solution in Sec. III.

C. Time-dependent systems

To monitor a quantum system in the time domain, we need
to address the time-dependent Schrödinger equation,

ih̄
∂

∂t
	(r,t) = H (r,t)	(r,t), (6)

where H and 	 are the Hamiltonian and the wave function
of the system, respectively. With uniform complex scaling,
Eq. (6) is modified to

ih̄
∂

∂t
	θ (r,t) = Hθ (r,t)	θ (r,t), (7)

with

	θ (r,t) ≡ 	(reiθ ,t), (8)

and Hθ defined earlier in Eq. (2). The physical situation we
want to describe is an initially bound state that is exposed to a
short electromagnetic pulse, thereby an electronic wave packet
is generated, localized in space and time, that travel outward.
The wave function 	 can, thus, be assumed to be an analytical
function of r and t and square integrable. Consequently, 	θ

will also be square integrable and, thus,

lim
|r|→∞

	θ (r,t) = 0, (9)

for all finite values of t .
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In the search for a numerical solution of Eq. (7), 	θ is
represented in a finite basis and, thus, the wave function is
effectively confined in a sphere of characteristic radius R,

	θ (r,t) = 0, for |r| � R. (10)

From Eq. (9) it is clear that for large enough R this constraint
will not affect the solution. The radius, R, required for an
adequate description of a specific system, depends obviously
on the time duration during which we want to follow the wave
packet, but it depends also on the choice of θ . To see this,
consider, for example, a superposition of spherical outgoing
waves,

	(r) =
∑

n

cne
iknr ↔ 	θ (r) =

∑
n

cne
−kn(sin θ−i cos θ)r , (11)

where kn > 0. In Eq. (11), the scaled wave packet is sup-
pressed due to the damping coefficients kn sin θ . Moreover,
since a larger kn gives a larger suppression, the fastest com-
ponents in the wave packet will be most affected. Effectively,
this will lead to a delay of the scaled wave packet compared
to the unscaled one.

We divide now the Hamiltonian into a time-independent
part, Hθ

0 , and a time-dependent part, Hθ
I ,

Hθ (r,t) = Hθ
0 (r) + Hθ

I (r,t), (12)

and expand the wave function in the eigenstates of the former,

	θ (r,t) =
∑

n

cθ
n(t)�θ

n(r), (13)

where

Hθ
0 (r)�θ

n(r) = Eθ
n�θ

n(r). (14)

Hθ
I will in the following describe the time-dependent inter-

action between the atom and the laser pulse. Note that the
general eigenvectors of Hθ

0 are fundamentally different from
the corresponding eigenvectors, �n, of the Hermitian H0. Only
a subset of the former can be obtained from the latter as

�θ
b(r) = �b(reiθ ). (15)

The subscript b indicates that the relation is indeed valid only
for bound eigenstates or, more precisely, for states �b decaying
sufficiently fast when r → ∞, where they are unaffected when
confined to the part of space where r < R. The eigenenergy
of any of these functions �θ

b is then also real and identical to
that of �b. Of even more significance in the present context
is that the corresponding coefficients cθ

b in Eq. (13), are then
θ independent. The nonbound eigenstates of Hθ

0 have, on the
other hand, complex eigenenergies [with Im(Eθ

n ) < 0] and lack
any simple connection to the eigenstates of H0.

D. The left state vector

Assuming that the time-dependent Schrödniger equation
has been solved and 	θ has been found, we now set out to
extract physical information from it. How can this be done?
One obvious approach would be to transform the final 	θ back

to 	,

	θ (r,t) → 	(r,t), (16)

↔∑
n

cθ
n(t)�θ

n(r) →
∑

n

cn(t)�n(r), (17)

where �θ
n and �n are the eigenstates of Hθ

0 and H0,
respectively. Once 	 is constructed we can proceed in the
traditional manner. As discussed in connection to Eq. (15),
the coefficients in Eq. (17) that are associated with bound
eigenstates are θ independent. This particular part of 	 is, thus,
easily retrieved. For nonbound eigenstates there is, however, no
simple way to find the expansion coefficients for the unrotated
wave function from the knowledge of those of the rotated one.
One alternative, that has been discussed, e.g., by Buchleitner
et al. [32,33], is to perform a back-transformation through the
application of the (back)-rotation operator

	(r,t) = e
i3θ
2 e

θ
2h̄ (r·p+p·r)	θ (r,t). (18)

However, a brute-force application of Eq. (18) is, unfortu-
nately, feasible only in very few cases. Since the amplitude
of any outgoing wave component in 	θ decays exponentially
with r , cf. Eq. (11), the back-rotation operator has in some
regions of space to recover 	 from a heavily suppressed part
of 	θ . This is connected with truly large eigenvalues of the
operator (r · p + p · r), and the application of the back-rotation
operator quickly yields numerically very unstable results.

An alternative to the active transformation of 	θ back to 	

in Eq. (18), could be a passive transformation of the system,
i.e., we keep 	θ and transform the operators or functions that
act on it. As has been discussed in Ref. [24], the expectation
value of an operator O(r) can be calculated with rotated wave
functions as∫

	∗(r,t)O(r)	(r,t)dV

=
∫

[	−θ (r,t)]∗Oθ (r)	θ (r,t)ei3θdV, (19)

where Oθ (r) ≡ O[r exp(iθ )] and [	−θ (r,t)]∗ ≡
	∗[r exp(−iθ ),t]. Hence, if both the left state vector,
(	−θ )∗, and the right state vector, 	θ , are known, all
information about the system is accessible. Note, though, that
Eq. (19) does not imply that the two integrands are equal.
As in connection with Eq. (5) the final problem is how to
construct the left state vector. Since it is as hard to retrieve
(	−θ )∗ from 	θ as it is to retrieve 	, we will, instead, set out
to construct the left left state vector directly and in parallel
with the construction of the right state vector.

E. The time evolution of the left and right state vector

While the right state vector is expanded in right eigenvectors
of Hθ

0 , Eq. (13), the left state vector will be a superposition of
its left eigenvectors,

[	−θ (r,t)]∗ =
∑

n

[
c−θ
n (t)

]∗[
�−θ

n (r)
]∗

. (20)

As discussed in connection with Eq. (3), a left eigenvector
of Hθ

0 , with eigenenergy Eθ
n , is the complex conjugate of the
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right eigenvector of H−θ
0 ≡ (Hθ

0 )†, with eigenenergy E−θ
n =

(Eθ
n)∗. We now have to find the time-dependent c coefficients

separately for the right and the left state vector.
The Schrödinger equation (7), can be recasted into an

equation for the coefficients cθ
n of the right state vector.

Collecting the coefficients in Eq. (13) in a single vector cθ ,
we have the following matrix equation:

ih̄
∂

∂t
cθ (t) = [

Hθ
0 + Hθ

I (t)
]
cθ (t), (21)

where the individual matrix elements of H0 and HI are given
by [

Hθ
0

]
nj

= Eθ
nδnj

(22)[
Hθ

I (t)
]
nj

=
∫ [

�−θ
n (r)

]∗
Hθ

I (t)�θ
j (r)ei3θdV .

Let us, first, consider the time evolution for a time-independent
Hamiltonian. With Hθ

I (t) ≡ 0, the cθ vector at time t + �t is
given by

cθ (t + �t) = e− i
h̄

Hθ
0�tcθ

n(t). (23)

Note that the coefficients cθ
n assigned to nonbound eigenstates

of Hθ
0 will decay exponentially since Im(Eθ

n) < 0. This
reduction of the outgoing part of the wave function is also in
accordance with the decay of the outgoing wave when r → ∞,
cf. Eq. (11).

The equation corresponding to Eq. (21), but for the coef-
ficients (c−θ

n )∗ in Eq. (20), is obtained from the Schrödinger
equation (7), with rotation −θ . Noting, further, that for an
originally Hermitian matrix, H, (H−θ )∗ = (Hθ )T , we can write

−ih̄
∂

∂t
[c−θ (t)]∗ = [

Hθ
0 + Hθ

I (t)
]T

[c−θ (t)]∗, (24)

and, again, for Hθ
I (t) ≡ 0,

[c−θ (t + �t)]∗ = e
i
h̄

Hθ
0�t

[
cθ
n(t)

]∗
, (25)

where we have used that the time-independent Hamiltonian
Hθ

0 is complex symmetric. Now the complex energies, Eθ
n , that

caused the coefficients, cθ
n, associated with nonbound eigen-

states to decay, introduce instead an exponentially increasing
factor in the coefficients, (c−θ

n )∗.
We find, thus, that the price paid for the decaying coef-

ficients, cθ
n, in the right state vector increases coefficients in

the left state vector. Similarly, the outgoing wave, Eq. (11),
vanishing when r → ∞, is accompanied by an exponentially
growing incoming wave. However, the calculation of physical
quantities generally requires a combination of cθ

n and (c−θ
n )∗

coefficients. As an interesting example consider, again, the
population per energy interval, dP/dε given in Eq. (5). After
inserting Eqs. (13) and (20) into Eq. (5) we get

dP (t)

dε
= 1

π
Im

[∑
n

P θ
n (t)

Eθ
n − ε

]
, (26)

where

P θ
n (t) ≡ [

c−θ
n (t)

]∗
cθ
n(t). (27)

The quantity P θ
n is finite for all times, and for the time-

independent situation, Hθ
I (t) ≡ 0, it is also preserved in time.

Let us now turn to the time-dependent situation, where
different eigenstates of Hθ

0 are coupled to one another through
Hθ

I . As for the time-independent case, the calculation of dP/dε

requires that both vectors, cθ and (c−θ )∗, are accurately known.
Similar to the solution of the time-dependent Schrödinger
equation without complex scaling, the challenge lies primarily
in the coefficients associated with large eigenvalues. For 	θ ,
as for the nonrotated wave function 	, the accuracy of the
most energetic part might be difficult to guarantee, but the
time evolution of the wave function is still usually stable.
In other words, the error do not generally propagate to the
rest of the wave function. For (	−θ )∗, the situation is much
more serious. The exponential growth, caused by the complex
Eθ

n-s, will here create instabilities in the integration scheme.
For moderate time steps, the inadequate description of the
energetic part of (	−θ )∗ will eventually ruin all other parts
of the wave function as well. In practice, this means that
the typical time step needed in any propagation scheme soon
becomes too small for the calculation to be doable. In Sec. III
we will suggest a complex path for the time propagation in
order to remove these instabilities.

III. THE COMPLEX TIME PROPAGATION

A. Theory

We will now show that (	−θ )∗ is, indeed, possible to
compute also for time-dependent systems; the trick is to
continue the time variable, t , into the complex-valued plane. A
similar trick will be seen to simplify the time evolution for 	θ

as well. Obviously, to extract physical information, we need
eventually to bring the wave functions, 	θ and (	−θ )∗, back
to the real time axis. From Cauchy’s theorem we know though
that for Hamiltonians holomorphic (also known as analytic) in
t , the wave functions we then obtain do not depend on the path
of integration. Hence, a complex time propagation gives, in
principle, the same result as a conventional propagation along
the real time axis alone. The computational workload may,
on the other hand, depend strongly on our choice of path. We
wish, therefore, to use the knowledge of how a wave function
behaves at complex times to find a propagation path, between
the initial and some final time, along which the state vector is
easy to compute.

Let us, first, discuss some of the known properties of wave
functions at complex times and start with a time-independent
Hermitian Hamiltonian, H0. The wave function associated
with such a Hamiltonian evolves in time according to

	(t̃ eiα) = e
sin α

h̄
H0 t̃ e− i cos α

h̄
H0 t̃	(0), (28)

where t = t̃ eiα and t̃ is real. Obviously, the L2 norm of the
above function is preserved only along the real time axis, where
sin α = 0. For other directions in the complex time plane,
sin α 	= 0 and the positive energy components of 	 in Eq. (28)
will decay (−π < α < 0) or grow (0 < α < π ) exponentially
with t̃ . Since the decay rates increase with energy, an arbitrary
initial wave packet, 	(0), approaches the ground state of H0

(after renormalization) as t̃ → ∞ when −π < α < 0. We note
in passing that this is the basis for an efficient way to obtain
the ground state of a time-independent Hamiltonian, see, e.g.,
Refs. [34–36].
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For a complex scaled but still time-independent Hamil-
tonian Hθ

0 , the time evolution of the corresponding wave
functions, 	θ and (	−θ )∗, resemble formally that of 	 in
Eq. (28),

	θ (t̃ eiαθ ) = e− i
h̄
H θ

0 t̃ eiαθ
	θ (0), (29)

[	−θ (t̃ eiα−θ )]∗ = e
i
h̄
H θ

0 t̃ e−iα−θ [	−θ (0)]∗. (30)

We put a subscript, ±θ , on α in Eqs. (29) and (30) to
distinguish between the time evolution of 	θ and (	−θ )∗. For
the unbound energy spectrum of Hθ

0 we have approximately
Eθ = |Eθ | exp(−i2θ ). The components of 	θ and (	−θ )∗
associated with these energies will then decay exponentially
in time for (2θ − π ) < αθ < 2θ and −(2θ + π ) < α−θ <

−2θ , respectively. Note, next, that the product between the
left and right state vector is preserved if αθ = −α−θ . This
product will also be preserved for time-dependent systems,
at least for Hamiltonians analytic in t , since Hθ [t̃ exp(iα)] =
[H−θ (t̃ exp(−iα))]†. Hence, following the discussion in con-
nection to Eq. (3), the left eigenvectors of Hθ [t̃ exp(iα)]
equals the Hermitian conjugate of the right eigenvectors of
H−θ [t̃ exp(−iα)]. It is, however, not necessary to connect the
right and left state vector at t = t̃ exp(iα) and t = t̃ exp(−iα),
respectively; the two state vectors will instead be treated as
independent functions in the complex time domain. This gives
more flexibility.

Returning, finally, to complex scaled and time-dependent
Hamiltonians, we set out to take advantage of the complex
time-integration path to achieve a better control of the time
evolution of the left, as well as the right, state vector. In
principle, we have the possibility to chose an optimal path
in the complex plane to enforce a suppression of the most
energetic components of (	−θ )∗. To find this optimal path
might in the general case, however, be rather complicated since
the full Hamiltonian, Hθ (t) = Hθ

0 + Hθ
1 (t), now decides the

paths in the complex time plane for which the unbound part of
the wave function is suppressed. For situations where the Hθ

0
part of Hθ dominates, the straight line path discussed above
will, however, still be a reasonable choice. Note, though, that
the critical constraint is the size of Hθ

I on the complex time
path, where it might be much larger than along the real axis.
For the right state vector, a propagation along the real time
axis should generally be adequate, but we can do even better;
complex time paths can be used to magnify the ionized part
of 	θ , and, hereby, the time evolution, also of this part of the
wave function, will be easy to describe. We return to this in
the next section.

B. A numerical example

We illustrate the idea of a complex time propagation for a
hydrogen atom exposed to a single laser pulse. The different
parts of the Hamiltonian in Eq. (12) read:

Hθ
0 = −h̄2∇2

2m
e−2iθ − e2

4πε0r
e−iθ , (31)

Hθ
1 (t) = −ih̄

e

m
A(t)e−iθ∇ · ẑ. (32)

In Eq. (32), the interaction between the electron and the
linearly polarized laser pulse is given in the velocity gauge

and in the dipole approximation, i.e., the spatial variations
of the vector potential, Aẑ, are neglected. We work with a
Gaussian-shaped envelope of the laser pulse,

A(t)ẑ = A0e
−(t/T )2

sin(ωt)ẑ, (33)

where T is connected to the duration of the pulse and ω is
the angular frequency of the carrier wave. Specifically, we
consider a pulse with w = 0.6 a.u. and T = 4π/ω ≈ 21 a.u.

and a peak intensity of 1 × 1015 W/cm2. Note that the
Hamiltonian is, indeed, holomorphic in t , as required for
propagation along a complex time path. The atom is prepared
in the atomic ground state at t → −∞. To be able to compute
the photoelectron spectrum at a time when the pulse can be
said to be over, i.e., when t � T , we now seek the two state
vectors at t → ∞.

We expand the right and left state vectors in the left and right
eigenvectors of Hθ

0 , as seen in Eqs. (13) and (20), respectively.
These eigenstates are, in turn, expanded in products of B

splines [37] and spherical harmonics, Ym
� , i.e.,

	±θ (r,t) =
∑

n

c±θ
n (t)Ym(n)

�(n) (�)
∑

k

η±θ
k,�

Bk(r)

r
, (34)

where the η±θ
k,�s are obtained from a diagonalization of the

Hθ
0 matrix. The above expansions are well converged with

�max = 10 and we use a set of seventh-order B splines defined
on a linear knot sequence. If not stated otherwise, the distance
between two consecutive knot points is 0.2 a.u. and the overall
box size, R, is 200 a.u..

The initial (at t → −∞) left and right state vectors are, as
discussed in connection to Eq. (17), easy to construct. These
states are now to be propagated stepwise in time through
applications of Eqs. (21) and (24), respectively. In the very
first and last time step, a field-free propagation is assumed.
In the first step, the initial state of the right, as well as the
left, state vector is propagated from the real axis to a complex
time coordinate. Since we know the expansion of the wave
function in terms of eigenstates of Hθ

0 , this introduces almost
no numerical uncertainty. The same applies to the last step,
where the wave function is brought back to the real time axis.
The first and last step can be rather freely chosen. One has
though to pay attention to the growth of the vector potential
when one leaves the real axis. If it grows too much, a field free
propagation will obviously not be accurate, even if the vector
potential is very small on the real axis. Consider now the last
time step, which propagates the wave function from a finite
(complex) time, τ , to infinite real times,

lim
t→∞ cθ

n(t) = cθ
n(τ θ )e− i

h̄
Eθ

n (t−τ θ ), (35)

lim
t→∞

[
c−θ
n (t)

]∗ = [
cθ
n(τ−θ )

]∗
e

i
h̄
Eθ

n [t−(τ−θ )∗]. (36)

Since this step involves only a trivial time evolution, we can
easily compute the generalized population of the continuum

013419-5



JAKOB BENGTSSON, EVA LINDROTH, AND SØLVE SELSTØ PHYSICAL REVIEW A 85, 013419 (2012)

states in Eq. (27),

lim
t→∞ P θ

n (t) = cθ
n(τ θ )

[
c−θ
n (τ−θ )

]∗
e

i
h̄
Eθ

n [τ θ−(τ−θ )∗]. (37)

Once the pulse is over, this quantity is, indeed, preserved in
time.

For the intermediate integration steps, where we account
for the laser pulse, we use an exponential time differencing
algorithm [38] based on a fourth-order Runge-Kutta method. It
has been checked against an ordinary Runge-Kutta procedure
within the interaction picture, i.e., an exponential Lawson
scheme [39], and against the Krylov method [40]. All these
propagation schemes do work, but for the field strength and
complex rotation parameters considered, the method used here
requires less computational work. It produces, e.g., reliable
results with fewer time steps than the ordinary Runge-Kutta
method.

Let us now discuss the choice of integration path for the
intermediate time steps. For simplicity, we seek a straight line
propagation path in the complex time plane along which the
vector potential is of moderate size. The line is, therefore,
chosen to intersect with the real axis at t = 0, i.e., close to
the maximum of the vector potential. It is then given by t =
t̃ exp(iα), where t̃ is real. Note also that for the vector potential
in Eq. (33) |α| has to be < π/4, since it is necessary that

lim
t̃→−∞

A(t̃ eiα) = 0. (38)

if it should be possible to use a field-free propagation from the
real axis to t = limt̃→−∞ t̃ exp(iα). To illustrate the difference
between various integration paths, consider the approximate
solution for photoabsorption in hydrogen based on first-order
time-dependent perturbation theory,

cθ
n(t̃ eiαθ ) ∝ eiαθ e− i

h̄
Eθ

n t̃eiαθ

×
∫ t̃

−∞
A(t̃ ′eiαθ )e− i

h̄
(Eθ

0 −Eθ
n )t̃ ′eiαθ

dt̃ ′, (39)

[
c−θ
n (t̃ eiα−θ )

]∗ ∝ e−iα−θ e
i
h̄
Eθ

n t̃e−iα−θ

×
∫ t̃

−∞
A∗(t̃ ′eiα−θ )e

i
h̄

(Eθ
0 −Eθ

n )t̃ ′e−iα−α

dt̃ ′, (40)

where n > 0 and Eθ
0 a.u. is the energy of the atomic ground

state. Note that, since |A(t)| = |A∗(−t∗)| for the vector
potential in Eq. (33), the magnitude of the integrand in Eq. (39)
at t = t̃ exp(iαθ ) equals that of the integrand in Eq. (40) at
t = −t̃ exp(−iα−θ ). With the assumption that the unbound
eigenenergies can be written as Eθ

n = |Eθ
n | exp(−i2θ ) (which

is approximately true), we show in Fig. 1 how the integrands
in Eqs. (39) and (40) depend on |Eθ

n | and on α for the choice
of θ = 5π/180. In particular, we report the largest magnitude
of the integrands along an infinitely long and straight line
integration path defined by α as a function of |Eθ

n |. The key
point here is that large integrands implies large cancellations.
Stable numerical results are obtained if such cancellations are
minimized, which is achieved if the integrand is small over the
entire integration path. In the two upper panels, two specific
propagation paths are considered; one along the real time
axis (left panel), i.e., α±θ = 0, and one in the complex time
plane (right panel) with αθ = 2θ , or, equivalently, α−θ = −2θ .

0 5 10
10

0

10
75

10
150

|In
te

gr
an

d|
m

ax α±θ=0

0 5 10

35.33

35.34
α±θ=±2θ

0 5 10
1

1.3

1.6

|Eθ
n
| (a.u.)m

in
(|

In
te

gr
an

d|
m

ax
)

0 5 10
0

5

10

|Eθ
n
| (a.u.)

±α
±θ

18
0/

π

FIG. 1. (Color online) The maximum values of the integrands in
Eqs. (39) and (40) seen along a straight line defined by α, given as
a function of |Eθ

n |, where Eθ
n = |Eθ

n | exp(−i2θ ), and calculated with
θ = 5π/180 a.u. and Eθ

0 = −0.5 a.u.. Due to symmetry reasons,
the values presented for αθ are identical to those of −α−θ . The top
left panel shows the peak integrand for a propagation along the real
time axis. As Eθ

n increases, we see an exponential growth. The top
right panel shows the same integrand but for an integration in the
complex time plane. In particular, it shows the result with αθ = 2θ

or, equivalently, α−θ = −2θ . We see now that the magnitude of the
integrand is independent of Eθ

n , since the complex parts of the time
coordinate cancels that of Eθ

n . The bottom panels are generated
by scanning through possible αs. In the right panel, we see the
lowest upper bounds of the integrands and in the left panel are
the corresponding values of α. The oscillations seen are due to a
too-coarse scan.

Note the exponential growth as a function of |Eθ
n | of the

former and the independence of |Eθ
n | in the latter. The |Eθ

n |
independence along the complex path is related to the fact
that Im[Eθ

n exp(±iα±θ )] = 0 here, i.e., the imaginary parts in
the two factors cancel each other. In the lower panels, we
scan, instead, over different αs for each |Eθ

n |. Note that the
value of α (left panel), giving the smallest peak integrands in
Eqs. (39) and (40) (right panel), varies with |Eθ

n |. Even though
not visible in the figure, the optimal αs in the left panel are
given approximately by Im[(Eθ

0 − Eθ
n) exp(±iα±θ )] = 0. This

relation is expected for integration paths where A is relatively
slowly varying. Overall, it is most important to control the
magnitudes of the integrands that correspond to energetic
components that otherwise might be very large. Hence, we
should choose αθ ≈ 2θ and α−θ ≈ −2θ , respectively. In Fig. 2,
we now show a more detailed description of the integrands
in Eqs. (39) and (40), respectively, for |Eθ

n | = 5 a.u.. The
symmetry between the two different integrands, when αθ =
−αθ , is now clearly seen. Note also that the integration interval
required for converged result depends on α. For 	θ , the laser
pulse stops, for instance, to contribute at an earlier stage in t̃

when αθ = 2θ compared to αθ = 0, but will, on the other hand,
also start to contribute earlier. We can use these observations to
optimize the integration path for 	θ : a path along the real axis
for t̃ � 0 (black line) and in the complex plane (α ≈ 2θ ) for
t̃ > 0 (blue dashed line) gives a moderate-size integrand along
the whole propagation path, as seen in the upper left panel of
Fig. 2. For (	−θ )∗, a similar approach would, however, create
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FIG. 2. (Color online) The left panels show the magnitude of the
integrand in Eq. (39), whereas the right ones show the corresponding
ones in Eq. (40). The given example is for Eθ

0 = −0.5 a.u. and
Eθ

n = 5 exp(−i2θ ) a.u. with θ = 5π/180. In the upper panels, the
solid black lines are from an integration along the real time axis, i.e.,
α±θ = 0, and the blue dashed lines from αθ = 2θ and α−θ = −2θ ,
respectively. Even though not resolved, the integrands along the
real time axis oscillate and vanish at certain times, i.e., when
sin(ωt) = 0. As seen, the robustness of the numerical integration
depends significantly on the chosen integration path.

instabilities in the integration scheme and cannot be used. To
summarize, the wave functions are to be propagated along the
lines

	θ (t̃ eiαθ ) : αθ =
{

0, for t̃ � 0

2θ − γθ , otherwise
, (41)

[	−θ (t̃ eiα−θ )]∗ : α−θ = −2θ − γ−θ , (42)

where γ±θ � 0 are introduced as small constants to fine-tune
the optimization of the integration schemes.

We are now finally in position to put the idea of a complex
time propagation to a test. First and foremost, we need to
verify that the integration paths extracted from first-order
perturbation theory, Eqs. (41) and (42), are reasonable also for
wave functions propagated stepwise in time. In the numerical
calculation the laser pulse is accounted for from t̃ = −350 a.u.
to t̃ = 350 a.u., and we use a constant time step, �t̃ , of 0.01 a.u.
in this region of t̃ . The time step is sufficiently small for a good
representation of the time evolution and, on the other hand,
large enough that the computing time is not an issue. We begin
with the construction of (	−θ )∗. Figure 3 shows the population
of the ground state computed from the left state vector and
with different values of α−θ . A scaling angle, θ , of π/180 is
used and we include only energy components with Re(Eθ

n)
< 125 a.u.. Note, first, that for large-enough magnitudes of
α−θ , we obtain α-independent results and, as anticipated from
Eq. (40), the requirement is that α−θ < −2θ . For smaller
magnitudes of α the results get increasingly unstable. Although
the stable region can be increased if the time step is decreased,
a calculation along the real time axis (α−θ = 0) does not
seem feasible for (	−θ )∗ even with the small value of θ used
here.

Next, consider the right state vector 	θ . From now on,
all energy components of the wave functions are included.
Here, we have chosen to propagate along the real time axis
for t̃ � 0, i.e., in agreement with Eq. (41), and consider the
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FIG. 3. (Color online) The population of the atomic ground state
after exposure to the laser pulse. This population is here extracted
from the left state vector (	−θ )∗, with θ = π/180. Stable results are
obtained when α−θ < −2θ .

possible choices for the remaining integration. Figure 4 shows
the magnitudes of cθ

n(t) exp(iEθ
nt/h̄), with cθ

n in Eq. (13), for
θ = 3π/180 and for two different straight-line paths; one that
continues along the real axis (red circles) and one in the
complex plane (blue crosses). We have chosen the latter as
in Eq. (41) with γθ = 0. At the end of the integrations, i.e.,
at t = 350 a.u. and at t = 350 exp(i2θ ) a.u., respectively, the
two sets of cθ

n(t) exp(iEθ
nt/h̄)-s should be identical. The reason

is that since 350 � T , with T defined in Eq. (33), a field
free propagation is reasonable from here onward. It is clear
that the complex time path is able to produce numerically
accurate values for much higher energy components of the
wave functions than the one along the real time axis. In other
words, the outgoing wave packet is easier to describe along a
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(iE
θ nt/h
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t = 350ei2θ

||

FIG. 4. (Color online) The magnitudes of cθ
n(t) exp(iEθ

n t/h̄) for
� = 1 and θ = 3π/180, where cθ

n are the expansion coefficients of
the right state vector, 	θ , in Eq. (13). These quantities are shown for
a straight line integration from t = 0 a.u. to t = 350 a.u. (red circles)
and to t = 350 exp(i2θ ) a.u. (blue crosses). Since 350 � T , where
T is connected to the duration of the the considered laser pulse, the
two sets of coefficients should be identical. As clearly seen, there is
a numerical advantage of evaluating also the right state vector along
a path in the complex time plane.
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FIG. 5. (Color online) The photoelectron spectrum for the � = 1
angular symmetry computed as in Eq. (26). The four peaks corre-
sponds to one, three, five, and seven photon absorption. Note the
logarithmic y axis.

path in the complex time plane where it is neither enhanced
nor suppressed in time.

The next step is to compute the photoelectron spectrum for
different values of θ . As seen in Fig. 5, the results agree nicely
for all considered cases, θ = π/180, 3π/180, and 5π/180.
The only deviation of some importance is found close to the
ionization threshold. This part of the spectrum is seen in Fig. 6.
Here, we note that the larger scaling angle (black line) seems
to be favorable. This is because a larger scaling angle gives
broader pseudocontinuum states in the real energy domain.
Close to the threshold, this is particularly useful since an
increase in the energy resolution otherwise requires a larger
box for the calculation. Note that as θ → 0, the energy domain
that is not welldescribed with this approach increases for a
fixed box size.
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FIG. 6. (Color online) A close up on the photoelectron spectrum
in Fig. 5. For the smallest scaling angle (dotted blue line), we clearly
see the contribution to dP/dε from the individual pseudocontinuum
states. As θ increases, each such state gets a broader energy distri-
bution that, eventually, will overlap with the neighboring states and
the peaks in the spectrum vanishes. For the considered computational
box, we are not able to adequately describe the Rydberg states below
the ionization threshold. This explains why the threshold seems to be
shifted downward in ε.

C. The choice of θ

Let us now briefly discuss the choice of scaling angle, θ .
In all calculations with complex scaling one has to consider
the variations in the results as a function of θ that arise
due to numerical imperfections. For precision calculations of
resonance parameters it is, in fact, not uncommon to look
for an optimal value of θ , usually defined as the one that
minimize the θ variations, see, e.g., Ref. [7]. One reason
for the θ variation is the oscillations introduced in the wave
functions when r → reiθ and which increase with increasing
θ , thereby requiring an improved spatial representation for
the same accuracy. Here we have seen that larger θ seems to
give more stable results, see, e.g., Fig. 6, which we interpret as
being due to the broader energy spread of the pseudocontinuum
states. This broader spread gives an improved representation
in the energy domain, which with a smaller θ can only be
achieved with a denser pseudocontinuum spectrum. Still, for
an optimal description of structures in the continuum, e.g.,
from multiphoton absorption, the spread should not be too
broad. There is, thus, always a trade-off between different
aspects when θ is chosen. When we now also chose a complex
time path, additional aspects have to be considered. A larger
θ requires an α−θ with larger magnitude to fulfill α−θ < −2θ .
This brings the path further out in the complex plane, along
which the vector potential in Eq. (33) might eventually grow to
considerable size. The straight-line paths discussed above, and
which is the best choice when H0 dominates over HI , might
then have to be abandoned and one should probably consider
an iterative approach to find a more appropriate integration
path. A second consequence of a large θ is the earlier onset
of artificial reflections from the box edge. Any analysis of the
ionized part of the wave function has inevitably to be done
before the electron wave packet reaches the outer boundary.
The highest energy components of it will reach the boundary
first, and even when they are not really of physical importance
themselves, they will be reflected and then return to interfere
with the more interesting components. For (	−θ )∗, this is a
much bigger problem than for 	θ . This is due to the increase
of the coefficients, (c−θ

n )∗ with t , cf. Eq. (25), which is more
pronounced for larger θ . The coefficients, cθ

n, of 	θ , instead,
decrease with t and the reflection is instead suppressed. Thus,
the necessary box size differs for the two state vectors. This is
illustrated in Fig. 7, where the population of the atomic ground
state of hydrogen, after exposure to the laser pulse, is shown
as a function of box size when calculated from the right (blue
crosses) and the left (red circles) state functions, respectively.
It is clear that the result is converged for much smaller box
sizes for the right wave function. The scaling angle was here
θ = 5π/180 and the distance between two consecutive knot
points in the B-spline basis was 0.5 a.u.. For larger rotation,
the difference will be even more pronounced. It might still be
possible, though, to improve the situation for (	−θ )∗ with the
addition of a complex absorbing potential that can prevent the
central part of the wave packet to be disturbed by reflected
high-energy components. In summary, the optimal θ will then
be one that is large enough for an accurate description of
the continuum but small enough for (	−θ )∗ to fit inside the
computational box. What this means in practice depends on
the considered system.
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FIG. 7. (Color online) The population of the atomic ground state
after the system has been exposed to the laser pulse in Eq. (33). The
population is extracted from both the right (blue crosses) and the left
state vector (red circles). Note that a larger box size is required when
the population is extracted from (	−θ )∗.

IV. CONCLUSIONS AND OUTLOOK

The main purpose of this work was to demonstrate that
information related directly to the continuum part of the wave
function can rather easily be computed also with complex scal-
ing. We need only to propagate the left and right state vector

along a complex time path. Through this adjustment, one can,
in a time-dependent calculation, take advantage of the usual
benefits provided by complex scaling; the good continuum
representation with rather few states due to their energy width
and the possibility to represent resonant states. The latter has
not been discussed in this work but will be the subject of a
forthcoming paper. The drawback of the method is that the
construction of the left state vector is rather cumbersome.

Although the use of a complex time path was primarily
intended for the propagation of the left state vector, it proved
to be useful also for the propagation of the right state vector.
It might even be that a right state vector propagated along a
complex path will be easier to rotate back to real r , cf. Eq. (17).

We have so far only studied the system after the pulse. To
follow the dynamics also during the pulse one would need to
make sure that the propagation path intersects with the real
time axis at the point of interest. With the straight-line paths
employed here a separate path should have to be used for each
choice of t . This is, however, not a necessary procedure; it
should be possible to adjust the path slightly in order to avoid
recalculations from t = −∞.
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Modifying H− resonance asymmetries with short light pulses
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We present a method, based on time-dependent perturbation theory and complex rotation, to
treat the interaction of a short light pulse with a correlated atomic system. The pulse is built from
two short and weak pulses with Gaussian envelopes that are centred at two different frequencies.
The method is applied to the negative hydrogen ion in the vicinity of a doubly excited resonance
and it is shown that the two light pulses can be used to alter the Fano profile of a resonance.

PACS numbers: 32.80.Rm,31.15.-p,32.70.Jz,32.80.Gc

I. INTRODUCTION

The ability to create light pulses with sub femtosec-
ond duration has opened the possibility to study elec-
tronic processes, such as ionization and charge transfer,
on the same time scale at which the electronic wave pack-
ets evolve. Such processes often involve the formation of
metastable, multiply excited states as crucial intermedi-
ate steps. These metastable resonance states decay fur-
ther on a time scale that is typically comparable to the
characteristic time evolution of the electronic wave packet
itself. The description of population and decay of reso-
nance states is decisive for the understanding, and even-
tually, the control of electron dynamics in many-electron
systems.

Although resonances are reminiscent of stationary
states, they are not eigenstates of any Hermitian Hamil-
tonian. Characterized by a large local component that
delocalize with a finite rate, resonances can be defined
as solutions to the Schrödinger equation with asymptot-
ically outgoing behaviour [1]. One way to enforce such
boundary conditions is provided by the method of com-
plex scaling (or complex rotation) [2–5]. It is based on a
continuation of the radial variable into the complex plane
and the resonances are found as eigenstates, with com-
plex eigenvalues, to the complex rotated non-Hermitian
Hamiltonian [6–17]. Identification and characterization
of a resonance, in terms of energy position and life time,
can now be made directly from its eigenvalue. In pre-
vious studies [18, 19] we have explored the possibility
to use uniform complex scaling also in connection with
time-dependent problems. The purpose of the present
study is to take advantage of the direct representation of
the resonant states as an integral part of the energy spec-
trum to study atoms interacting with short light-pulses.
In particular we are interested in how the photoelectron
spectrum in the vicinity of a meta-stable state can be
altered by the pulse.

Today’s time-domain measurements of electron dy-
namics typically use attosecond short wave length pulses
to initiate an event and femtosecond infra-red laser fields
to probe the outcome, see e.g. Refs. [20–22]. The mod-
elling of such experiments requires, due to the strength
of the infra-red field, the solution of the time- dependent

Schrödinger equation (TDSE), see e.g. [23–27]. Direct in-
tegration of the TDSE in the presence of a time-varying
light-field, is a computationally heavy undertaking for
any system beyond hydrogen. Presently such calculations
can only be performed for few electron systems [25, 28]
or, for slightly more complicated systems, after a careful
selection of which many-electron effects to include [27].
The strong infra-red laser field complicates also the anal-
ysis of both experimental and theoretical investigations
and hopefully it will be possible to use less intrusive
pulses in future experiments, such that the light-matter
interaction can be treated within perturbation theory. It
is this situation which is addressed here. We consider
two weak light-pulses centred at two different frequen-
cies, but overlapping in both time and space, and treat
the interaction with the atomic system to second order
in the light-field.

The strong localization of a resonance state implies
typically a large spatial overlap with the ground state,
and through e. g. photoabsorption a substantial trans-
fer of population from the ground state to the excited
resonance state can thus take place. The subsequent
decay of the excited state occurs usually predominately
through emission of Auger electrons, resulting in a pro-
nounced peak in the electron spectrum. Since ioniza-
tion in the same channel is also possible through pho-
toabsorption directly to the continuum from the ground
state, i.e. without the passage through the resonance,
the two paths to ionization can interfere, hereby giving
rise to the typical asymmetric Fano profiles [29]. The
appearance of asymmetric line profiles is an interesting
manifestation of quantum interference which is found for
different scattering processes and in a variety of quantum
systems [30]. Since it is destructive (or constructive) in-
terference between the paths that leads to the minimum
(or maximum) in the probability of the considered pro-
cess, a possibility to control these paths opens for control
of the quantum process itself. Combined with tunabil-
ity, e.g. through external fields, Fano resonances have
indeed been discussed as a way to control for example
quantum transport, trough quantum wires [31], or across
Bose-Einstein condensates in optical lattices [32]. In pho-
toionization, short light-pulses give, in contrast to con-
tinuous monochromatic light-sources, a possibility to in-
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fluence the quantum paths and thereby the asymmetry
of the Fano profiles, and this even in the weak field limit.
The purpose of the present study is to investigate this in
more detail and as an interesting test system we use H−.
As is often the case for negative ions, the ground

state of H− is its only bound state. In contrast, the
ion has a rich spectrum of resonances, with series of
resonances converging to the excited-state thresholds of
the neutral system. The binding relative each thresh-
old is provided by the dipole potential induced by the
extra electron through mixing of the degenerate excited
states in the atom. H− resonances are thus strongly af-
fected by electron-correlation. The odd parity 1P - reso-
nances, that can be reached by one-photon absorption
from the ground state, have been subjected to care-
ful experimental studies, see Refs. [33, 34] and refer-
ences therein. Two-photon above-threshold detachment
has further been used to study the lowest even parity
1D-resonance [35, 36], and calculations of multi-photon
detachment rates with monochromatic light have been
presented by several authors [37–39]. The focus in the
present study is different. We study instead the effect of
a light field localized in time, but with a broad spectral
composition.
In Sec. II we briefly review some properties of uni-

form complex scaling and in Sec. III we outline the basis
for time-dependent perturbation theory concentrating on
how it is to be combined with complex rotation. The rep-
resentation of the correlated field-free states is discussed
in Sec. IV, while the results are discussed in Sec. V.

II. COMPLEX SCALING

Uniform complex scaling is based on the transforma-
tion

r → reiθ, (1)

where r is the radial variable and θ the scaling angle,
0 < θ < π/4. The transformation yields a scaled non-
Hermitian Hamiltonian: Hθ(r) ≡ H(r exp(iθ)) with,
generally, complex eigenvalues. Bound eigenstates retain
though their real eigenenergies, and for these states the
rotation can be seen just as a variable transformation.
Resonance states, which could not have been described
by an Hermitian Hamiltonian, will now appear. Such
states have complex eigenvalues that are independent of
(a large enough) θ, and the imaginary parts are connected
to decay rates as Γ = 2|Im (E) |. The continuum solu-
tions, on the other hand, will have complex energies, with
an argument determined by θ, E → E exp (−i2θ). In the
following we will assume that we have a suitable repre-
sentation of the space spanned by Hθ(r) in a finite basis,
but the discussion of this basis that is postponed until
Sec. IV.
The form of the inner product is of special importance

when complex rotation is used. The left eigenvectors can
then no longer be constructed as the complex conjugate

transpose of the right eigenvectors. As has been discussed
e.g. in Refs. [18, 40] the left eigenvectors, rotated by θ,
are instead identical to the complex conjugate transpose
of the right eigenvector rotated with −θ. For the spe-
cial case of a complex symmetric Hamiltonian matrix,
e.g. the one representing the time-independent atomic
Hamiltonian, this gives that the left eigenvectors are just
the transpose of the right eigenvectors. When calculating
different physical quantities with complex scaling, one
generally has to treat matrix elements 〈f | Ô | i〉 and

〈i | Ô | f〉 separately, since the latter it no longer the
complex conjugate of the former. Below we will first
detail the expressions that are needed in a conventional
Hermitian formulation, and then outline the translation
to the complex rotated case for each matrix element.

A. Energy distribution

The object of interest here is the energy distribution,

dP (ε)

dε
≡ 〈Ψ|Φ(ε)〉〈Φ(ε)|Ψ〉, (2)

above the ionization threshold of the system, after its ex-
posure to an electromagnetic pulse. In Eq. (2), Φ(ε) refers
to the electronic state with energy ε. Above the first, but
below the second, ionization threshold the photo-electron
spectrum is directly given by dP/dε. For the calculation
of the energy distribution we may use that

〈Ψ|Φ(ε)〉〈Φ(ε)|Ψ〉 = 1

π
Im

(∫
〈Ψ|Φ(En)〉〈Φ(En)|Ψ〉

En − ε− iγ
dEn

)
,

(3)
where γ → 0+ and the integral runs over the continuum
of non-bound energy states. The equivalence between
the left and right hand side of Eq. (3) follows from the
definition of the delta function as the limit

δ(En − ε) =
1

π
lim

γ→0+

γ

(En − ε)2 + γ2
. (4)

Now, with complex scaling, the corresponding expression
is [18, 41, 42]:

dP (ε)

dε
=

1

π
Im

(∑
n

〈Ψθ|Φθ
n〉〈Φθ

n|Ψθ〉
Eθ

n − ε

)
, (5)

where 〈Ψθ| denotes the left state vector, and | Φθ
n〉 and

〈Φθ
n| are the right and left eigenvectors to a suitable

Hamiltonian, Hθ(r), with eigenvalues Eθ
n. The com-

plex energies, Eθ
n, allow us to substitute the integration

in Eq. (3) with a coherent discrete sum over pseudo-
continuum and resonance states. Hence, dP/dε can be re-
trieved without the construction of the actual electronic
state with (real) energy ε. We note here also that, since
Im(Eθ

n) < 0, the denominator in Eq. (5) has a pole in the
lower complex half-plane, just as is the case for Eq. (3)
when γ → 0+. The relation in Eq. (5) is a key expression
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in the present study and will be explored in more detail
below. First, however, we will focus on the procedure to
find the state vector after the laser pulse.

III. TIME-DEPENDENT PERTURBATION
THEORY

For laser pulses in the weak field regime, an excited
wave packet can be calculated using standard time-
dependent perturbation theory. The required formalism
can be found in several textbooks, see e. g. [43], but it
will nevertheless be briefly outlined here as a precursor
for the transition to the complex scaled case.
Starting with the time-dependent Schrödinger equa-

tion

i~
∂

∂t
Ψ(r, t) = H(r, t)Ψ(r, t). (6)

we divide the Hamiltonian into a time-independent and
a time-dependent part, H(t) = H0 +HI(t). By setting

Ψ(r, t) = e−iH0t/~Ψ̃(r, t) (7)

and inserting it into Eq. (6) we arrive at the Schrödinger
equation in the interaction picture

i~
∂

∂t
Ψ̃(r, t) = eiH0t/~HI(r, t)e

−iH0t/~Ψ̃(r, t). (8)

For a system initially prepared in the ground state, Φ0,
the right state vector is expanded in the series

|Ψ̃〉 = |Φ0〉+
∞∑

m=1

|Ψ̃m〉, (9)

and similarly for the left state vector. The subscript, m,
in Eq. (9) denotes the order of the expansion. HI(t) de-
scribes the interaction between the atom and the light
field, which for an N -electron system in the dipole ap-
proximation and velocity gauge, reads

HI(t) =
e

m
A(t) ·

N∑
i=1

pi = A(t) ·P, (10)

where capital P is introduced to indicate the sum over
the single particle operators pi. We have also allowed the
constant e/m to be absorbed in P. The light is further
assumed to be linearly polarized along the the z-direction
A(t) = A(t) ẑ. From Eq. (8) the m-th order term, Ψ̃m,
is now found as the solution to

i~
∂

∂t
|Ψ̃m〉 = A(t)eiH0t/~Pze

−iH0t/~|Ψ̃m−1〉, (11)

−i~
∂

∂t
〈Ψ̃m| = A(t)〈Ψ̃m−1|eiH0t/~Pze

−iH0t/~, (12)

where Ψ̃0 ≡ Φ0. Note that Ψ̃m contributes only to popu-
lation of states coupled to the ground state by m photon-
transitions. Particularly, for a system initially prepared

in 1Se-symmetry, Ψ̃1 is of 1P o-symmetry whereas Ψ̃2

contains states of both 1Se and 1De-symmetry (the su-
perscripts e and o denote the parity of the states).

Now, for sufficiently weak laser pulses, the series in
Eq. (9) converges rapidly. The sum over m can thus be
truncated at a rather early stage without introducing any
significant errors in |Ψ̃〉 or 〈Ψ̃|. We now choose m ≤ 2
and adjust the parameters of the perturbation, i.e. of the
laser pulses, to ensure that such a truncation is valid.

Using time-dependent perturbation theory we will now
proceed to construct the wave function, Ψ̃, and then com-
pute the energy distribution of the system with the help
of Eq. (5). This last step can be made with two alterna-
tive approaches, which both have advantages and disad-
vantages. This issue is best illustrated through a more
detailed account of the calculation of the first order term
in the expansion.

A. The First order term

We note first that from Eq. (7) it follows that

〈Ψ|Φ(ε)〉〈Φ(ε)|Ψ〉 = 〈Ψ̃|Φ(ε)〉〈Φ(ε)|Ψ̃〉 (13)

and thus the amplitudes needed in Eq. (2) to calculate

dP/dε can as well be expressed in terms of Ψ̃. With m =
1 in Eqs. (11 - 12), we write the first order approximation
of these amplitudes as

〈Φ(ε)|Ψ̃1〉 = −i2πÂ(ε− E0)〈Φ(ε)|Pz|Φ0〉, (14)

〈Ψ̃1|Φ(ε)〉 = i2πÂ(−(ε− E0))〈Φ0|Pz|Φ(ε)〉, (15)

where Â(Ω) is the Fourier-transform of the vector poten-
tial, i.e.

A(t) =
1

~

∫ ∞

−∞
Â (Ω) e−iΩt/~dΩ, (16)

and

Â(Ω) ≡ 1

2π

∫ ∞

−∞
A(t)eiΩt/~dt. (17)

The time integration over the factors
exp [∓i (Ωi ± E0 ∓ ε) t/~], cf. Eqs. (11-12), gives now
δ (E0 − ε+Ω) and δ (ε− E0 +Ω) in the calculations of
Eq. (14) and Eq. (15) respectively, and this determines

the arguments of Â. With a real argument, Ω, then
Â(−Ω) = Â∗(Ω), but here we have chosen to keep the

notation Â(−Ω) for the use with complex scaling where

the argument of Â is complex.
Combining Eq. (14) and Eq. (15), we get finally the

first order approximation of the energy distribution of
the system;

dP 1 (ε)

dε
= 〈Ψ̃1|Φ(ε)〉〈Φ(ε)|Ψ̃1〉

= 4π2Â(−(ε− E0))Â(ε− E0)

×〈Φ0|Pz|Φ(ε)〉〈Φ(ε)|Pz|Φ0〉, (18)
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Now, let us turn to how the probability distribution
can be computed with complex scaling. There are, at
least, two alternatives. The first possibility is to follow
Eq. (5) directly. |Ψ̃θ

1〉 and 〈Ψ̃θ
1| are then constructed in

the basis of Hθ
0 , and, following Eq. (18), we compute the

nominator in Eq. (5) as

〈Ψθ
1|Φθ

n〉〈Φθ
n|Ψθ

1〉 = 4π2Â(−(Eθ
n − Eθ

0))Â(E
θ
n − Eθ

0)

×〈Φθ
0|Pze

−iθ|Φθ
n〉〈Φθ

n|Pze
−iθ|Φθ

0〉(19)

and thus the energy distribution as

dP 1 (ε)

dε
= Im

(∑
n

4πÂ(−(Eθ
n − Eθ

0))Â(E
θ
n − Eθ

0)

×〈Φθ
0|Pze

−iθ|Φθ
n〉〈Φθ

n|Pze
−iθ|Φθ

0〉
Eθ

n − ε

)
, (20)

where we note that Eθ
0 = E0. The advantage with this

approach is that once the expression in Eq. (19), which
can be thought of as the generalized population in n, is
obtained for all n, then dP 1/dε can easily be obtained

for any ε. The drawback is that Â can grow very large
for complex arguments.
A second alternative is to first calculate the Fourier-

transform in Eq. (18) for a real energy ε. After that one
inserts the δ-function, following the steps in Eq. (2-4),
and finally the transition to complex rotation is made,
i.e. Eq. (18) is instead transformed to

dP 1 (ε)

dε
= 4πÂ(−(ε− E0))Â(ε− E0)

×Im

(∑
n

〈Φθ
0|Pze

−iθ|Φθ
n〉〈Φθ

n|Pze
−iθ|Φθ

0〉
Eθ

n − ε

)
. (21)

This second version, Eq. (21), is in fact equivalent with
approaches used earlier in the literature for absorption of
monochromatic light [41, 42]. The fact that the Fourier
transformation of the vector potential can be calculated
for real energies only is an advantage if Â is less well
behaved for complex arguments. This is for example the
case if A(t) is a plane wave and thus Â(Ω) is a δ-function.
There is no drawback with Eq. (21) in first order, but in
higher orders the same procedure, as will be discussed in
Sec. III B below, leave us with a time-consuming integra-
tion over intermediate energies.
Before proceeding to the second order term we note

that in both Eq. (20) and Eq. (21) the vector potential
is just a factor before the atomic term. An A-field that
varies slowly over a resonance profile will thus not be able
to affect its form. The situation is quite different when we
consider the contributions from the second order term.

B. The Second order term

Let us now turn to how the second order contributions
to the wave function affect dP/dε (Eq. (2)). For this the

amplitudes 〈Φ(ε)|Ψ̃2〉, and 〈Ψ̃2|Φ(ε)〉 are needed. Ψ̃2 is
obtained from the m = 2 terms in Eqs. (11 - 12), which
are due to two interactions with the electromagnetic field,

Φ0
−→
Ω1

Ψ̃1
−→
Ω2

Ψ̃2. (22)

Let us first consider

〈Φ(ε)|Ψ̃2〉 = −2iπ
∑∫

s

〈Φ(ε) | Pz | Φs〉〈Φs | Pz | Φ0〉

×
∫ ∞

−∞

Â(ε− E0 − Ω2)Â(Ω2)

E0 − Es +Ω2 + iε
dΩ2, (23)

where again it is the time integrations that single out
the energy-conserving process and ensure that ε − E0 =
Ω1 + Ω2, and which further determine the arguments
of Â, cf. Sec. III A. The imaginary constant iε in the
denominator moves the pole off the real energy axis
and its sign is determined from the requirement that
Ψm(t) → 0, t → −∞, for m > 0, i. e. that the system is
in the ground state at t → −∞. In the integration over
Ω2 in Eq. (23) there are thus poles at Ω2 = Es−E0− iε,
and consequently the integration path (along the real
axis) is above the poles.

Let us now consider complex rotation. The interme-
diate energies are now eigenstates to a complex rotated
Hamiltonian, and are in general complex with a negative
imaginary part, i. e. Es → Eθ

s . Hereby the poles will
move, but just further away from the real axis and the
integration over Ω2 will only be more stable numerically.
Since this integration only involves the Fourier transform
of the analytically known vector-potential and an energy
denominator it is conveniently done with, for example,
Gaussian quadrature.

The situation for 〈Ψ̃2|Φ(ε)〉 is, however, different. The
corresponding expression is

〈Ψ̃2|Φ(ε)〉 = 2iπ
∑∫

s

〈Φ0 | Pz | Φs〉〈Φs | Pz | Φ(ε)〉

×
∫ ∞

−∞

Â(−(ε− E0 − Ω2))Â(−Ω2)

E0 − Es +Ω2 − iε
dΩ2, (24)

and here the poles are instead at Ω2 = Es − E0 + iε,
and the Ω2 integration along the real axis is below the
poles. Now if Es → Eθ

s the poles would move to the
lower complex plane and the Ω2 integration would give
a different result. To handle this situation we chose to
replace the integration along the real axis with a path
above the poles. This can be done as long as we take
proper account of the pole contribution. We get then an
alternative representation of Eq. (24)

〈Ψ̃2|Φ(ε)〉 =
∑∫

s

〈Φ0 | Pz | Φs〉〈Φs | Pz | Φ(ε)〉

×
(
− 4π2Â(−(ε− Es))Â(−(Es − E0))

−i2π

∫ ∞

−∞

Â(−(ε− E0 − Ω2))Â(−Ω2)

E0 − Es +Ω2 + iε
dΩ2

)
. (25)
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Here we may again introduce complex scaling. In the
second term the integration path will then again be au-
tomatically on the side of the poles indicated by +iε and
we may let ε → 0+. The drawback is the necessity to
compute the extra term contributed by the pole, i.e. the
first term on the right-hand side of Eq. (25).
Now we proceed as in Sec. IIIA and use Eq. (5) to

replace | Φ(ε)〉〈Φ(ε) | with a finite sum of eigenstates to
the complex rotated Hamiltonian. Again, as in Eq.(20
- 21), there are two possible choices. The first version,

cf. Eq.(20), involves the calculation of Â with complex
arguments, which on the other hand can be done once
and for all due to the replacement of | Φ(ε)〉〈Φ(ε)| just
mentioned. The second version, cf. Eq.(21), requires the

integration over Ω2 for each desired energy ε, but Â is
here less cumbersome to handle. In Eq. (23) the argu-

ment of Â is with this choice real and in Eq. (25) it is only
in the pole contribution (the first term) that we encounter

complex arguments of Â. The calculations presented be-
low are generally done with the first, faster, version, but
then a few energy points are calculated with the second
version to check that we indeed get the same results. A
rather modest complex scaling angle is sufficient to un-
cover the resonances of importance for the light pulses
considered, and it has been checked for stability over the
region θ = 2◦ − 5◦.
In both Eq. (23) and Eq. (25) the vector potential is

no longer just a pre-factor. Through the integration over
Ω2 it has a direct influence on which intermediate states
Φs, that are populated and thus the probability to reach
a certain final state Φ(ε). Here it is thus conceivable
that the actual form of the light field should be able to
influence the form of the resonance profile.

IV. REPRESENTATION OF THE FIELD-FREE
STATES

Before turning to the results, we give a brief account of
how the field free states are represented. This method has
been used earlier for calculations of resonance parameters
and photodetachment cross sections [44–48].
The complex rotated field-free Hamiltonian is

H0 = h1 + h2 +
e2

4πε0

1

r12
e−iθ (26)

with

hi =
p2
i

2m
e−i2θ − e2

4πε0

Z

ri
e−iθ. (27)

The eigenstates to h are expanded in products of B-
splines [49] and spherical harmonics, Y m

` , i.e. the radial
functions Pn` are written

Pn`(re
iθ) =

∑
i

ciB
k
i (r). (28)

The B-splines are piecewise polynomials of order k, here
k = 7, defined on a so called knot sequence. They form
a finite basis that is complete on the space determined
by the polynomial order and the knot sequence. The ci-
s in Eq. 28 are obtained from a diagonalization of the
one-particle Hamiltonian matrix in the B-spline basis.
The B-splines are kept real, and the rotational angle θ is
thus only affecting the ci-coefficients. The knot sequence
starts off linearly and extends out to 200− 300 a.u., and
the convergence with respect to the density of the grid
and the size of the radial box is checked. For the outer
region of the knot sequence a linear grid with larger
steps, as well as an exponentially increasing grid, has
been tested and both are found to be adequate. The
two-particle Hamiltonian, in Eq. (26), is finally diago-
nalized for a given symmetry and parity using coupled
eigenfunction to h1 + h2 as a basis, i.e. with matrix ele-
ments

〈{na`anb`b}πLS | H0 | {nc`cnd`d}πLS〉. (29)

We build the configurations from the full basis spanned
by the chosen B-splines and include ` ≤ 2 which is
sufficient for stable resonance profiles. This have been
checked through calculations with ` ≤ 3. The two-
particle basis used consists of up to ∼ 25 000 pairs of one-
particle functions of 1P o-symmetry as well as ∼ 19 000
pairs of 1So-symmetry.

V. RESULTS

We consider a light pulse built from a sum of pulses
with Gaussian envelopes:

A(t) =
∑
k

Ake
−[(t−dk)/Tk]

2

sin [ωk(t− dk)] , (30)

where a non-zero dk yields possible delay of the term k.
In the following Tk will be one light-cycle, i. e. Tk =
2π/ωk. Slightly longer pulses have been tested as well,
but this did not give any qualitatively different results.
The Fourier transform of the field in Eq. (30) is:

Â(Ω) = − i

4
√
π

∑
k

AkTke
idkΩ/~

×
(
e−

T2
k
4 (ωk+Ω/~)2 − e−

T2
k
4 (ωk−Ω/~)2

)
(31)

The numerical results presented below have been ob-
tained with 1− 2 terms in the sum in Eq. (30-31).

Fig. 1 shows an overview of the resonances reach-
able through two-photon absorption from the H− ground
state. The displayed region is just below the threshold
for electron detachment accompanied by excitation of the
remaining hydrogen atom into n = 2, situated at ∼ 11 eV
above the ground state. The spectrum is generated with
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FIG. 1: Color online: An overview over the resonances that
can be reached with two photons from the H− groundstate
in the region just below the H(n = 2) threshold. The 1Se

channel is shown in blue (solid line) and the 1Dechannel in
red (dotted -dashed line). The vertical line at −0.125 a.u.
shows the position of the H(n = 2) threshold.

the light pulse in Eq. (30) with just one term in the sum,
and with ~ω1 = 0.19 a.u.(∼ 5.2 eV) The duration of the
pulse is around 2 fs. Since the first detachment threshold
is found already at ∼ 0.75 eV, absorption of one pho-
ton of this energy is more than enough to release one
electron. The energy region then reached is also empty
of resonances. The process addressed; that of absorbing
more than the necessary number of photons, is for nega-
tive ions often called excess-photon detachment [36] and
is an analogue to above-threshold ionization for atoms.

As can be seen in Fig. 1, the lowest energy H− reso-
nance is broad, strong and rather isolated. It will here
serve as a test example for how a resonance profile can
be modified by the pulses used to excite it. It is of 1Se-
symmetry and its precise position is ∼ 10.3 eV above the
ground state, which means that its total energy with re-
spect to three-particle break-up is ∼ −0.14878 a.u., and
with a width of 47 meV (0.0017 a.u.) [50].

A light pulse built from two terms in Eq. (30), have
now been used to excite the lowest 1Se resonance.
The carrier frequencies are chosen such that ~ (ω1 ± ω2)
equals the excitation energy of the 1Se resonance. An
example of a considered light-field is shown in Fig. 2. In
this example, absorption of the central frequency of the
higher energy pulse (blue), corresponding to ∼ 13.1 eV
will bring the system all the way to the region around
the H(n = 3) threshold (at ∼ 12.8 eV), and thus well
above the 1Se resonance at ∼ 10.3 eV. Through subse-
quent emission of a photon with an energy corresponding
to the central frequency of the lower energy pulse (red)
the 1S-resonance can be populated. In contrast to the
region above the first ionization threshold the region be-
tween the second and third ionization threshold shows a
number of resonances.
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−0.5
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0.5
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A
(t

) 
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.u
.]
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0

2

4

6

Ω [a.u.]

|A
(Ω

)|
 [a
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.]

^

FIG. 2: Color online: An example of a vector potential used
in the calculations. The upper panel shows the two pulses as a
function of time. The lower panel shows the Fourier transform
of the A-field. The pulses are chosen such that absorption
and/or emission of photons corresponding to the energy of
the central frequencies of both pulses match the excitation
energy of the 1Se resonance. In this example absorption of
the central frequency of the higher energy pulse (blue, dotted
dashed line), corresponding to ∼ 13 eV is sufficient to reach
the H(n = 3) threshold, at ∼ 12.8 eV. Through subsequent
emission of a photon with an energy corresponding to the
central frequency of the lower energy pulse (red, solid line)
the 1S-resonance, at ∼ 10.3 eV, can be populated.
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FIG. 3: Color online: Upper panel: The energy distribution in
the vicinity of the 1Se resonance after exposure to a light field
consisting of two equal pulses, each with a central frequency
matching half the needed excitation energy (0.19 a. u. ≈
5.2 eV). Lower panel: The vector potential.

Fig. 3 shows first the energy distribution in the vicin-
ity of the 1Se resonance after the ion has been exposed
to a light field consisting of one pulse (or equivalently
two equal superimposed pulses) with a central frequency
matching half the needed excitation energy (0.19 a. u. ≈
5.2 eV). Since detachment is only possible into the 1sε-
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channel, the figure can be reinterpreted as the photo-
electron spectrum by just shifting the x-axis with 0.5 a.u.
The amplitude of theA -field is for simplicity set to unity,
as can be seen in the lower panel, and dP/dε for any other
amplitude is obtained by multiplication of the curve in
the upper panel in Fig. 3 with the fourth power of the am-
plitude. In Fig. 4 the situation is instead one pulse with a
central frequency corresponding to (0.10 a. u. ≈ 2.7 eV)
and one more energetic pulse with a central frequency
corresponding to (0.28 a. u. ≈ 7.6 eV). Fig. 5 shows the
opposite situation; a more energetic pulse with a central
frequency corresponding to (0.48 a. u. ≈ 13.1 eV) and
again one pulse with a central frequency corresponding
to (0.10 a. u. ≈ 2.7 eV), this was the case discussed in
connection with Fig. 2. In Figs. 4 - 5 the amplitudes A1

and A2, cf. Eq. (30), are equal and half an atomic unit
each which corresponds to the situation in Fig. 3 if we
view it as the field from two equal superimposed pulses.
Comparing the profiles, as is done in Fig. 6, we see

that the peak asymmetry changes and a careful exami-
nation will also show that there is a slight change of peak
position, where the example in Fig. 4 has its peak for a
slightly lower energy than in Fig. 3, while that in Fig. 5
is slightly higher. For easy comparison the magnitude of
the vector-potentials has been adjusted in Fig. 6 so that
the resonance peaks have the same height in all three
cases.
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FIG. 4: Color online: Upper panel: The energy distribution in
the vicinity of the 1Se resonance after exposure to a light field
consisting of one pulse with a central frequency correspond-
ing to 0.10 a.u.≈ 2.7 eV, and one with a central frequency
corresponding to 0.28 a.u.≈ 7.6 eV. Lower panel: The vector
potential.

The asymmetry can be altered further by letting ~ω1+
~ω2 be slightly different than the energy needed to reach
the resonance. If the sum is not too much different the
total population of the resonance is still only modestly
affected. It should be possible to optimize the pulse for
maximum asymmetry with some optimal control scheme,
but we have not pursued this path here.
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FIG. 5: Color online: Upper panel: The energy distribution in
the vicinity of the 1Se resonance after exposure to a light field
consisting of one pulse with a central frequency correspond-
ing to 0.48 a.u.≈ 13.1 eV, and one with a central frequency
corresponding to 0.10 a.u.≈ 2.7 eV. Lower panel: The vector
potential.
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FIG. 6: Color online: A comparison between the energy distri-
bution in the vicinity of the 1Se for different light-pulses. The
three profiles are normalized to the same maximum height to
facilitate the comparison.

All the results shown are calculated with the two Gaus-
sian pulses superimposed in time, i. e. d1 = d2 = 0 in
Eq. (30). The procedure works equally well with a delay
between the pulses. This leads though to a much reduced
population of the resonance and we have not investigated
this further.
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A. The asymmetry parameter

Resonance profiles are often characterized by the asym-
metry parameter, q, of the Fano profile [29];

dP (ε)

dε
= c0 + c1

(η + q)
2

1 + η2
, with η =

(ε− Eres)

Γ/2
, (32)

where c0 and c1 are constants. Eres and Γ are the posi-
tion and width of the resonance, and η is thus a dimen-
sionless parameter normalized to the resonance width.
This form was originally derived by Fano for one-photon
absorption, but it can also be shown to follow directly
from the contribution to dP/dε, cf. Eq. (5), from one sin-
gle resonant eigenstate [42], and it is thus equally valid
for multiphoton absorption.
The profiles calculated with the different light pulses

are fitted to Eq. (32) and displayed in Fig. 7 together with
the obtained q-values. Asymmetry parameters close to
zero imply strong asymmetry, while a close to Lorentzian
profile has a large absolute q-value. It is interesting to
note that for the case where the central frequency of one
pulse is tuned well above the resonance (the right pic-
ture in Fig. 7) the profile is close to Lorentzian with a
much large magnitude of the q-value than in the other
two cases. The middle picture shows one the other hand
a stronger asymmetry than what is obtained with one
single pulse. The maximum of a Fano profile is found
at η = 1/q, i.e. at ε = Eres + Γ/2q, and the negative
q-values is thus consistent with lower energy peaks for
the more asymmetric profiles. The minimum, found at
η = −q. i.e. at ε = Eres−qΓ/2, is perhaps more interest-
ing. It is for the most asymmetric case found ∼ 100 meV
above the resonance position, but ∼ 500 meV above it in
the most symmetric case.

q=-5.5

-4 0 4
η

d
P
�d
Ε

q=-4.1

-4 0 4
η

q=-21

-4 0 4
η

FIG. 7: Color online: Fano profile fits, cf. Eq.(32), of the res-
onance profile when excited with different light pulses. The
blue dots show the calculated points and the red lines the
fits. The left picture shows the profile after excitation with
one pulse where the central frequency matches half of the exci-
tation energy, cf. Fig. 3. The middle picture shows the profile
after excitation with two pulses centred at different frequen-
cies, both tuned below the excitation energy, cf. Fig. 4, and
the right picture shows the profile when the frequency of one
of the pulses is tuned above the excitation energy, cf. Fig. 5.
The dimensionless parameter η, as well as the asymmetry
parameter q, are defined in Eq.(32). The three profiles are
normalized to the same height.

VI. CONCLUSIONS

We have combined complex rotation with time-
dependent perturbation theory and and used the devel-
oped formalism to study the interaction of a strongly
correlated system with short light pulses. Corrections up
to second order in the perturbing light-field was included
in the wave function.

The explicit representation of resonance state provided
by complex scaling was decisive to keep the calcula-
tion within reach for a modest table-top computer. We
showed further that with two light-pulses we can steer
the ionization path which is manifested in a change in
the line profiles.
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